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PREFACE

INTRODUCTION

Man has within a single generation found himself sharing the world
with a strange new species: the computers and computer-like machines.
Neither history, nor philosophy, nor common sense will tell us how these
machines will affect us, for they do not do “work” as did machines of the
Industrial Revolution. Instead of dealing with materials or energy, we are
told that they handle *““control” and “‘information’ and even “intellectual
processes.” There are very few individuals today who doubt that the
computer and its relatives are developing rapidly in capability and com-
plexity, and that these machines are destined to play important (though
not as yet fully understood) roles in society’s future. Though only some
of us deal directly with computers, all of us are falling under the shadow
of their ever-growing sphere of influence, and thus we all need to under-
stand their capabilities and their limitations.

It would indeed be reassuring to have a book that categorically and
systematically described what all these machines can do and what they
cannot do, giving sound theoretical or practical grounds for each judg-
ment. However, although some books have purported to do this, it
cannot be done for the following reasons: a) Computer-like devices are
utterly unlike anything which science has ever considered—we still lack
the tools necessary to fully analyze, synthesize, or even think about them;
and b) The methods discovered so far are effective in certain areas, but
are developing much too rapidly to allow a useful interpretation and
interpolation of results. The abstract theory-—as described in this book—
tells us in no uncertain terms that the machines’ potential range is enor-
mous, and that its theoretical limitations are of the subtlest and most
elusive sort. There is no reason to suppose machines have any limitations
not shared by man.

We nevertheless expect our findings to crystallize in the years ahead—
and we are confident that the ideas and the formal methods that fill this
book will remain in the mainstream of that theory which is yet to come.
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We know this is so for several reasons. a) The central concept of effective
computability appears necessary, even inevitable, once one has grasped it.
In a convergence of ideas rare in science and mathematics, all sorts of
independent attempts to form a “Theory of Machines” have been swept
in this direction; and b) The sheer simplicity of the theory’s foundation
and the extraordinarily short path from this foundation to its logical and
surprising conclusions give the theory a mathematical beauty that alone
guarantees it a permanent place in computer theory.

THE MAIN GOAL

The main goal of this book is to introduce the student to the concept
of effective procedure—a technical idea that has crystallized only fairly
recently but already promises to be as important to the practical culture
of modern scientific life as were the ideas of geometry, calculus, or atoms.
It is a vital intellectual tool for working with or trying to build models of
intricate, complicated systems—be they minds or engineering systems.
Its most obvious application is to computation and computers, but I
believe it is equally valuable for clear thinking about biological, psycho-
logical, mathematical, and (especially) philosophical questions. This
claim must seen impossibly pretentious, and I had better explain it: The
theory of effectiveness is useful not only to prove things about complex
systems, but is also necessary to prove things about proof itself!

The overall strategy of the book is very simple. We will try to engage
the concept of effective procedure from such a variety of contexts, for-
malisms, and viewpoints, that its character will become thoroughly under-
stood—in the sense that one can recognize it and adapt it, almost without
thinking, wherever and whenever it is appropriate. This concept has so
many different aspects that one cannot hope to know them all equally
well. It appears unexpectedly in aspects of practical computation, lin-
guistic theories, and mathematical logic. We must know some of these
aspects very thoroughly, and others at least casually, if we are to be able
to sense its style of operation in new situations. Both the text and the
problems are designed with this polyvalence in mind: we pursue a few
lines much further than most, but all these approaches keep linking and
intersecting to form a web of weirdly different but connecting threads.
Most fortunately, the theory is almost entirely self-contained, so that it
has no formal mathematical “prerequisites’” beyond a reasonable high-
school algebra course. A superficial glance through these pages might
give a bewildering impression of the use of many complex and technical
formalisms, but this is most definitely not the case. The book is not
written in the formalisms, it is merely about them, and one is neither
required nor expected to ever have seen them before!
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The book has also a second, more playful theme. The many-headed
concept which we call effective computability often appears in an especially
potent form—the Universal machine or system. This character has an
astonishing variety of secret hiding places which we keep trying to ferret
out. It is easily found in the ponderous operation of a modern digital
computer’s order-code, or the gross, redundant structure of a FORTRAN
or ALGOL-like programming language. (It is not important, at least in
this book, that you know what these are.) But it can also lurk within the
tiny structure of a ‘“‘computer” with two memory registers or two
instruction-tapes (Chapter 14), or in the seemingly childish bead-stringing
primitives of a Post normal system (Chapter 13), or even in a machine
that (almost) neither reads nor writes on its tapes. While there is not
much practical use in finding these “minimal Universal systems” they
support our main goal by making us aware of exactly what is essential
rather than merely practical or convenient in the concept of computation.

Perhaps even more important, we learn of many different ways in
which great complexity of behavior can arise from the interactions of
simple devices, simple actions, simple descriptions, or simple concepts.
We see also many different ways in which the same complex behavior can
arise from what appear to be utterly different kinds of interactive systems.

The reader is prepared for both of these explorations in Part I, which
is a training expedition into a smaller but essential (and in many ways
analogous) territory. Within the finite-state machine area there exists as
wide a variety of appearances of its own indigenous ‘‘central concept”
(we explore fewer of these, though) and almost as surprising an assembly
of its own minimal hiding places.

I wish I could have captured in the different approaches to the theory a
sense of the different styles of thinking that lead the early explorers—
Post, Church, Turing, Kleene, McCulloch, and the others—to approach
the same problems with such different (technically and esthetically) formal
methods. The personalities are obscured because in my attempt to
modernize, simplify, and unify the results I have removed the individual
details of the original developments. It would be well worth one’s time
perusing Davis® (1965) collection just to gain additional personal con-
tact with the masters!

MATHEMATICAL TECHNIQUES

. As we stated above, the book is largely self-contained, given enough
hlgh-school mathematics to know about functional notation (even this is
reviewed in Chapter 7) and mathematical induction (reviewed in Chap-
ter 4), MIT freshmen and sophomores have encountered no difficulty
with the material, and though they may be more sophisticated mathe-
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matically than most college students, I cannot imagine any good science
student or computer programmer having serious trouble. I can, however,
imagine educators (even mathematicians who have not encountered ‘‘re-
cursive function theory”) becoming suspicious and wondering whether 1
have somehow constructed a simplified or diluted version of the theory by
“leaving out the calculus.” Quite the contrary: the calculus was never
in it! This really is a branch of mathematics that stems directly from
non-numerical, logical foundations. Indeed, a number of research
workers are currently attempting to bring together this theory with that
of Newton and Leibniz; the resulting new subject (currently-called “re-
cursive analysis™) has barely gotten off to a start.

It is worth a few words to try to explain why classical mathematical
analysis plays such a small role here. In developing a Theory of Compu-
tation we are trying to deal with systems composed of a great many parts,
or very intricate structures. Classical mathematical methods can do this
only in very special situations, and their limitations are very serious.
Classically, one is unable to cope with even a few simultaneous non-linear
equations, to say nothing of a few dozen, or a few million. Now it is true
that under certain special conditions mathematical analysis can ‘“‘revive,”
as it were, when the situation gets complex in such a way that the parts of
the system can be treated as individually and independently random—
this is what happens in Statistical Thermodynamic theories. But it must
be stated, explicitly and emphatically, that this is just what does not
happen when, as in a computation system, the structure has a more or-
ganized, purposeful structure. The statistical analysis works beautifully
for things like gases. It works for precious little else. There simply is no
reason to suppose that as computations grow large, one will discover any-
thing non-trivial by trying to “average-out” the effects of many events.
The effect of the ‘“‘conditional” (see Chapter 10) is too strong to allow
anything like a *‘conservation” concept to have a place in the theory.

Fortunately, the systems of computation have other features that make
possible some analysis, though of a very different kind. Instead of the
statistically defined events used in physics, we use logically-defined classes
of computations or expressions. They are tied together, not by geometric
or energetic properties, but by their relations to similar machines or simi-
lar definitions. We can use machine parts so simple and with such simple
interactions that we can apply the utterly transparent Logic of Proposi-
tions, where for an equivalent actual physical machine we would have to
solve hopelessly opaque analytic equations. Chapters 1, 5, and 12 explain
in detail how the problem is reduced until this kind of analysis can be
made. One could even complain that the main results are obtained by
a most deceptive sort of parlor trick: instead of trying to solve equations,
we study their descriptions! It must be admitted that in the long run this
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method avoids entirely too many problems, and we can be quite sure that
the development of the Theory of Computation, in the years to come, will
be centered around the problem of how to back off a little from this sim-
plification, without going all the way back. The trouble now is that we
do too much in one step.

AS A TEXT

This book has the form of a textbook, and I have used earlier versions
of it at MIT for several years. Students specializing in computer-related
studies can absorb most of the material in a one-term course, since anyone
with computer-programming experience is already subconsciously primed
with the essential concepts, and needs only to see them precisely formu-
lated. For them, or for students with some higher mathematics courses, I
would be inclined to assign Part I as a reading exercise, have them work
the problems, and begin “teaching” with Part II. In any case, I feel that
the material of Part I ought to be integrated very early somewhere in
every scientific or engineering curriculum; the material of Parts II. and II1
can come considerably later (with the exception of Computer Science
students). This edition is also designed for independent reading outside
the classroom, and that is why I have given substantial hints for solving
most of the harder problems.

THE PROBLEMS

The reader is asked to solve a number of problems scattered through-
out the book. Only a few of these are routine: most of them point toward
branches the theory could take, and a few of them are difficult research
pﬂroblems. The emphasis is on the application of new concepts to new
situations rather than on acquiring technical proficiency through drill
and repetition. My view is that the best way to understand a new idea is
to discover by oneself how to use it to solve one or two reasonably hard
prob’lems; the point can easily escape after a hundred simple exercises.
Solving a hard problem once can make the ideas a part of one’s thinking
resources.

The reader is therefore enjoined not to turn too easily to the solutions;
not }Jnless a needed idea has not come for a day or so. Every such con-
cession has a price—loss of the experience obtained by solving a new
kind .of problem. Besides, even if reading the solutions were enough to
acquire the ability to solve such problems (which it is not), one rarely
finds a set of ideas which are at once so elegant and so accessible to
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workers who have not had to climb over a large set of mathematical pre-
requisites. Hence, it is an unusually good field for practice in training
oneself to formalize ideas and evaluate and compare different formaliza-
tion techniques.
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‘I PHYSICAL MACHINES AND
THEIR ABSTRACT COUNTERPARTS

1.0 WHAT IS A MACHINE?

When the term ““machine” is used in ordinary discourse, it tends to
evoke an unattractive picture. It brings to mind a big, heavy, complicated
object which is noisy, greasy, and metallic; performs jerky, repetitive, and
monotonous motions; and has sharp edges that may hurt one if he does
not maintain sufficient distance.

There are many reasons why “machine” or “mechanical” have come
to arouse feelings of distaste, contempt, and fear. Even today, most of the
machinery we see is concerned with the use of brute power to distort and
transform crude materials. Most present-day machines really are danger-
ous. Unlike our bodies, production machines are made of large, sturdy
parts that need no soft sheathing for their protection. Now while it is un-
necessary to attribute callousness or antipathy to a rolling-mill, it is
practically impossible to attribute anything more friendly. Perhaps we
even fear that any more sympathetic attitude might lead to a well-inten-
tioned but disastrous embrace. There are occasional exceptions to this
feeling. We may admire in the works of a small watch that craftsmanship
required to create miniatures; we may admire the quiet competence of a
high-speed computer. Neither of these are involved in the distortion of
materials; they are still machines, however, and not too far to be trusted.

Somehow the notions called “mechanism’ and “determinism®’ always
seem to get mixed up with these feelings about machines. Most people
believe that, by their nature, machines can do only what they are told, and
will do it relentlessly. Perhaps this is why it seems to most people incred-
ible that it might be possible to build machines capable of imaginative or
creative activity. And many people feel it equally preposterous, or even

1



2 PHYSICAL AND ABSTRACT MACHINES sEc. 1.0

insolent, to suggest that the theory of machines might contribute to the
explanation of the workings of anything so exemplary as our own minds. "’
People regularly resent the allegation that they might be in some sense
predictable or predetermined. We will take up some of the questions clus-
tered around the idea of ““determinism’ later on. There is another, much
simpler, basis for the feeling that it would be undignified to be, or be like,
a machine. With few exceptions, the machines that man has designed in
the past have not been intellectually challenging or interesting. Even
where, as computers, they have helped in problem-solving, it was usually
a clear-cut matter of economy or labor-saving. No great acts of unantici-
pated discovery emerged directly from machine operation. Judged by past
performance, the machines have shown little for men to respect.

This popular conception of “machine” is no longer appropriate since the
avalanche of practical and theoretical developments that accompanied the
emergence of digital computers in the 1950’s. We are now immersed in a
new technological revolution concerned with the mechanization of intel-
lectual processes. Today we have the beginnings: machines that play games,
machines that learn to play games, machines that handle abstract—non-
numerical —mathematical problems and deal with ordinary-language ex-
pressions; and we see many other activities formerly confined within the
province of human intelligence. Within a generation, I am convinced, few
compartments of intellect will remain outside the machine’s reallm#the
problems of creating *‘artificial intelligence” will be substantially solved.?

Such matters are not properly within the scope of what is studied here.
However, it is important to understand from the start that our concern is
with questions about the ultimate theoretical capacities and limitations of
machines rather than with the practical engineering analysis of existing
mechanical devices.

To make such a theoretical study, it is necessary to abstract away
many realistic details and features of mechanical systems. For the most
part, our abstraction is so ruthless that it leaves only a skeleton represen-
tation of the structure of sequences of events inside a machine—a sort of
“symbolic” or “informational” structure. We ignore, in our abstraction,
the geometric or physical composition of mechanical parts. We ignore
questions about energy. We even shred time into a sequence of separate,
disconnected moments, and we totally ignore space itself! Can such a
theory be a theory of any “thing” at all? Incredibly, it can indeed. By
abstracting out only what amount to questions about the logical conse-
quences of certain kinds of cause-effect relations, we can concentrate our
attention sharply and clearly on a few really fundamental matters. Once
we have grasped these, we can bring back to the practical world this

TSuperior numbers refer to notes at the end of each chapter.
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understanding, which we could never obtain while immersed in inessential
detail and distraction.

Actually, the exposition in these chapters is as concrete and worldly as
seems compatible with the ideas. All the topics could be handled much
more precisely and thoroughly by using more formal mathematical repre-
sentations. In fact, most of the ideas here appeared first in mathematical
publications. I do not claim that it is possible, by sufficiently skillful expo-
sition, to *‘clear away all the mathematics” without any loss. For, as we
shall see, some of the best ideas about the theory of machines are really
inherently mathematical—or are about mathematics itself. In discussions
that concern the nature of symbolic mathematical expressions, for in-
stance, we will develop by definitions and examples the mathematical
formalism necessary for our purposes. But my intention was to make the
test accessible even to readers with no more than good high-school mathe-
matics backgrounds, and I have explicitly marked as optlo al the few
sections where this goal seemed completely unreasonable.

1.1 ABOUT DEFINITIONS

The term “machine” raises some serious problems of definition. For
one thing, an intuitively adequate definition would have to be very com-
plicated. This is because ‘“machine” cannot usefully be defined as ‘“‘a
member of [a certain class of physical objects].” For the decision as to
whether something is a machine depends on what that thing is actually
used for, and not just on its composition or structure.

When we talk about a machine we have in mind not only (1) an object
of some sort, but (2) an idea of what that object is supposed to do. When
is such a pair (1, 2) thought of as a machine? A typewriter or printing
press is considered to be a machine; a paperweight is not; neither is a filing
cabinet. There is a continuum between the magnifying glass and the auto-
matic-scanning, particle-counting microscope: the first certainly is not
regarded as a machine, the latter certainly is. One expects a machine to
have a significant number of “parts” and to perform some reasonably
complex operation on something,’ but it is difficult to capture in the same
definition machines which peel apples and machines which transform
coded information signals!

We often find great difficulty in giving a precise definition to a word
from our ordinary non-technical language. Over some ranges we are quite
sure which things belong and which don’t; in other ranges we are un-
certain. We may think we have a clear intuitive notion of what is in-
volved, but when we try to define it in terms of precisely specified classes
and properties, the uncertain area causes trouble.

In order to make a definition precise, sharp boundaries must be im-
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posed on something. This forces us to become aware of those areas in
which our intuition itself is uncertain. This is why finding appropriate
definitions is so often the major effort involved in creative scientific work.
If a new definition helps classify objects whose status was formerly un-
certain, then some new notion must be involved. While on the surface a
definition is just a convention, intellectually its acceptance may have a

much more active role.

Consider, for instance, the term “living.” When is an object alive? How
about viruses, genes, crystals, self-reproducing machines? No one has been
able to give a definition of ““living” that, in such questions, satisfies scientists
in general. There are objects which are clearly living, e.g., mice; objects
which are clearly not, e.g., rocks; and a now-important uncertain area.
Biologists (or rather, biology teachers) used to make up lists like:

(1) Self-reproducing

(2) Irritable

(3) Metabolizing

(4) Made of “protoplasm,” or protein, carbohydrates, DNA, etc.

But (1) puts out the mule, (2) and (3) the spore, while if those conditions
are dropped, (4) will admit the frankfurter. One can go on to extend the
list with more careful qualifications, but questions remain until the list grows
to include special mention of everything we can think of. Usually one ends
up evading the problem by introducing such exotic properties as “‘sentient”
or “adaptive,” which give rise to equally serious definitional problems.
Such evasions, while born of necessity, show little relation to invention.

When an intuitive idea so steadfastly resists acceptable precise defini-
tion, one must consider the possibilities either that it is not a very good
idea or else that it is too comprehensive or too qualitative to serve in a
technical capacity. Thus, there remains today little reason to believe that
the ancient notion of living-vs.-inanimate has any further technical utility;
there is no reason to expect that sharpening this old distinction will help
us formuldte good technical questions. For, in the borderline area, one
now needs finer, sharper tools. The old terms move from within the tech-
nical discussions to the outside, taking successively the forms of chapter
headings, book titles, and names of professions.*

1.2 MACHINES AS PHYSICAL MODELS OF
ABSTRACT PROCESSES

To recognize an actual machine, we have to have some idea of what it
is supposed to do. The same set of parts could be arranged either as an
adding machine or as a modern sculpture. But if you know “how an
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adding machine works,” you should be able to recognize one. (Of course,
one recognizes gears, cranks, screws, etc., as things people use to make
machines, but that isn’t the same thing. A “Meccano” set is not itself a
machine.) You can even recognize a “broken” adding machine, i..,
something whose arrangement is very much like that of an adding
machine except in some matter of detail that will keep it from “working
properly.” Obviously, the distinction between “intact” and ‘“broken” is
one which can’t be defined fully in terms of physical objects—there must
be an ingredient of intent (or, at least, of history). One has to have an
idea of what the thing is supposed to do, and, while this idea may involve
only a very general constraint on the details of the material construction,
this constraint is crucial.

It doesn’t much matter, for example, what the parts of an addin;g‘
machine are actually made of. The gears of a digit-wheel adder could be
metal, wood, or plastic—just so long as they are able to preserve certain
aspects of their form to a sufficient degree. If they are too flimsy, the
machine will be unreliable, or short-lived, but you can still tell that it was
supposed to be an adding machine. In other machines, e.g., electrical
circuits, even the physical (geometric) form may be quite unimportant;
some other constraint is more essential.

When a particular machine is described to us, we do not first ask
questions about its material construction. Given an engineering drawing,
a circuit diagram, a patent description—something must first convince us
j.that we understand how it works in principle. That is, we must see how it
is “supposed” to work. We inquire only later whether this member will
stand the stress, or whether that oscillator is stable under load, etc. But
the idea of a machine usually centers around some abstract model or
process.

There is a curious contrast between this idea of a machine and the idea
of a “theory.” Consider some ‘“‘theory” of physics, e.g., Newton’s me-
chanics. This theory (or any other theory of physics) is supposed to be a
generalization about some aspect of the behavior of objects in the physical
‘/Norld< If the predictions that come from the theory are not confirmed, then
(assuming that the experiment is impeccable) the theory is to be criticized
and modified, as was Newton’s theory when the evidence for relativistic
anfi quantum phenomena became conclusive. After all, there is only one
universe and it isn’t the business of the physicist to censure ir, much as he
might like to.

‘For machines, the situation is inverted! The abstract idea of a ma-
chine, e.g., an adding machine, is a specification for how a physical object
ought to work. If the machine that I build wears out, 1 censure it and
perhaps fix it. Just as in physics, the parts and states of the physical object
are supposed to correspond to those of the abstract concept. But in con-
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trast to the situation in physics, we criticize the material part of the system
when the correspondence breaks down.

Now we can formulate one of the central questions that will concern
us. How can we be sure, in any particular case, that there is any way at all
to build the machine we have in mind? How do we know that the physical
world will permit it? In some particular cases, no reasonable person will
have any doubts. Can I really build an adding machine? When we look at
the structure of a simple adding machine we see that it should work; it
cannot help working—this is as clear as it is that 2 + 2 =4,

The cliché is illuminating. Some people believe that simple mathematical
statements are “self-evident.”” Other people maintain that they are based on
rather obscure but still empirical observations. Either view may be held for
machines. That a conventional adding machine will work (if properly con-
structed) seems on the one hand equivalent to the arithmetic propositions
involved, and on the other hand seems derived from our empirical experience
about the ways in which objects behave in the world. Perhaps one could
even maintain the view that belief in an arithmetic statement is equivalent to
the belief that certain machines, if properly built, will work. Thus, I know
that the order of summation in addition is irrelevant. I can think of this as a
property of abstract number, or as an empirical generalization from ex-
perience with counting, or as a necessary property of any machine whlgh
adds numbers correctly. Of course, there can be no belief or confidence in
any process which forms empirical generalizations which is not ultimately
based on some sort of a priori, unsupported, or heuristic proposition.

In any case, when a realization of one of our machines fails to do what
our logic and mathematics predict of it, we are quite sure that either it must
be defective or broken, or else our logic must be inconsistent. And surely
most people would agree that it would be as disastrous, and as unthinkable,
for an adding machine to err but not be defective as it would be for 2 + 2 to
occasionally equal 5.

Our conclusions about such questions will fall into two families. In
the first part (chapters 2-4) we study the kinds of machines that can be
built of finite numbers of simple parts. There is no reasonable doubt at all
that all these can be physically realized, within easily estimated economic
bounds, reliably and practically. In later sections, we show that there are
certain kinds of behavior that cannot be realized at all, even by ideal
machines with infinite numbers of parts. The theory also tells us quite a
bit about problems of intermediate character.

There would be little profit in giving a more detailed picture of our
exploration now. The next few chapters discuss the capacities and limita-
tions of the “finite” machines. After that, we will be able to resume this
general discussion of intuitive ideas about machines and theories.
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NOTES

3]

4.

. For discussion, and a theory, of why people find it difficult to accept the

hypothesis that they are machines of any kind, see Minsky, “Matter, Mind and
Models” [1965]." This paper attempts to explain why the *“mind-brain”
problem is so difficult to think clearly about and proposes some definite ways
to think about conscicusness, determinism, creativity, and such matters.

. For an introduction and survey of the new field of “artificial intelligence,” see

Computers and Thought, a source book of reprints of important papers in this
field, edited by Feigenbaum and Feldman [1963]. Computers and Thought con-
tains a large indexed bibliography of earlier work in this area. See also the
author’s paper in the Sept. 1966 issue of Scientific American. ’

. The classical idea of “‘simple machine” —lever, wheel, inclined plane, etc.—

does not capture the spirit of what is involved in today’s machines because it
doesn’t help understand anything except the transmission of force. We cannot
explain in those terms even some parts of clockwork, such as the ratchet (an
information-storage device) or the spring (an energy-storage device).

These kinds of questions come up continually in discussions about computers
and artificial intelligence: What is intelligence? What is learning? When can
one credit a machine with solving a problem, and when must one credit its
designer or its programmer? A most incisive analysis of this kind of question
of definition is found in chapter 1 of Lottka’s Elements of Physical Biology
[1956], originally published (in 1924) when the question of whether biological
mechanisms could be accounted for by ordinary physical principles was of
more serious concern than it is today. Lottka conciudes (and the years have
certainly confirmed) that there is little harm and perhaps much gain in
recognizing our inability to state clearly the difference between living and non-
living matter—without commitment on the question of whether a well-defined
difference can be found. I cannot resist quoting Lottka’s citation of Sir
William Bayliss’ citation of Claude Bernard’s citation of Poinsot’s statement:
“If anyone asked me to define time, I should reply: Do you know what it is that
you speak of? If he said Yes, I should say, Very well, let us talk about it. If he
said No, [ should say, Very well, let us talk about something else.”

TSee the Bibliography for complete data on works referred to in the text and notes.
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42 FINITE-STATE
MACHINES

2.0 INTRODUCTION

In the first part of this book we will be concerned with the structure
and behavior of the class of machines known as finite-state machines or
Jinite automata. These are the machines which proceed in clearly separate
“discrete” steps from one to another of a finite number of configurations
or states. These highly idealized machines are of special interest for a
number of reasons.

Because of their peculiarly limited, finite nature, the structure and
behavior of these machines is easily described completely, without any
ambiguity or approximation. It is much harder to deal with more realistic
models of mechanical systems, in which variable quantities like time,
position, momentum, friction, etc., vary smoothly over continuous, im-
perceptibly changing ranges of values. To analyse such ‘‘continuous”
systems, one has to introduce mathematical abstractions and approxima-
tions of all sorts in order to get a workable model, and the resulting
systems of equations can’t usually be solved in practice without intro-
ducing further simplifications. Curiously enough, it turns out that we
don’t always pay a high price for restricting our attention to the finite
automata—the ‘‘digital” systems as they are sometimes called. These
systems are surprisingly powerful, in some respects. And in certain
important ways they can be made to approximate anything that can be
done by other finite physical systems. (We will discuss this further in
chapter 5.)

We will deal with the finite automata in two ways. In this chapter we use
a completely abstract formulation in which we treat at once the entire con-

11
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figuration of the machine as a single quantity (its total state) which changes
in accord with the history of the machine and its environment. In the
following chapters we think of the machine as composed of many parts, each
interacting with its neighbors, and look to see what happens, in detail,
inside the machine. For these two viewpoints we use different methods of
description. In the first “‘total-state” formulation we need only describe the
set of possible states and the conditions which cause one state to change to
“another. In the second formulation we have to describe precisely how each
part works, and how the parts are interconnected to influence one another.
To make this simple, we choose for our parts some very simple devices, the
“neurons’’ of McCulloch and Pitts, and we eventually demonstrate that the
theory of all finite automata is equivalent to the theory of these particularly
simple elements.

The outstanding feature of finite-state machines is the simple relation
between their structure and their behavior. Once we have (1) the descrip-
tion of an automaton, (2) its initial condition (state), and (3) a description
of the signals that will reach it from its environment, we can calculate
what its state will be at each successive moment. This is worked out by a
step-by-step Aevelopment of the machine’s successive states through time.
This calculdtion is such a simple matter that it is always easy, in principle,
to build physical models with the same sequences of events. Of course, we
might not be able to afford a model large or fast enough for some
purposes.

2.0.1 Moments of Time

The theory of finite-state machines deals with tzime in a rather peculiar
way. The behavior of a machine is described as a simple, linear sequence
of events in time. These events occur only at discrete ““‘moments’”—be-
tween which nothing happens. One may imagine these moments as occur-
ring regularly like the ticking of a clock, and we identify the moments with
integers—the variable for time, ¢, takes on only the values 0, 1, 2,....
Since there is no particular meaning to an origin in time, we are generally
careless about where 1 starts, but usually we will take ¢+ = 0 to be the
moment when the machine was first put into operation.

If one likes, he may think of the machine as operating continuously, and
of our moments as corresponding to the instants at which he takes a se-
quence of “‘snapshots” of the machine’s condition. Any determinate system
may be viewed in this way, but it is not a very useful thing to do unless the
system meets the conditions we will impose— that by the end of each interval

the machine does, in effect, *“‘settle down” into one of a finite number of
describable states.

’
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2.1 STATES AND SIGNALS

From the point of view of the user (or of the environment), a machine
can usually be regarded as a closed box with input and output channels.
(See Fig. 2.1-1.) From time to time the
user acts on the machine through the input
channels, and from time to time the ma-
chine acts on the user through the output
channels. The user doesn’t normally need
to know just what really takes place inside
the box. That is, unless he is particularly
interested in understanding the “works”
of the machine, or in modifying it, he
needs to know only what are its “‘input-
output” properties. When dealing with a machine in this way, we refer to
it as a “black box,” indicating our unconcern with its interior.

We will treat the input and output channels with similar unconcern.
For (in the theory of automata) we are no more concerned with the
physical nature of the signals that pass along the channels than we are
with the physical composition of the machine’s parts. The signals might,
for example, be electric pulses, as in a modern computer. They might be
electrochemical impulses, as in nerve fibers. Or they might be mechanical
impulses, like those that transfer ““carry” information from one wheel to
another in an adding machine. We don’t care which, in automata theory.

What does concern us is the set of distinguishable states that might
characterize a channel at a given moment. At each of our discrete mo-
ments in time, each channel will be found in one or another of a finite
number of possible states or conditions. These states may be given any
variety of symbolic names, e.g., letters of the alphabet, numbers, or even
words like “yes” and “‘no.” In most of the examples we will use, each
channel will be capable of just two possible states—this is the usual
situation in computer design.

channels

Fig. 2.1-1. A “‘black-box”
machine.

“ i3

An electric switch might be found in an *on” or an “off”” position.
Nominally, there are no other positions for a simple switch. The state of a
switch determines, of course, whether signals will go through it—i.e., appear
at the output after being presented at the input. For our purposes such a
switch would be a fwo-state device, transmitting signals in one state and
blocking them in the other state. (There are also “‘switches™ with more than
two states; the standard American VHF television set has a twelve-state
switch for “program’’ selection. Any twelve symbols could be used to
designate the states; the symbols in actual use are the integers 2,3 ..., 13.)

The assumption that the number of possible states of a channel is
finite is one of the key postulates of automata theory. Our theory simply
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doesn’t concern itself with continuous or “analog"™ devices (like variable
resistors or optical irises) which can be set to transmit any of an infinite
set of fractions of a signal. Of course, when one tries to construct a
physical realization of a switch one is liable —indeed certain—to en-
counter some degree of non-discrete behavior; most actual switches
will change their properties just a little when the handle is pressed more
firmly. But when this happens, we censure the switch (and not the autom-
ata theory) if it has any noticeable effect on the operation of the system.!

Returning to our black-box machine, suppose that it has just one input
and one output channel. Let these be connected to an environment, E.
(See Fig. 2.1-2.)

We will call the input channel S and
the output channel R (for “stimulus”
and “‘response’). The input, S, is capa-
ble of certain states or “signals” s,, ... ,
s, and the output has possible states ri,

-» Fm. At each moment ¢ the environ-
ment £ determines some input state of S
as a stimulus; the chosen signal will be
denoted by S(z). At each moment the
machine selects some output state which
will act in some way on the environment;
the chosen response at time ¢ will be called R(1).

Now, in order to describe a black-box machine more completely, we
have to specify how it behaves— how its outputs depend on its inputs.
What will be the output (state) of R at a certain time ¢? In general, this
will depend on the entire previous “history” of the system. One restriction
we will introduce here is this— the output state at the moment ¢ does not
depend on the input state at that same time 7. This is to say that we won’t
admit the possibility of signals traversing a unit instantaneously. But the
output at time ¢ + 1 will usually depend, at least in part, on the input
signal at the previous moment 1.

M

Fig. 2.1-2.  Machine coupled with
environment.

This restriction reflects the physical impossibility of instantaneous trans-
mission from one place to another. It is necessary here for a simpler reason:
to prevent unrealizable— paradoxical—descriptions of situations when
channels are interconnected, and to prevent infinitely fast behavior— also
physically unrealizable.

211 The “"momentary response function”
of a machine

Fmaglne that a machine M has been operating in interaction with some
environment £ for some unknown time. The machine has been receiving
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signals from E and has been responding to these signals. Let H(¢) denote
the history of this process up to the present time 7. That is, H(z) is sup-
posed to describe, in some way, the entire record of states of affairs con-
cerning M, from the time M was created and set into operation, up to the
time ¢, The history, H(z), of M is supposed also to include a record of all
the stimuli that have entered M since it was started.

If, at time 1, we were to disconnect M from its environment and insert
the signal s;, the machine would respond (at time ¢ + 1) with some sig-
nal r;. Just which signal r; occurs at 7 + 1 would depend, of course, both
on which signal s; is chosen at time ¢ and on the state of affairs inside M
attime t. Assuming that this state of affairs inside M is determined by the
history H(t) of M, there must be some relation, F, of the form

R(t + 1) = F(H(r), S(1))

Unfortunately any such relation would be too hopelessly cumbersome
to deal with directly, because of its explicit dependency on the entire
history. It would be of great value if we could replace it by some much
more direct relation between the stimulus S(2) and the response R(t + 1).
In the next section we will show that by making a special restriction on the
nature of M—namely that the machine is in some sense finite— we can
obtain such a relation in a very simple and useful form.

2.2 EQUIVALENT HISTORIES: INTERNAL STATES

For a given machine M at a given time t, we can imagine an infinite
variety of possible histories. The one that has actually occurred will de-
termine the machine’s response to the next stimulus. Now it may be that
some events from the very remote past may contribute to determining this
response function. If this is the case, one can say that the machine shows
some “trace,” or “memory,” of those remote events. If every ancient
event left a separate, independent trace, the machine would need to have
infinite capacity, in some sense, to store them.

Itis our plan to study just the kind of machine that can be made from
a finite sef of discrete parts, such as switches and relays, or cores and
transistors. The ability of such a machine to store information about past
events must have some limits. No such machine could possibly store a
complete record of the events of arbitrarily long histories.?

TllFou]d be, for some machine M, that the output R(r + 1) is not in fact determined
by the input and the history. In that case we have a “non-determinate machine.” For ex-
amp!e. the input and the history might only determine the probabilities of each of the
pqssnblc fesponses. In that case we would be dealing with a *‘probabilistic machine.” We
mlgh.( also consider non-determinate machines which aren’t probabilistic, but, except for
certain technical advantages which won’t concern us, there is no reason to do so here.
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If its memory is limited, the machine cannot remember everything that
has happened to it; it cannot distinguish, in its behavior, between all possible
histories. It is important to consider the following definitions carefully.

We need to make precise the notion of two histories being equivalent
for a machine. Imagine that once there were two identical copies of a
machine M. But at time ¢, perhaps because of different past environments,
M, has history H(¢) and M has a different history H,(1). We will say that
H, and H, are equivalent histories with respect to M if, for every possible
subsequent sequence of signals S(1), St + 1), S(t + 2),...both M, and
M, would yield the same output sequences. That is, there is no way to tell
which machine is M and which is M, by testing them with input sequences
and observing their responses.

Now define the “equivalence class”” of any history to be the set of all
histories equivalent to it. Since two histories equivalent to the same history
are equivalent to each other, all members of an equivalence class are equiva-
lent in pairs. Clearly, two equivalence classes cannot partially overlap; they
must be completely separate (*‘disjoint” classes) or completely identical.

This brings us to.the key postulate of the theory of finite automata.
We assume that the machine can distinguish, by its present and future
behavior, between only some finite number of classes of possible histories.
These classes will be called the “internal states” of the machine. We will
designate the internal state of the machine, at time ¢, by the symbol Q(1),
and we will call the states themselves gy, ..., g,.

Evidently, there is a connection between the equivalence classes of
histories and the kinds of things a machine can remember about its past.
In chapter 4 we will examine in detail the nature of such memories.’ It is
very interesting that, given only the postulate that the number of equiva-
lence classes is finite, we can say quite a good deal about the possible
structures of such classes.

2.2.1 The defining functions, F and G

By our definition of internal state, the machine’s response R(t + 1)
to S(f) can depend only on Q(¢). Otherwise the behavior could depend
on things other than the distinguishable classes of histories. A better way
to put this is to write

R + 1) = F(Q(),S1) (F)

YOne can imagine, of course, that there are parts inside the machine which remember
things that are never expressed in the machine’s behavior. For example, the machine might
have some parts with inputs but no outputs. Our definition ignores any such internal
information, and it might be better to talk of our classes of histories as ‘“external states.”
Cf. Moore [1956]. Our states are those of Moore's *“‘reduced machines’”—i.e., machines

that have been simplified as far as possible, with “all unessential parts of its description
removed.”
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i.e., the output at z + 1 depends only on the input state at time ¢ and the
internal state at time ¢. The input state or signal S(¢) depends, of course,
on the environment. On what does the internal state Q(¢) depend?

The internal state at time ¢ depends, of course, on the whole history
of the machine. Fortunately, we can obtain a statement which separates
the dependencies with respect to the immediate past and the remote past.

The history of the machine at time ¢ is a listing of all the things that
have ever happened to it—the event in which it was first put into oper-
ation and the sequence of inputs it received after that. The history at
time ¢ + 1 differs from the history at time ¢ only in having an extra term;
this describes what happened at time ¢, namely the signal S(¢). By hypoth-
esis, nothing else can influence what happens within the black box.
Now what internal state has the machine at time ¢ + 1?7 The state Q(t + 1)
of the machine can depend only on the previous input S(t) and on the previous
internal state Q(t). Q(t + 1) could not depend on more than this, or the
machine could distinguish, in future behavior, between two histories
which were both supposed to be in the same class Q(¢) and hence indis-
tinguishable.” We can express this conclusion by writing

o1 + 1) = G(Q(1), 5(1) (G)

The two functions or relations F and G give us as complete a descrip-
tion of the machine as we could possibly want, so long as we remain
unconcerned about what actually happens inside the black box. For, sup-
pose that we are told the internal state Q(r) of the machine at a certain
'tlrpe t and also the sequence S(¢), S(r + 1), S(t + 2), etc., of stimuli that
it is to receive from that time on. Then relations F and G tell us what out-
put R(s + 1) to expect at the next moment ¢ + 1 and also the internal
state Q(¢ + 1) the machine will have at that time. Using this latter fact
and relations F and G again, we can determine the output and internal
state at 1 + 2. We can continue this calculation, step by step, to find the
response and state of the machine at any future time (so long as we know
what the inputs will be).

Machines characterized by a finite number of internal states will be
called finite-state machines. Other names have been used, e.g., finite-state
processes, finite automata, finite-state transducers, etc. We will now study
some of these machines in great detail. The finite-state restriction may at
first seem severe, but in a practical sense every machine we can build can
be approximated as closely as we like, by defining sufficiently many states.

+
can t")l“hus, ‘E)nce the dependency of Q(r + 1) on Q) and S(¢) has been stated, there
o e no urther .dcpcpde.ncy., e.g., on S(t — 1), that is not already included. The logic

.lhlS paragraph is quite intricate, and only a mathematically mature reader can follow it
Without going back, once or twice, to the definition of equivalent histories. A less intricate
alternate approach is given immediately below in section 2.2.2.
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Chapter 5 discusses this alarming thesis in more detail. In Part II we
discuss machines which are, in a sense, infinite. But we do this mainly for
technical reasons which make it easier to learn about the ultimate limitations
of all machines, including finite machines. So long as we are concerned with
negative results, as is usually the case in Part I, the admission of infinite
machines only weakens the assumptions, and hence strengthens the con-
clusions, so far as the finite machines are concerned!

2.2.2 Remarks, and other definitions
of finite-state machines

The idea of a finite-state machine, and in particular the notion of internal
state, is usually developed in a less abstract manner than in the previous
section. Qur goal is ultimately to explain some ideas about automata theory
that involve a rather abstract way of looking at sequences of stimuli. By
introducing part of this abstraction right in the definitions, the remaining
jump (in chapter 4) will not seem so large.

The immediately following sections are of a more practical nature, and
we hasten to give,a more informal picture of finite-state machines.

Imagine that inside our black box are a number of interconnected
parts. Suppose that each part has just a small number of distinct states or
positions. Then we can describe the total state of affairs inside the box by
simply listing the states (at that moment) of each and all of the parts. If
there are only a finite number of parts, then there is possible only a finite
number of distinct total states of affairs. These total states of the machine
are what we call its “internal states.” If, e.g., there were n parts, each
capable of K states by itself, then the machine could have up to K"
distinct total states.! (The number of internal states actually available in
operation might be much less than this if there were constraints between
the parts, as is the case in most real machines.) We designate these in-
ternal states (the possible states of affairs inside the box) by the symbols
q1,---,4qp,and the internal state at time ¢ by the symbol Q(2).

Now, the input and output channels connected to our box must
connect to some parts inside the box:

The input channel connects to certain parts of the machine so that the
input signals may affect the states of some of those parts. Obviously, the
internal state at time t + 1 depends on (and only on) the state of affairs
at time ¢ and the signals that came in at time . So again we can say that

o1 + 1) = G(Q), (1)) (G)

"Because two of these “total internal states” might be indistinguishable in the machine's
external behavior, the “internal states” defined here may correspond to smaller classes of
histories than do those defined in section 2.2. But it makes absolutely no difference, in
what follows, which definition we use!
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The output channel originates in certain parts of the machine so the
state of the output channel depends on the states of those parts. Since the
states of these parts at time ¢ + 1 depends only on their states at time ¢
and on S(¢) we can also say that

R(t + 1) = F(QQ), S(1)) (F)

While we can think of the machine as a single process (described com-
pletely by the functions F and G), there may be many things going on
simultaneously inside the “black box.” The input signals directly affect
only some of the parts. At the next moment these parts affect the states
of other parts. In turn, more remote parts may be affected at later times.
Activity and information can thus spread and circulate to remote parts of
the network inside the machine. But before we examine some of these
possibilities in detail, there are a number of things to be said of the
machine viewed as a unit.

~ An outsider could influence the machine by pouring signals into the S
channel. Similarly, the resulting output of the machine may succeed in
influencing the outsider’s behavior. Referring to the earlier diagrams
(Figs. 2.1-1 and 2.1-2), we can note that the situation from the point of
view of the machine, as shown in Fig. 2.2-1, is pretty much the same. The
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Fig. 2.2-1. Anenvironment. Fig. 2.2-2.

only schematic difference is that the names of the communication channels
are interchanged and now the environment is inside the box. If we are
willing to treat the environment also as a black-box machine, we have the
symmetrical situation of Fig. 2.2-2.

The question of where a particular machine ends and its environment
begins can be settled only by a convention or definition. The body can be
regarded as the environment for the brain or for the liver. The distinction
between the essential part of a machine and the inessential trim depends on
one’s choice of values. When we cannot grasp a system as a whole, we try
to find divisions such that we can understand each part separately, and also
understand (in that framework) how they interact. When we make such a
division for purpose of analysis, each part is treated in turn as the machine
of interest and the remainder as its environment. One cannot usefully make
such‘divisions completely arbitrary because an unnatural division of a sys-
tem into “'parts’ will not yield to any reasonable analysis.
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2.3 STATE TRANSITION TABLES AND DIAGRAMS

A finite-state machine is completely described when we are given its
“transition” functions F and G. Each of these functions is defined for
only a finite number of input values so that the functions themselves can
be represented as simple tables. Our first example is a “memory” or
“delay” device whose transition functions are given below.

EXAMPLE |: A ““MEMORY’’ MACHINE

The input channel can transmit just two kinds of signals, called s, and
s, and there are just two internal states, go and ¢,, and two output
signals, roand r:

STATE

INPUT  Sp do 4o INPUT So ro r

S 91 49 S ro r

The tables show that the state at time ¢, (or the output at time ¢ + 1)
tells whether the signal digit entered at time ¢ — 1 was 5o or 5,. (Problem:
Show that a machine whose output at time ¢ + 1 tells what was the signal
at time 7 requires only one internal state.’) In view of the built-in delay, of
one time unit, between input and output, the machine just described may
be regarded as having a rudimentary ability to “remember”—in this case
to “‘store” the digit that occurred at time s — 1.

The next simple machine keeps track of the parity (odd- or even-ness)
of the number of 1’s it has received. From here on we represent s, and s,
and also roand r, by 0 and 1, respectively.

EXAMPLE 2: A “‘PARITY’ MACHINE

G | 90 q F | 90 q
0 qo 41 0 0 1
1 g1 qo 1 10

The transition tables for this machine show that the state (and output)
remains the same when a 0 is entered, but changes when | is entered.
Hence any even number of 1’s will cause no net change of state. Thus if
we knew that at some (perhaps remote) time in the past the machine was
in state O (say), we could tell at any later moment whether the number of
I’s between the first time and the second was even or odd. Or if we knew
(say) that the machine began its existence in state 0, we could tell whether
the total number of 1’s that had ever entered it was odd or even.
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This machine can also be said to have a feeble kind of memory. This
memory is certainly limited in capacity—it can distinguish only two classes
of past histories. Let us note, however, that its memory isn’r limited by any
fixed span of time, at least in the usual sense. Unlike human memory, its
state at a given moment is no more (and no less) influenced by the signals of
recent incidence than by those of arbitrarily ancient occurrence. (Contrast
this with the memory of the delay machine of Example 1, which is influenced
exclusively by the most recent signal.) The point to be noted is that although
finite-state machines are limited in memory capacity, this limit need not take
the form of a simple bound on the duration of the effect of a particular signal.
We will see just what the limitations are in chapter 4.

When we deal with larger numbers of states, these table descriptions
become awkward and it is convenient to use more graphic descriptions.
We call them state-transition diagrams, or just state diagrams. The state

diagrams for the two simple machines just described are shown in
Figs. 2.3-1 and 2.3-2.

Fig. 2.3-1. Memory machine. Fig. 2.3-2. Parity machine.

Here are the rules for interpreting these diagrams: We will always use
hexagons to represent states. Arrows represent the transitions from one
state to another. Each input symbol occurs at the tail of one of the arrows
leaving each state. Each arrow shows what will happen, given the state
and input conditions shown at its tail. The head points to the subsequent
state as given by the values of the function G. The symbol inserted in the
middle of each arrow designates the output signal that will occur, as given
by the values of the function F.

When there is no ambiguity we will feel free to omit some of the
symbols.

EXAMPLE 3. A TWO-MOMENT DELAY MACHINE

Figure 2.3-3 represents a delay machine which remembers the rwo
previous digits; its state at time ¢, or its output at time ¢ + 1, tells which
signal entered at time ¢ — 2.
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ol ) G | qoo qor g0 9n
0 ™o 1 0 goo g doo G0
(0) |
1 qon 4u qo1 qn
'GP O®
(0]
N R
Ol F | qoo qgo1 910 qu
T del 0 0 0 1 1
Fig. 2.3-3. Two-moment delay
machine. 1 0 0 1 1
One could write, briefly
G(qi54) = G F(qi,s:) =i

EXAMPLE 4. A THREE-MOMENT DELAY MACHINE

Figure 2.3-4 shows a machine which will remember three digits. It is
easy to remember longer sequences of digits by increasing the number of
states. Of course, the number of states will grow rapidly. There is no
escape from the requirement that there must be 2" states to remember n
binary digits. (Why not? Describe a technique for making an n-digit
memory, and give an argument for why it needs at least 2" states.)

) 0 o)
J(& ]
0 1 Q
Lo 1/ U
AR D) e () QK _
0 N 0
0 1 {
1 1

o“c/
il
\@9 ! O

Fig. 2.3-4. Three-moment delay machine.

/

EXAMPLE 5. A BINARY SERIAL ADDING MACHINE

A final example of a state diagram will be a binary adding machine.*
This machine is given for its inputs two strings of binary digits, simul-
. taneously, where each string represents a number in binary form with
least significant digits first. The output signals of this machine are the
binary digits of the sequence which represents the sum of the two numbers
put into the machine. Beginning at some starting moment, the machine
receives a sequence of pairs of binary digits (where each digit of a pair
belongs to one of the two numbers being fed into the machine). This
means that there are really four possible input signals, which we can call
00,01, 10, 11. Only two states are needed; a “‘no-carry’’ state go and a

SEC. 2.4
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“carry’ state g,. (See Fig. 2.3-5.) For example, the sum 45 + 57 = 102

has the binary form

32+ 0+8+44+0+1
+324+16+8+0+0+1

64 +32+ 0+0+4+2+40

10 o0

00,

0

Fig. 2.3-5. Serial binary
machine.

10

No
Ol\carry 00 @
— 1 o]

0

1
adding

and would cause the sequence of events shown in Table 2.3-1.

Table 2.3-1
‘ 0 ! 2 3 4 5 6 7
¥ .
45 Ci 0 1 1 0 Q 0 ©)
57 (i 0 0 1 1 N o0 ©
signal 1 00 10 1 01 1 00 (00)
state q0 q1 90 q0 qi qi q1 90
ouput| - (0 1 1 0 0 1 D)

t Note that the digits of the binary numbers are written backwards.

PROBLEM 2.3-1. Write out the F and G tables for the machine of Fig.
2.3-5.

2.4 THE STATE-TRANSITION DIAGRAM OF AN
ISOLATED MACHINE

What happens if a finite-state machine is left to itself—that is, if it
receives no information from the outside world? That would be the case
if the machine receives only a constant input—that is, a repetitive, un-
changing signal. In this case the state-transition diagram becomes very
simple. Since there is only a single signal involved, each state uniquely
determines what the next state will be. In terms of the diagram, there is
only a single arrow leading from each state. Of course, it is still possible
for several arrows to lead into the same state. The diagram must there-
fore look something like Fig. 2.4-1. Note that this is not a collection of
examples; it is the diagram of a single machine.
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I i
Fig. 2.4-1. State diagram of a certain isolated machine. Note that
this is all one machine—not several.

J

Choose some state for a start, and set the machine into operation.
The machine will progress from state to state, moving along one of the
chains in a diagram. Now there are only a finite number of states. Clearly,
if the machine is run for a long enough time, it must eventually re-enter a
state it has previously been in. And this means that it must, from that
time on, continue in a periodically repeating pattern! Eagh chain must
eventually lead to a closed loop or “cycle.” Of course, different starting
states may lead into the same cycle—i.e., different starting chains may
merge. But two paths, once merged (by entering a common state) can never
diverge again.! Hence the state diagram contains a finite number of
separate, closed loops or ‘‘cycles.” Each cycle has, leading into it, a
number of distinct "“trees” or merging sets of paths. There is no way to
pass from the tree system of one cycle to that of another.?

We can conclude from these observations about the state diagram,
that any finite-state machine, if left completely to itself, will fall eventually
into a perfectly periodic repetitive pattern. The duration of this repeating
pattern cannot exceed the number of internal states of the machine, and
could be much less. Of course, neither can the duration of the epoch
before the machine becomes repetitive exceed this number.

This conclusion shows that in a certain sense, finite machines are rather
trivial. But in making such an interpretation, one should keep in mind the
very large numbers of states that practical machines may have. A modern
digital computer may have, in its high-speed “memory,” the order of a
million small parts, each of which has two states. The number of total
states of such a machine is the product (not the sum) of these, since any set

TWhy not?
*We call each such set, consisting of a cycle plus all the trees attached to it, a (con-
nected) “component” of the diagram. The distinct components are necessarily completely

detgchcd from one another. (Note that if we use a different “constant” signal we might get
a different set of components—trees and loops.)
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of conditions of these parts is possible. This means that the machine as a
whole has available roughly 2"%® giatest (This is a 1 followed by about
three hundred thousand zeros.) And the state diagram of such a machine
(without input) can indeed contain cycles whose lengths are of such mag-
nitudes. Even if such a machine were to operate at the frequencies of cosmic
rays, the aeons of galactic evolution would be as nothing compared to the
time of a journey through such a cycle.

The enormous magnitudes of the numbers of states in the memory of a
modern computing machine suggest that one should be suspicious about
the apparent implications of the finite-state condition. In the following
chapters we will see a number of theoretical limitations of finite automata.
But the magnitudes involved should lead one to suspect that theorems and
arguments based chiefly on the mere finiteness of the state diagram may not
carry a great deal of practical significance.

PROBLEM 2.4-1. If the reader is familiar with the operation code of some
digital computer, he should try to discover the program with the longest
possible running time (before repeating or halting). He will find that the
solution will be, essentially, a program that treats the entire memory, save
the space for the program itself, as a single gigantic accumulator. A fine
point: a common mistake is to try to include, in the giant cycle, the states
of the additional ‘*hardware” available, e.g., index registers and accumu-
lators. This turns out to be a mistake (unless there is a large systematic
array of such units), for the additional program required to exploit these
registers will consume more states than are gained by this tricky strategy.

2.5 STATE TRANSITIONS IN THE PRESENCE OF
EXTERNAL SIGNALS

It is much more difficult to give a general description of what happens
when there are variable inputs to the machine. One kind of complete
description in mathematical terms is given in chapter 4; here we can go a
small step in this direction by considering the case in which there is only
an occasional signal from the outside.

External signals can induce state transitions not permitted in the
constant or no-signal state diagram. Normally the machine will be mov-
ing around in one or another component of its no-signal, tree-cycle state
diagram. An external signal can throw the machine into a state of a dif-
ferent component (or to a distant part of the same component). Since the
new state depends on both the signal and the old state, the component into
which the machine goes will depend on the exact state (and not just the
component) at the previous moment.

One might regard each component of the state diagram as a separate
computation the machine can perform. If the signal leaves the machine in
the same component, it can be regarded as merely advancing or retarding
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that computation. If the component is changed, then the signal changes
the computation. Alternatively, the selection of a component cou‘Id be
regarded as storage in the machine of some information about the signal.
In the long run, memory cannot be stored in the form of individual states,
but only as different components of the state diagram.'

For example, the parity counter (Fig.

2.3-2) has a state diagram which (in the 0
absence of 1 signals) divides into two [:O
components. The occurrence of a 1 al-
ways causes a transition from one com- 1
ponent to the other. (See Fig. 2.5-1.) If
no 1 occurs, this machine can ‘re-
member’’ arbitrarily long.

The machine of Fig. 2.3-4 in the pres-
ence of a constant signal, e.g., 0, has only COO
one component, as in Fig. 2.5-2. It cannot
remember anything from the remote past;
indeed it can remember no trace of any-
thing that happened more than three y
moments ago.

When input signals change more than
occasionally, this analysis in terms of CI
components of the state diagram isn’t
very helpful, because the components
themselves are only defined with respect
to particular constant signal conditions. Then analysis requires methods
like those of chapter 4.

Fig. 2.5-2.

2.6 THE “MULTIPLICATION PROBLEM'':
A PROBLEM THAT CANNOT BE SOLVED
BY ANY FINITE-STATE MACHINE

The machine of example 5 of section 2.3 describes a finite-state ma-
chine which can add, serially, two binary numbers of arbitrary length.
The reason that this is possible, for a single, fixed-size machine, is that it
is never necessary to ‘“‘carry” or ‘‘remember” very much information
during addition—a single carry digit will suffice.

Multiplication is different in this respect. Depending on the size of the
numbers involved, it can become necessary to carry arbitrarily large
amounts of information during the course of multiplications. We have

TExccpt for phase information, which may be useful if there is an independent syn-
chronized clock.
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to “accumulate partial sums” to get the final answer. In fact we will
prove:

THEOREM

No fixed finite-state machine can multiply arbitrarily large pairs of
binary (or decimal ) numbers.

Suppose that there were a machine M that could multiply arbitrarily
long strings of (say) binary numbers. As in the addition example (ex-
ample 5, section 2.3), we suppose that the input quantities are presented
simultaneously digit by digit, least significant first. We will ask M to
perform a relatively simple multiplication; to multiply the number 2" by
itself. Now 2" has the form of a single 1 followed by n zeros in binary
notation. And the product of 2" with itself, namely 2%, is a 1 followed
by 2n zeros. Since there are 2n + 1 digits in this product, and only n + 1
in either of the multiplicands, this means that the machine has to print n
zeros after the input has stopped, and then print the 1.

But once the input has stopped, M must operate as a machine with
constant (0) input (see section 2.4). If M has fewer than n states, then, if
it does succeed in printing n zeros this must be because it is in a loop of its
state diagram which yields only zero outputs. Hence it must go on print-
ing zeros forever, and it cannot ever print the required 1. Since for any
fixed finite-state machine, we can always make n larger than the number
of states, there can be no finite-state multiplying machine which will work
for arbitrarily large numbers.

We have discovered an example of a kind of problem beyond the reach
of any finite-state machine.' This is the first of a number of limitations we
will discover. Here the trouble is quite clearly due to the machine’s finite
memory capacity. In Part IT we will find further limitations that persist
even when the machine is given, in effect, an infinite memory capacity—
so that it need never repeat a “‘total state.”

2.7 PROBLEMS

PROBLEM 2.7-1. Describe (in words) the class of histories represented by
some internal state of each of the examples in this chapter.

PROBLEM 2.7-2. Each output signal—or output state—of a machine
represents an equivalence class of histories. These may not be the same as

*The informal proof given here may seem rather flimsy. For example, one might still
wonder whether multiplication could be done with the numbers presented with their digits
in another order—or in some different number system. But the idea of the proof will in
fact carry over to all such changes in the problem.
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those represented by the internal states, although they are closely related.
What history is represented by the output 0 of the machine in Fig. 2.7.1?
Output 1?

PROBLEM 2.7-3. Show that no isolated machine can output the infinite
sequence:

101001000100001...0"10""1...

PROBLEM 2.7-4. Why is it unnecessary to

0

include a history of outputs of a machine in
: its history H (z)?
(o]
1

PROBLEM 2.7-5. We reprint here an inter-

) esting problem from Moore, Sequential Ma-
b chines [1964, pp. 213-214].
| “The problem known as the firing squad
! AYAY synchronization problem was devised about
1 1

the year 1957 by John Myhill, but so far as [
know the statement of the problem has not
yet appeared in print. It has been widely
circulated by word of mouth, and has attracted sufficient interest that it
ought to be available in print. The problem first arose in connection with
causing all parts of a self-producing machine to be turned on simultaneously.
The problem was first solved by John McCarthy and Marvin Minsky, and
now that it is known to have a solution, even persons with no background
in logical design or computer programming can usually find a solution in a
time of two to four hours. The problem has an unusual elegance in that it
is directly analogous to problems of logical design, systems design, or pro-
gramming, but it does not depend on the properties of any particular set of
logical elements or the instructions of any particular computer. I would
urge those who know a solution to this problem to avoid divulging it to
those who are figuring it out for themselves, since this will spoil the fun of
this intriguing problem.

“Consider a finite (but arbitrarily long) one-dimensional array of finite-
state machines, all of which are alike except the ones at each end. The
machines are called soldiers, and one of the end machines is cailed a
General. The machines are synchronous, and the state of each machine at
time? + 1 depends on the states of itself and of its two neighbors at time ¢.
The problem is to specify the states and transitions of the soldiers in such a
way that the General can cause them to go into one particular terminal
state (i.e., they fire their guns) all at exactly the same time. At the beginning
(i.e.,t = 0)all the soldiers are assumed to be in a single state, the quiescent
state. When the General undergoes the transition into the state labeled
‘fire when ready,” he does not take any initiative afterwards, and the rest is
up to the soldiers. The signal can propagate down the line no faster than one
soldier per unit of time, and their problem is how to get all coordinated and

Fig. 2.7-1.

in rhythm. The tricky part of the problem is that the same kind of soldier
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with a fixed number K of states is required to be able to do this, regardless of
the length n of the firing squad. In particular, the soldier with K states
should work correctly, even when n is much larger than K. Roughly speak-
ing, none of the soldiers is permitted to count as high as .

“Two of the soldiers, the General and the soldier farthest from the
General, are allowed to be slightly different from the other soldiers in being
able to act without having soldiers on both sides of them, but their structure
must also be independent of n.

“A convenient way of indicating a solution of this problem is to use a
piece of graph paper, with the horizontal coordinate representing the spatial
position, and the vertical coordinate representing time. Within the (i, j)
square of the graph paper a symbol may be written, indicating the state of
the ith soldier at time j. Visual examination of the pattern of propagation
of these symbols can indicate what kinds of signaling must take place
between the soldiers.

““Any solution to the firing squad synchronization problem can easily be
shown to require that the time from the General’s order until the guns go
off must be at least 2n — 2, where n is the number of soldiers. Most persons
solve this problem in a way which requires between 3n and 8rn units of time,
although occasionally other solutions are found. Some such other solutions
require §n and of the order of n? units of time, for instance. Until recently,
it was not known what the smallest possible time for a solution was. How-
ever, this was solved at M.L.T. by Professor E. Goto of the University of
Tokyo. The solution obtained by Goto used a very ingenious construction,
with each soldier having many thousands of states, and the solution required
exactly 2n — 2 units of time. In view of the difficulty of obtaining this solu-
tion, a much more interesting problem for beginners is to try to obtain some
solution between 3n and 8n units of time, which, as remarked above, is
relatively easy to do.”

NOTES

1. Computer specialists often talk of a distinction between ““digital” and “‘analog”

quantities, where a digital quantity is one that takes on only one of a fixed,
finite set of values while an analog quantity has values from a continuum, e.g.,
the voltage measured across a resistor or capacitor. The term “‘analog’ comes
from the era in which most “‘computers’ were electrical or mechanical devices
designed to approximate the differential equations of continuous physical
systems, in such a way that one could think of an analogy between the physical
behavior of the computer and the other system. In this sense, we are deciding
here to develop our theory around ideas of finite mathematics rather than
infinite, continuous, differential, mathematics. In chapter 9 we discuss one way
of bringing these viewpoints back together.

. If one were to consider “‘analog” devices (see note 1) and were also to ignore

basic physical considerations about noise, quantum measurement uncertainty,
and the like, then one might consider devices like the following to have infinite
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R memory: Suppose that the device £ in the accompanying

—WW~ j figure is a voltage source that has been, for infinite past time,

producing a voltage E(z) with the property that for each
integer j, E(t) = e;if j < t < j + | where ¢; is either 0 or

EM

1. Suppose also that R and C are such that whenever E(?) is
zero, the charge on C will decay to half its value in one time unit. Then at any
integer time ¢, the voltage on C will be given by the expression

0

> E(ty = k)27*

k=0

so that by measuring this voltage with infinite precision and expressing it as a
real binary fraction, one can recover infinite information about the past. We
do not want to admit such a physical absurdity, and so we build our theory
upon basically finite ingredients, extending later to the infinite question by
another route. See also the deeper analysis in chapter 5.

3. The fact that we can make a delay—or memory—machine with only one state,
namely

G | 4o F | g0
5o qo So ro
51 q0 S r

suggests that there is something unnatural about the way we defined the output
function. Indeed, we could reformulate the theory so that the output at time
t + | depends only on the state at time ¢ + 1, or we could define it to depend
only on the state at time ¢. Technically, these would lead to the same basic
results; each has its own slight advantages and disadvantages. Our choice of
definition was made so that the constructions of chapter 3 and 4 would come
out with the least complication.

4. Most readers will be familiar with binary numbers. Just as, in the decimal
system, a number like 3065 means

3 x 1000 + 0 x 100 + 6 x 10 + 5 x 1

a number like 1011, in the binary system, means

l><:23+0><22+1><21+l><‘2°

or 8 + 2+ [ = 11

The rule for addition of binary numbers is given in detail in chapter 3, section
3.2.6. It is just like decimal addition, except that when one has to add 1 + 1,

one has to recognize that the sum is ““10,” i.e., “‘write zero and carry the one.”
Thus

45 101101
+57 . 4111001
* %k * k% *

102 1 100110
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where the asterisk shows where “carries” have to be made. Binary multiplica-
tion (used in section 2.6) is done, also in analogy to decimal arithmetic, by
repeated addition or, better, by shifted addition:

11 1011
x5 L x 101
55 1011
+ 0000

+ 1011
= 110111

Almost any introductory text on computers will give a thorough intro-
duction to binary arithmetic; we will use it only for examples.



3 NEURAL NETWORKS.
AUTOMATA MADE UP OF PARTS

3.0 INTRODUCTION

The black-box approach (section 2.1) is useful only when we under-
stand a machine’s external behavior completely and don’t care what is
inside. Otherwise the machine’s structure has to be considered in more
detail, i.e., in terms of its parts and their interconnections. Once we
understand perfectly each part and how it interacts with the others we
have a chance of understanding the machine as a whole.

The machines discussed in this chapter are made of particularly simple
parts. In fact, each part is nothing more than a very simple two-state
machine. The interconnections, too, are quite simple. But from a very
small variety or ““stock” of these simple parts we can build up the equiva-
lent of any other finite-state machine.

We will use for our parts the elements developed by McCulloch and
Pitts [1943] as models for certain aspects of brain function.

It should be understood clearly that neither McCulloch, Pitts, nor the
present writer considers these devices and machines to serve as accurate
physiological models of nerve cells and tissues. They were not designed
with that purpose in mind. They are designed for the representation and
analysis of the logic of situations that arise in any discrete process, be it in
brain, computer, or anywhere else. In theories which are more seriously
intended to be brain models, the “‘neurons’ have to be much more compli-
cated. The real biological neuron is much more complex than our simple
logical units— for the evolution of nerve cells has led to very intricate and
specialized organs.! At this point, the McCulloch-Pitts *‘cells’” or *‘neurons’
are quite sufficient for our purposes. Our present goal is only to indicate
how, starting with a set of very simple elements, one can construct
machines of all sorts.

32
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Accordingly, the automata made up of these elementary units are
usually called neural networks.

3.1 THE “CELLS’ OF McCULLOCH AND PITTS

Our machines will be assembled by interconnecting certain basic ele-
ments called “cells.” Each cell will be represented in our diagrams by a

circular figure: G— From each cell leads a single line or wire, called

the “output fiber” of the cell. This output fiber may branch out after
leaving the cell; each branch must ultimately terminate as an input con-
nection to another (or perhaps the same) cell. Two types of termination
are allowed. One, called an excitatory input, is represented by a little
black arrow: —. The other, called an inhibitory input, is represented by
a little outline circle: —o. We permit any number of input connections
to a cell. Figure 3.1-1 shows a few typical cell configurations, with names
whose meaning will become evident later in the chapter.”

We build up more complex machines by interconnecting cells to form
“neural networks.” The only restriction on the formation of such nets is
that, while we permit output fibers to branch out to form arbitrarily many

o a —» a — — Z_._’
b > b —> c -

Delay AND OR Majority
- a -—O a _»-——b g ::
b —0 b —0 b= ey
a and not b NOR ANO OR
0 —> Q ——
b —>
b >
c —_—
J— ¢ =0 a0 '@_
e ——> d —O
Majority a and b but neither NOT
cnord

Fig. 3.1-1. Some McCulloch-Pitts cells.

"The diagrammatic notation in use by neurophysiologists seems startling when one
discovers that in the diagram below, the signals flow from left to right! It is hard to believe
there exists a culture in which the arrow points the wrong way, so to speak. Of course, this
is due to an attempt to caricature the actual appearance of some nerve cells in some
nervous systems. I could not bring myself to further propagate this traditional nuisance.

<}" V/\Q\JA
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input terminations, we do not allow output fibers from different cells to fuse
together. A glance at the illustrations in this chapter will show what is

permitted.

Each cell is a finite-state machine and accordingly operates in discrete
moments. The moments are assumed synchronous among all cells. At
each moment a cell is either firing or quiet; these are the two possible
states of the cell. For each state there is an associated output signal, trans-
mitted along the cell’s fiber branches. It is convenient to imagine these
signals as short waves or pulses transmitted very quickly along the fiber.
Since each cell has only two possible states, it is even more convenient to
think of the firing state as producing a pulse while the quiet state yields
no pulse. (One may think of “no pulse” as the name of the signal associ-
ated with the quiet state.)

Cells change state as a consequence of the pulses received at their in-
puts. In the center of the circle representing each cell there is written a
number, called the threshold of that cell. This threshold determines the
state-transition properties of a cell C in the following manner.

At any moment ¢, there will be a certain distribution of activity on the
fibers terminating upon C. We ignore all fibers which are quiet at this
time, and look to see if any inhibitory inputs are firing. If one or more of
the inhibitors are firing, then C will not fire at time t + 1. Otherwise—if
no inhibitor is firing—we count up the number of excitatory inputs that
are firing; if this number is equal to or greater than the threshold of C (the
number in the circle), then C will fire at time t + 1. )

In other words: a cell will fire at time t + 1 if and only if, at time t, the
number of active excitatory inputs equals or exceeds the threshold, and no
inhibitor is active. A cell with threshold 1 will fire if any excitatory fiber is
fired and no inhibitor is. A cell with threshold 2 requires at least two
excitations (and no inhibition) if it is to fire at the next moment. A cell
with threshold 0 will fire at any time unless an inhibitor prevents this.
Fig. 3.1-2 illustrates the behavior of a number of different cells.

REMARKS

(1) The reader will note that the state of a cell at ¢ + 1 doesn’t depend

on its state at time ¢. These are very simple “‘neurons’ indeed. One not-

- able property of real neurons is that once having fired, there is an interval
during which they can’t be fired again (called the refractory interval), and
this illustrates a real dependency on the previous state. However, we will
see (section 3.6) that it is easy to “simulate” such behavior with groups of
McCulloch-Pitts cells.

(2) Our “inhibition” is here absolute, in that a single inhibitory signal
can block response of a cell to any amount of excitation. We might
equally well have used a different system in which a cell fires if the dif-
ference between the amounts of excitation and inhibition exceeds the
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Fig. 3.1-2. Behavior of some cells. (The response columns are
displaced to show the always-present delay.)

threshold. This is equivalent to having the inhibition signals increase
the threshold. McCulloch, himself, [1960] has adopted this model for
certain uses.?

(3) Delays. We assume a standard delay between input and output
for all our cells. In more painstaking analyses, such as those of Burks and
Wang [1957] and Copi, Elgot, and Wright [1958], it has been found useful
to separate the time-dependency from the other “logical’ features of the
cell§ and to introduce special time-delay cells along with instantaneous
logical cells. The use of instantaneous logical cells forces one to restrict
the ways in which the elements can be connected (lest paradoxical nets be
drawn). We will avoid them except briefly in section 4.4.1.

(4) Mathematical Notations. In the original McCulloch-Pitts paper
[1943], the properties of cells and their interconnections were represented
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by a mathematical notation employing expressions from a “temporal
propositional calculus.” Because most of our arguments can be based
on common-sense reasoning about diagrams, it did not seem necessary
here to bring in this mathematical apparatus. Of course, anyone who
intends to design efficient complex nets or computers will have to learn
to use the appropriate modern mathematical representations. For reasons
discussed in note 3 of chapter 4, the original McCulloch-Pitts paper is
recommended not so much for its notation as for its content, philosoph-
ical as well as technical.

3.2 MACHINES MADE UP OF McCULLOCH-PITTS
NEURONS
In this section we show how one can go about constructing some use-

ful, more complicated machines, using a few useful kinds of neural nets.
Our goal is to collect enough devices to make a general-purpose computer!

3.2.1 Delays

Examples 1, 3, and 4 of section 2.3 give the state-transition structures
for machines which remember, and read out, the last one, two, and three
binary signals they have received. The network machines in Fig. 3.2-1 do

s AG —R
¢ (PP~
— P P—P—

Fig. 3.2-1. Delay nets.

precisely the same things. (Compare with Figs. 2.3-1, -3, and -4.) The
behaviors of these nets are described by the equations

Rt =S¢ -1
R =St -2
R(t) = S(t — 3)

respectively.

Note that while it requires 2" states to remember n digits (see 2.3), it
takes only n cells. Of course, the network delay machine with n cells does
indeed have 2" total states. For each cell can have 2 states, and one must
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multiply these numbers together for all the cells. Remember precisely why
the state diagram (Fig. 2.3-4) of the 3-delay net needs fully 8 = 2 x 2 x 2
states.

This example already shows two reasons why we turn from state dia-
grams to network machines made of parts, as we start to consider compli-
cated machines. First, the state diagrams become too large, as they grow
exponentially with the number of distinct items or signals the machine must
remember. Second, the division into parts rather than states makes the
diagrams more meaningful, at least to the extent that different aspects of the
behavior are localized in, or accounted for, by different physical parts of
the machine.

3.2.2 Gates and switches. Control of
flow of information

Suppose that it is desired to control the flow of signals or information
from one place to another (Fig. 3.2-2). The information is traveling along

Transmitter l[ > } Receiver

Fig. 3.2-2.

an already established path, and we wish to control its flow by signals
under our own control. We introduce (Fig. 3.2-3) cells of threshold 2
(““aND” cells) into each fiber: in the figure we use three parallel fibers just
to show that we can handle any number at once. Now, during any inter-
val in which we want information to flow, we can send a string of pulses
along the “control” or ‘““gating” fiber. So long as the control pulses are
present, the output fibers will carry the same signals that come into the
(upper) inputs; if the control pulses are absent there will be no output.

The insertion of the AND cells into the signal path will cause a unit
time delay in the transmission of signals. We could avoid this by admit-

7
e
24

Control fiber

Outputs

\

Y

Fig. 3.2-3. Gating network (facilitation type).
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ting a gating, or inhibitory, effect with no delay—by somehow interrup-
ting transmission along the fiber. This has been represented (e.g., by
McCulloch [1960]) by a termination with one (inhibitory) fiber encircling
another, as in Fig. 3.2-4. But it is against our policy here to introduce
instantaneously responding elements.

We can use the inhibitory effect to control information flow, within
the family of cells we are allowed to use, by using a network like that of
Fig. 3.2-5. Note that here, information flows through only when the

.0
£ 0
> =

Control fiber
Fig. 3.2-4 Fig. 3.2-5. Gating network (inhibition type).

control fiber does not fire. In the “facilitation” (to use the neurophysi-
ologist’s word) gate of Fig. 3.2-3, information flows only when the control
fiber does fire.

Now consider the network obtained when we use both “‘inhibition”
and “facilitation” gates (Fig. 3.2-6)! When the control fiber is quiet, the
signals fire the threshold-1 (OR) cells, and the information flows to

EEm=——igpd{ ==

/ @_
/

Control fiber
Fig. 3.2-6. An information-route switching device.
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Receiver 1. The threshold-2 (AND) cells do not fire. When the control
fiber is active, the AND cells transmit the signals to Receiver 2, just as in
Fig. 3.2-3. Also, the oR cells are now all “inhibited,”” and no signals can
get to Receiver 1. Thus the activation of the control fiber has the effect of

flipping a double-throw (three-pole) switch between the transmitter and
the two receivers.

3.2.3 Memory

The control system just described is not very convenient because its
operator has to continue to send control pulses throughout the interval
during which he wants signal flow. The net in Fig. 3.2-7 permits the op-
erator to initiate signal transmission with
a single signal, and to terminate it with Input Output
another; no attention is required during g (2.
the intervening period of transmission.

The trick here is to use a “feedback”
fiber that runs from the output fiber of a
cell back to an excitatory termination at
the input of the very same cell. Once this
cell has been fired (by a signal from the
“start” fiber) it will continue to fire at all Fig. 3.2-7. Gating network with
successive moments, until it is halted by a memory.
signal on the inhibitory “‘stop” fiber.

Throughout this interval of activity it will send pulses to the “gate” cell
and permit the passage of information.

This little net has some memory. It remembers whether it has received
a “stop” signal since it last received a “start” signal. We will shortly see
how more complex events can be “remembered” or “represented” by the
internal state of a net.

Control

It is easy to see that, in our nets, any kind of more-or-less permanent
memory must depend on the existence of closed or “feedback” paths.
Otherwise, in the absence of external stimulation, all activity must soon die
out, leaving all cells in the quiet state. This would leave no representation
of what had happened in the more remote past. Actually, the same is true
even in the presence of external stimuli of any kind, but this is harder to see
at this point. The internal state of a net without any “loops™ or “cycles”
can depend only on the stimulation that has occurred in a bounded portion
of the immediate past. The bound is just the length of the longest path in
the net. In a net wirh cycles there isn’t any bound on the length of possible
paths within the net, so there is no limit to the duration of information
storage.

Here is another difference between our ““cells” and biological neurons.
Itis evident that in the brain not all information is stored in this “dynamic”
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circulating form; it is not known to what extent circulation, or as it is often
. . . 3
called, “‘reverberation,” is important.

Although this *“circulating” or “dynamic memory is the only way in-
formation can be stored in our McCulloch-Pitts nets, we could have
started with component parts capable of some kind of “static” memory,
e.g., the equivalent of a magnetic-core, switch, or “flip-flop.”” The nets of
the next section show how we can simulate these with our present

components.

3.2.4 Binary scalers

Another kind of memory net is the binary scaler, which produces one
output pulse for every rwo input pulses. In many computers, such devices
serve as the basis for counting and other arithmetic operations. The net
in Fig. 3.2-8 is the simplest one with this behavior.

An initial input pulse will start the memory cell 4 into cyclic oper-
ation. A second pulse at some later time will fire the cell B. The ensuing
inhibitory pulse on fiber y will extinguish the cyclic activity of cell 4. At
that same time a pulse will appear on the output fiber of B, indicating
that two input pulses have now occurred. The net then returns to its
original “‘resting” state. Hence the *‘scaler” divides the number of input
pulses by a factor of two. Note that Fig. 3.2-7 is contained within'
Fig. 3.2-8.

Inspection will show that this simple net really won’t work as described
if input pulses occur too close together, i.e., on successive moments. This
may be seen more clearly if we draw the state diagram of the machine
(Fig. 3.2-9).

The machine has two parts—cell 4 and cell B. Each cell has two states,
so there are four possible total states. The two possible inputs to the
machine—““pulse” and ‘“‘no pulse”—are represented by 1 and 0. It just
happens that the fourth state never occurs—no arrows of the state diagram
lead into it.

Start

@‘ Out
C

Fig. 3.2-8. Defective binary scaler.

Fig. 3.2-9. State diagram of Fig. 3.2-8.
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The names of the states indicate which cells are firing; since the event
of “B firing alone” never occurs, we draw it as a ghost. An output occurs
only when leaving state AB. The flaw in the device is this: in the transition
frgm state .AB to the resting state, the machine ignores its input. It will
miss counting a pulse that occurs then. This condition occurs only after a

pulse has just arrived (in the transition from <E> to ); hence pulses

spaceq by more thgn one time unit won’t cause difficulty. A slightly more
cornp!lcated net with three cells is given in Fig. 3.2-10, and it can be seen
from its state diagram (Fig. 3.2-11) that it will always work. This net is

———= Start
In = Even-
numbered
— Output I's
Reset--—~<{ Odd-
numbered
C I's
Fig. 3.2-10. Corrected binary scaler. Fig. 3.2-11.  State diagram of Fig. 3.2-10

the same as the first except for an additional cell, C, which recognizes the
troublesome condition and corrects it. (There are eight possible states
now, only four of which can occur.) To see that this is foolproof, note
that odd-number 1’s always put the machine in the lower half of the dia-

gram, even-numbered 1’s bring it to state , and an output pulse oc-

curs precisely when leaving that state—i.e., after each even-numbered 1.

3.2.5 Counters

. T.h.e binary scaler of the preceding paragraph could be regarded as a
primitive counting device which can count up to two. By similar methods
we can m{ike nets which will produce pulses, one for each M pulse inputs
where M is any previously chosen number. Consider what happens if we,
assemble a number of binary scalers in a sequence—the output of each
connected to the input of the next. (See Fig. 3.2-12.) We represent the
scalers by boxes, each of which has two inputs—for pulse and reset signals
ﬁan(’i two outputs—the fibers coming from cells 4 and B of the nets just
described. Fiber B carries a single pulse for each pair of input pulses.

t .
'We have prox'flded an extra ‘Reset” channel for forcibly returning the device to its
resting state; we will use it in the next section.
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A A A
/
Input 2 *-/, 2 / 2 -/ 2 /

-
scaler Jz"" | scaler L~ scaler L—" scaler [ B

B B
Reset j ___j

Fig. 3.2-12. 2K-ary scaler.

Fiber A4 is quiet after even pulses, but (usually) fires steadily after odd
pulses.! If we string together K such scalers, we obtain a net which can
count up to 2% and then start over. If we fire the common reset fiber we
can restart the net at any time.

How can we count up to a number which isn’t exactly a power of 2?
We can use a trick which involves the binary number system representa-
tion of that number. Take, for example M = 13, Then M = 8 + 4 +
1 = 1101 in binary form. Let 7 be the number of 1’s in the binary num-
ber. We create a single cell with threshold 7T (3 in this case) and run
excitatory connections to this cell from the steady (4) outputs of those
scalers which correspond to the positions of the 1’s of the binary form_of
M. (See Fig. 3.2-13.) Now, generally speaking, the set of 4 fibers which

- ~
- \Y
- /
X 6"‘—_———0“7
e o o~—~.8"
/ 1 K
/
7/
y;
/

/ Not connected

In—7’———> |~ | |~ X

\ J 7 J J

Fig. 3.2-13. M-aryscalerfor13 = 8§ + 4 + 1.

will be active after the Mth input pulse will be just those in the positions
for I’s in the binary expansion of M. And the new cell with threshold T
will fire when first all these positions become active together, i.e., on the
Mth count. The path labeled with an x will cause the reset line to fire
when this event occurs so that the counter will start over after each group
of M pulses. With this connection in operation, the whole net becomes
an “M-ary scaler.”

*See problem 3.2-2, p. 44.
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PROBLEM. Why don’t we need to run inhibitory connections from the
other scaler stages to the output cell?

We run again into timing problems if pulses enter the net too rapidly.
Correct operation is certainly assured if pulses are spaced by intervals
of K moments, where K is the number of binary scalers in the chain,
Otherwise there is a chance that the top cell will miss its chance to fire.
The trouble is due to the fact that there are transient states during which
the output of the chain doesn’t match the binary expansion of the number
of inputs that has occurred. These states occur while the net is “propagat-
ing the carries.” Happily, these transient states never correspond to
numbers which will cause spurious firing of the top cell (as the reader may
care to verify), so the top cell won’t fire when it shouldn’t. But the total
count might pass through M while the carrying is going on and the top
cell could miss that count. We can prevent this by spacing the inputs so
that the net has a chance to “settle down” between counts.

EXAMPLE
Consider a three-stage counter like that in Fig. 3.2-12. Table 3.2-1

shows the firing pattern in response to the input sequence given in the
top line. “Number” is the binary number 4, + 24, + 44, that appears

Table 3.2-1
Signal |10 1]/0 1/0 1/0 1|0 1]0 1]0 1
Ay [0(1 1|1 O0j1 1|1 o)1 11 0f1 1/1
B, |10]/0 0i1 0|0 Of1 0{0 0|1 O0fl0 0]1 o
A; (010 0fO0 1|1 1]1 0 0fO 1|1 1|1 1 0 ...
B, |10{0 0/0 0/0 O0]0 0 00 0|0 OO0 1 0 O
A3 |0({0 0}0 0[O0 OO O] 1]1 1]1 1|1 1 1 0 O
By |00 0|0 O[O0 0|0 0|0 OO0 0|0 O|O0 O 0 0 0
Number (01 111 2(3 3{3 2{5 5|5 617 7|7
Shouldbe (0|1 1]2 2|3 3|4 4|5 5|6 6|7 718

currently at the 4 output fibers. Note that the count ‘4’ never appeared
in the 4 output fibers; this is because we did not space our 1’s far enough
apart (since kK = 3) and new inputs came in while the net was “carrying”
from 3 to 4. Nevertheless, the network as a whole never really lost count,
and it catches up soon.

Another kind of counter which is conceptually much simpler, but also
less efficient in its use of cells, is shown in Fig. 3.2-14. This counter might
be called unary rather than binary— it corresponds to counting on fingers
without a “radix” or power-based number system. In this net the activity
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Fig. 3.2-14. Unary scaler.

advances, with each input pulse, one cell further down the chain. When it
reaches the end of the chain it causes an output pulse and resets the whole
system to the resting state. (At this moment it is capable of missing a
count. This defect, as usual, could be fixed by adding extra cells.) To
count up to M now requires M cells instead of log, (M), which is the very
much smaller number required by the binary scaler chain. To appreciate
this the reader will recall that log, (1000) is about 10 and log, (1,000,000)
is about 20, etc. Recall the remarks in section 3.2.1. Here we are using
one whole cell for each state of the binary machine.

PROBLEM 3.2-1. Verify the statement that the M-ary scaler of this section
cannot yield spurious outputs because of carry-propagation conditions,
although it can miss proper outputs. This is rather complicated.

PROBLEM 3.2-2. The statement that fiber 4 in Fig. 3.2-12 fires steadily
after odd pulses is false because state @ does not yield an output on fiber

A,. Can this be corrected without increasing the over-all delay of the out-
puts? This defect need not affect the construction of Fig. 3.2-13 because one
can run fibers from cell C as well as from cell 4 to the M-detector cell.

PROBLEM 3.2-3. Design a binary M-ary scaler that does not miss counts
under any circumstances. This is very complicated. (Note that even the
non-binary scaler of Fig. 3.2-14 can miss an input when it resets. Fix it!) It
is clear that the difficulties vanish if we can be sure that signals are separated
enough. The troubles arise from attempting to do complex operations in
times of the order of the response delays of the individual parts. It is re-
markable how far computer designers have been able to go, in getting
around the carry-propagation delays one might suppose to be inescapable
in arithmetic devices. For a review of some of these techniques, see several
papers in Proc. Inst. Radio Engrs. [Jan., 1961].

3.2.6 Nets to do arithmetic

' It is interesting that only a very simple net is required to add two
arbitrarily large numbers presented in a binary serial form. The state
diagram for such a machine was pictured at the end of section 2.3 (Fig.
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2.3-5). (Note: Unless the summands are presented with the least signif-
icant digit first, no finite machine could do this job. For the value of each
digit of the sum depends functionally on all the input digits of lower order.
The highest digits can’t be computed until all the others are available and
would require unlimited memory if arbitrarily large numbers were to be
added, high digits first.)

Let 4; and B, be the ith digits of the summands.! Let S; be the .ith
digit of their sum. Then S is the “mod(2)” sum of 4, and Bo— that s,
itis 1 or 0 as (4o + B,) is odd or even. But, just as in decimal addition,
the higher digits of the sum depend not only on the corresponding digits
of the summands but also on whether or not there was a carry from the
previous state. Let C,be 1, or 0, according to whether there is, or is not,
a carry from the (i — 1)-th stage. Of course, Cyis 0.

Then the rules for (binary) addition are

S 1 lf(A, + B,‘ + C,) is odd
" 10 if(4, + B; + Cj)iseven,

and
1 if(4; + B; + C;)is 2 or greater
0 if(4; + B; + C))is 1or less.

Note the complete symmetry of the roles of 4;, B;, and C,in these rules!

The net in Fig. 3.2-15 realizes both these calculations with just six cells;
the output is delayed by three time units. Note how the firing of the
threshold-2 cell represents a carry to the following digit and how the input
digits and the carry, signal are treated symmetrically. (But note also that
here we have a situation in which the state diagram is somewhat simpler
than the best McCulloch-Pitts net we could invent. Here is a machine
that doesn’t divide so well into parts!)

A —
8 wn one or more inputs
(Carry) MES on exactly one input

c - M \<1
e Fires on two or F—
more inputs / Str=3)
4 . .
C @F/lres on exactly three inputs

W (needed just as a delay unit)
o Fires on
three inputs

Ci+l =

Fig. 3.2-15. A serial binary addition network.

"That s, 4 is the least significant digit.
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If we use “subtractive inhibition”? so that an inhibitory sigr}al adds 1
to the threshold, we can use the elegant net of Fig. 3.2-16, Wth.h shows
how engineering economies can
come through the use of the so-called
“threshold logic” of subtraction.

A \Ot ' Addition in number systems
)(1 other than binary is somewhat more
& complicated but is the same in prin-

ciple. Multiplication can be done by
successive addition, as it is in desk
calculators. But note that in multi-
plication the dependency on earlier
calculations can’t be expressed by a single carry digit; one must somehow
provide storage space for the accumulation of the partial sums. The re-
quired storage space must increase relentlessly with multiplier size so that,
as we observed in section 2.5, we are restricted to a limited number range
for any given machine. Subtraction and division are roughly an.alogous
to addition and multiplication respectively, although division involves
some further complications.

Fig. 3.2-16

PROBLEM 3.2-4. Given that one of two numbers is bound in size, show
that a finite machine can be built (for each bound) which will multiply any
number so bounded by any arbitrarily large number presented dig}it;by-
digit. Show that if N is a bound on the number of digits, then each d]gl't .Of
the product can be computed by remembering not many more thgn N digits
from the past. Exactly how many digits of memory are really required?

3.3 DECODERS AND ENCODERS FOR BINARY
SIGNALS. SERIES-PARALLEL CONVERSION

As we have noted (in section 3.2.5), the total number of states of a
machine is the product of the numbers of states of all of its part§. ' It is the
huge numbers of states so obtained that makes practical the digital com-
puter, and other interesting machines. If one had to represent each state
of a process by the excitation of a different part of a machine, one would
be limited in practice to rather simple processes. But by using different
configurations of a relatively few parts to represent states of a process we
can do much better.

This means that in efficient machines, information must be represented
in something like binary-coded form. (In chapter 6 we will discuss—for
theoretical reasons only—some machines which use the unary form, and
it will be seen how inefficient they are.) The states of the process carried
out by the machine will then be represented by configurations of activity
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in groups of cells or parts, rather than by the activity of single parts.
Many different process states can be represented by different activity con-
figurations in the same group of cells. Eventually, however, it will usually
be necessary to detect some such configurations and represent them as
distinct signals—i.e., as impulses along some distinct output fibers. For
this and other reasons, we have to show that signals can be converted
freely between the unary- and binary-coded forms.

Another way of making efficient use of machine total states is by en-
coding information in the form of time-sequential configurations. That
is, we can represent a process state by a time configuration of activity on
a single cell, or a small group of cells. And again, it will be necessary to
be able to decode such configurations—to convert them to and from
single pulses on particular fibers. The next few sections show various
techniques for converting information from one form to another; and
these techniques are then brought together to give a powerful general
technique for design of arbitrary finite-state machines.

3.3.1 Decoding a binary time sequence

Suppose that along a given fiber there may appear, from time to time,
various sequences of pulses. We want to distinguish between the different
sequences by activating a different output for each sequence. We assume
that there are just a certain finite number of such patterns, and take N to

be the duration of the longest such sequence. A set of sequences might be,
for example:

HRkE kAk] kk]® kx]] k]kk k]x] k]]% k][]

Prsksk Jak ] Qs Q% 1x11 L1%% 11%1 [11* 1111

where ‘1" signifies the presence of a pulse and “*° the absence of a pulse
at the corresponding moment of time. Here we have chosen as our ex-
ample the full set of sixteen possible sequences that may occur over an
(N = 4)-moment interval. (One might not necessarily want to distinguish
between all of these.)

We have to suppose also that there is available some special signal,
called the start pulse, which indicates when the sequence transmission
begins. Otherwise we could not hope to be able to distinguish between,
e.g., ¥, *** *1** and 1*** all of which are represented by a
single pulse, and differ only in what is chosen to be the time-origin of the
transmitted sequence. Given signals coming in on an input fiber and a
start pulse coming in on a start fiber, our decoding problem is solved by
the network of cells in Fig. 3.3-1.

Each rectangle in the diagram contains a copy of the same two-cell
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Fig. 3.3-1. Binary sequence decoder.

network seen to the left.” It can be seen that nothing can happen in ‘t/his
net until a start pulse enters. If the start pulse is not accompanied by an
input pulse, the upper cell in stage I will fire, while if the start pulse is
accompanied by an input pulse the lower cell will fire (and the upper cell
will not). In either case one and only one of the two stage I cells will fire.
At the next moment, the pulse output from stage I will serve as a start
pulse for one section of stage II. The other half of stage II will remain
quiescent. (By repeating this argument we see that the first element of the
input sequence has already determined which half of the total output
bundle will have an output.) A similar selection occurs in stage II; after
the second moment there will be a pulse on exactly one of the four fibers
bridging stages II and III. And after K moments there will be just one
pulse on the 2% fibers between the Kth and (K + 1)-th stages. At the end,
there will be just one output fiber excited, and this will be the fiber cor-

1

Signals
1
ocl oll é'l owl %ol 01 wl 3 1
3
D ottt iotad
\92\/0/ 000 001 oo on 100 101 110 1

Fig. 3.3-2. Three-digit binary parallel decoder.

These are the same “‘switches™ used in section 3.2.2, but note the reversal of input-
connection significance.
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Fig. 3.3-3. Four-digit serial-to-parallel converter.

responding to the binary number represented by the input sequence. Thus
each distinct serial pulse sequence excites a distinct output fiber.

We will see how to construct a different kind of binary sequence de-
coder by using the nets of the next section. (Specifically, one connects
the output of a net like Fig. 3.3-3 to the input of a net like Fig. 3.3-2,
matching, of course, the numbers of digits.) If one counts the numbers of
cells, this alternative method might seem more efficient than the present
one. But if one also considers the cost of connections, and that high-
threshold cells will presumably be expensive, one sees that the binary net
of Fig. 3.3-1 will have advantages for large N.

3.3.2 Other decoders

If the coded information comes in the form of single pulses occurring
simultaneously along a number of parallel fibers, we can use the net below.
Here we utilize high-threshold cells with many connections.

Figure 3.3-2 shows the net for N = 3. The threshold of each cell has
to equal its number of excitatory connections to prevent firing on a signal
containing fewer 1’s than required. The cell at the left has a threshold of
0; it fires unless inhibited. (Unless such cells are used, the “null” signal

Fig. 3.3-4. Parallel-to-serial converter. Note that it needs only
one cell per stage.
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can’t be distinguished actively, unless some other source of signals, like

the “‘start” fiber shown, is provided.) .
The serial and parallel modes of operation are, broadly speak'mg,
interchangeable. The nets in Figs. 3.3-3 and 3.3-4 perform conversions

in each direction.

1
Input

\ 3 \ -=->110
D-D-D-D—

Fig. 3.3-5. Serial encoder.

3.3.3 Encoders

Encoders are trivial for either direction. To obtain the serial signal
from a single pulse, for instance, the net in Fig. 3.3-5 will suffice. And for
the parallel case one needs only the proper branching, as in Fig. 3.3-6.

By combining these two encod-

input - - : ing techniquqs we can construct
x 0 more complicated input-output

E1 relations. Suppose that whenever

a pulse occurs on some input fiber

Fig. 3.3-6. Parallel encoder. fi, we want to generate a certain
time-sequence firing pattern on
some output fibers g, ..., g,. For example, if f, fires at time ¢, we might

want g, to fireat 7 + 2 and at t + 3, and g, to fire at ¢t + 1 and t + 3.
Suppose also that when a pulse occurs at time ¢ on another input fiber f;
we want g, to fire at ¢ + 1 and at t + 2, and g, to fire at ¢+ + 2 and at
t + 3. We can represent these specifications by

|t+—lt+2t+3 |t+1t+2t+3
i gy X X f(D g y y
g2 x x g2 y y

The net in Fig. 3.3-7 realizes these specifications and shows clearly a

- general method for making such nets. The relation between the response-

specification table and the net connections is seen more easily by drawing

the net with signals propagating from right to left. We can extend this

method to handle any number of input and output fibers, and responses
of any duration, by extending the diagram in appropriate dimensions.

If we measure the cost of a machine only by its number of cells, such

nets are very economical. It takes just n cells to realize, in one net, 2"

different firing patterns. However, if one counts the number of connec-
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fi

Fig. 3.3-7. Firing pattern encoder.

tions into the cost, the cost rises more or less in proportion to the number
of patterns to be realized.

In a real physical system there are always limitations on the numbers
of connections that can be brought together in one region. Basically, the
limitation is one of signal-vs.-noise levels. In practice one must make sure
that there is not too great a “‘load” on a source which “‘fans out” to drive
many other elements. Otherwise the signal level may drop below the noise
level inevitable in any receiver device, and the channel wili become un-
reliable. There are similar constraints on the amount of “‘fanning in”
allowed. There are other problems in the construction of practical thresh-
old elements—problems of resolution vs. stability—and at this writing
computers do not often use elements analogous to McCulloch-Pitts
neurons with high thresholds. As we will see in section 3.6, everything we
want to do can be done with a fixed bound on the degree of “fanning”
permitted, but this involves inescapable delays—slowing down compu-
tation speeds.*

PROBLEM. Characterize the behavior of the above encoder when signals
arrive closely together along the input lines, so that the response patterns
are forced to overlap. How does this behavior depend on the fact that all
cells have threshold 1 and there are no inhibitors?

3.4 REALIZATION OF MORE COMPLEX
STIMULUS-RESPONSE SPECIFICATIONS.
THE BEHAVIOR OF NETS WITHOUT CYCLES

One might want more elaborate stimulus-response behavior in which
stimuli, as well as responses, are time patterns along a number of fibers.
We can achieve this by combining several of the techniques of section 3.3.
We will do this in such a way that the resulting nets will have the peculiar
property that they contain no feedback—circular signal paths—no routes
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along which a pulse can return to the same cell again and again. It is of
interest to see precisely what such nets can do and what they cannot do,
for these are exactly the machines without any long-term memory.

The method can be shown best by example. Suppose that the situation
is like that in section 3.3.3 except that the stimuli are temporal patterns
along several fibers e),...,e,. We might, for example, want two
stimulus response pairs

ror+ 1 |+ 1+ 1 t+2
€y X . 81 X X
should yield R,
S1 e}l x —_— g | x X
€3 | X X
and
€| x . g1 x X )
should yield R,
S, ex|x — £ x X
€3 X

Of course, we cannot ask for the response to begin until after the
stimulus ends; there must be some delay. The net of Fig. 3.4-1 realizes
these specifications with a delay of one additional moment. Note how
the tables above are “wired” into the net.

;
7| |

—Q-C

X

Y

K(
f S,
] ] [ ]
] : :
_‘D 0 P ‘D Start

Encoder Recognizers Time converter

Decoder
Fig. 3.4-1. Stimulus-response recoder.
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Our “‘re-coder” net has three parts. In the part to the right, the
space-time input patterns are converted by a simple series-parallel con-
verter into purely spatial patterns. This reduces the problem to one of
recognizing a purely spatial distribution of signals. In the middle of the
net is a set of “‘recognizing” cells, one for each of the specified stimuli.
Their input connections and thresholds are arranged so that each recog-
nizing cell will fire on precisely one of the stimulus patterns to be de-
tected. The start pulse is transmitted to the recognizing cells with the
proper delay so that they work only when the entire stimulus has arrived.
Note that the output (encoder) part is the same as Fig. 3.3-7.

The output fibers from the recognizing cells produce the required re-
sponse patterns exactly as in section 3.3.3. The technique is easily ex-
terided to handle more input and output channels, more S-R pairs, and
longer pattern durations. Note that this system requires only one recog-
nizing cell for each desired S-R pair. Of course, there are further expenses
in the many connections associated with each such cell and in the in-
creased numbers of connections to the other cells.

3.4.1 Delays. Inefficiency of the canonical method

There are certain inescapable delays in any computation, due to the
fact that certain events have to occur before other events. In general, a
lag of two time units (and no more) is required for an arbitrary finite
table of stimulus-response requirements. This is shown by our con-
struction above. Roughly speaking, one needs a level (delay 1) for the
recognizing cells or their equivalent, and one needs another output level
(another delay) to provide for the bringing together of the outputs from
different recognizing cells. Of course, delay 2 is not always necessary,
and it is sometimes possible to realize the desired behavior with delay 1
or even delay O or — 1, etc. (This can happen if, as in the present example,
one can distinguish the stimulus patterns before they are completed.)
The net in Fig. 3.4-2 has, in this sense, delay 0, since the output begins
concurrently with the last (second) volley of the stimulus. This net hap-
pens to have the same two stimulus-response reactions as does the net
of Fig. 3.4-1 (but will react differently to other stimuli). It turns out that
the information on fiber ¢, was redundant; so we don’t need it.

The stimulus-response relation used above for our examples was not
chosen arbitrarily but was designed also to illustrate the possibility of
exchanging the roles of time and location in a fiber bundle. The two
stimulus-response pairs given explicitly are instances of a set of sixty-four
relations which have the property that if input e, fires af j moments after
the input start pulse, then output g; will fire at i moments (plus the system
delay) after the output start pulse. This whole set of relations can be
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Fig. 3.4-2

realized by a simple, uniform method, illustrated by the net in Fig. 3.4-3,
constructed fori = 1,2,3andj = 1,2.

If we had to use for this transformation the method used in the
*“canonical” encoder-decoder system built along the lines of Fig. 3.4-1,
it would require sixty-four recognizer cells. But because the transforma-
tion has such a simple structure, we were able to realize it with far fewer
than that number of cells. To realize a completely arbitrary stimulus-
response relation, where the stimuli have up to N components (here
N = 6), requires on the order of 2" cells, on the average. Only a small
proportion of behavior functions can be realized with appreciably smaller
nets. But there is reason to believe that this small proportion contains
almost all of the functions that are ever likely to interest us.

The simplicity of the construction of Fig. 3.4-1 will be outweighed by its
dreadful inefficiency, for most interesting applications. The general method
uses what a mathematician would call a “‘reduction to canonical form”—
in which every problem is transformed into the same “general’”’ form. This
form is conceptually simple but likely to be impracticably cumbersome.

7
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Fig. 3.4-3. Interchange of space and time.
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The technique does not exploit the structural features of individual problems.
But “interesting’’ functions usually have features that permit enormous re-
ductions in the sizes of the nets required to realize them. It is difficult to
imagine how this statement, which turns around the subjective term
“interesting,” could be proven in some acceptable mathematical form, but
we believe that it expresses a profoundly important truth.’

3.4.2 Nets without cycles

The machines (nets) of sections 3.4 and 3.4.1 are all cycle-free; that is,
they contain no circular signal paths. We have seen that, even with this
restriction, we can realize any stimulus-response behavior function that
is duration-bounded in the manner indicated in our discussion. These are
in fact the only behavior patterns that can be realized by nets without
cycles.

One should not conclude that the behavior patterns so realized are
necessarily uninteresting or unimportant. We must admit that, at least in
principle, one could so build a machine which would behave in every respect
like some particular man, for the lifetime of that man. That is, one could
(in principle) arrange things so that for each sequence of stimuli the “man”
might ever receive, his proper response would be elicited. But in so far as
practical matters are concerned, it is useless and even misleading to point
this out since (1) the sheer bulk of such a machine would be unrealizable in
our universe even with unimaginable improvements in technology and (2)
one would not know what to build into such a monstrous structure without
a complete, extensive theory of how the man operates. And if we had the
latter, we could build a smaller, genuinely intelligent machine.

3.5 THE EQUIVALENCE OF NEURAL NETS WITH
FINITE-STATE MACHINES IN GENERAL

It is evident that each neural network of the kind we have been con-
sidering is a finite-state machine. At any moment, the total state of the
net is given by the firing pattern of its cells. The state-transition function
O + 1) = G(Q(), S(1)) is determined by the connection structure of the
net, and the output function R(z + 1) = F(Q(t),S(¢)) is determined by
which fibers are designated as carrying output signals.

Itis interesting and even surprising that there is a converse to this.

THEOREM 3.5

Every finite-state machine is equivalent to, and can be ‘‘simulated” by,
some neural net. That is, given any finite-state machine M, we can build a
certain neural net N¥ which, regarded as a black-box machine, will be-
have precisely like M!
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The construction of the equivalent net-machine N* is surprisingly
straightforward, once we agree on how the inputs and outputs are to be
represented. Suppose that the inputs and outputs to M are Sy,...,Sx
and R,, ..., R, respectively, and that the states of M are Q,,..., Q,. Our
net N* will then have input fibers s,,...,s, and output fibers ry,..., 7,
and it will contain m cells, Cy;,...,C,;, for each state Q; of the
machine M. The cells C;; are to be arranged in a two-dimensional (m x p)
array, as depicted in Fig. 3.5-1.

Each of the cells C;; has threshold 2. We exploit the ability of such
cells to detect coincidences. In fact the cell C;; will fire (at time ¢t + 1)
precisely when it receives an input from S; (at time ¢) and when the simu-
lated machine M is in state Q;. Thus the firing of C;; is to be equivalent
to the pair of events (Q;,.S;). To make the net equivalent to the machine
M we now have only to arrange things so that it produces the proper out-
put F(Q;,S;) and goes into the appropriate internal state G(Q;, S;). To
see how this is done, consider the vertical columns of the diagram.

G-function connection box

4 (02,‘ 51 ) =01

L =//
‘l

e
™

VAN

Input=

.

F-tunction connection box

Output

Fig. 3.5-1. The canonical finite-state neural net.
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At any moment ¢ there will be, among all the descending fibers in all
the shaded columns, precisely one active fiber. Suppose that this fiber is
in the jth column. Then the net N* is simulating the state Qjof M. (It
doesn’t matter which fiber of the column is active, since all have the same
connections.) Suppose also that at each moment precisely one horizontal
(input) fiber is active, say, the ith row fiber. This corresponds to some
input signal S;. Then precisely one of the array cells will fire at time
t + 1; this will be cell Cj;.

The fiber from C;; divides into two branches. The descending branch
goes to the “F-function connection box” and there leads to the cell which
represents the appropriate output F(Q;,S;). Thus the function F is
“wired” into this part of the net, and it need concern us no further.

The ascending branch of the output from Cj; is responsible for the
machine’s change of state. This fiber goes up through the *““G-function
connection box” which is so wired that this fiber enters the descending
column for the appropriate new state (G(Q;, S;). If one and only one cell
Cy; fires at time ¢ + 1, we are thus assured that at time ¢ + 1 there will
again be precisely one active fiber among the descending columns (and
that it will be in the column corresponding to the next state of the simu-
lated machine M). Thus, if the signals entering N* are at each moment
the same as those entering M, both machines will go through the same se-
quences of states and outputs! (The output of N will be delayed by one
time unit because of the OR cells in the output connection box.) This com-
pletes the proof of the theorem.

ExXAMPLE

The particular connections shown in the diagram Fig. 3.5-1 show the
result of applying the general method to a serial binary adder, e.g., the
one described in section 2.3. S| corresponds to the 00 input, S, to the 01
and 10 inputs and S to the 11 input case. @, is the no-carry state and
0, is the carry state. One has to get the machine started by introducing a
start pulse into some descending fiber; this selects the initial state of the
net. To make the machine into a conventional two-input serial adder

one has to attach an input encoder of some sort, such as the one in
Fig. 3.5-2.

S?ur?—-—» I . 00

Ol or 1O

Fig. 3.5-2. Input encoder for binary adder.
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The “‘canonical net” for finite state machines has the interesting property
that it is composed essentially of nothing more than AND cells. (The reader
will agree that the OR cells in the output connection box are not really in-
volved in the basic operation of the machine.) It follows that, in some
sense, these are all we need. We will look into this more carefully in section
3.6. In particular, it would seem that there is no need for inhibitory con-
nections—for none of these appear in the diagram! The secret lies in our

each moment one and only one of the input lines is excited. We now know
that if this is the case we need only threshold-2 cells to simulate arbitrary
machines. However, if the input signals don’t have this convenient form,
then, in general, it will require_inhibitory connections (as in Fig. 3.5-2) to
bring them into that form. But it still seems quite remarkable that only the
threshold-2 cells are required once the signals are so decoded.

PROBLEM. Prove that one cannot, in general, decode signals using only
AND and OR cells (without inhibition).

Efficiency

It is important to recognize that we have simulated the behavior of the
given machine M by a rather inefficient mechanism. If there are I signals
and J states, our construction uses / x J cells (plus the number used in
encoders and decoders). If these cells could take on all possible firing con-
figurations the machine N* would have 2% possible states. Only a very
small fraction of these occur in the operation of our machine. See the re-
marks in section 3.4.1. This sort of result reduces the applicability of many
powerful conceptual tools of logic and analysis to the practical design of
actual machines. Those methods transform away the special features of
devices or expressions by loading them down with terms which do not add
to their content. This improves their “form.” But it usually works against
efficient design.

There is also a great deal of theory and practical knowledge concerned
with the efficient realization of behavior patterns (switching functions) by
nets of various kinds of elements—relays, transistors, vacuum tubes, and
the like; but these practical matters are off the main line of our study.

3.6 UNIVERSAL SETS OF CELLS

Up to this point we have constructed our nets by freely connecting
together elements of the form shown in Fig. 3.6-1, where we set no limits

m—— — — ——
—r - — —
_— ~— —_— —O
——— — —_—0 —)

Fig. 3.6-1

/1 \
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on allowed values of the threshold n, nor did we put any limit on the
numbers of connections to and from any one cell. It will be noticed,
however, that in most of the nets exhibited, the cells used thresholds of
1 and 2. Indeed we might suspect, from the results in sections 3.3 and
3.5 that we do not need thresholds larger than this. This is true, as we will
see below. But although higher thresholds are not basically necessary,
they make it possible to perform computations with fewer cells and less
delay. Consider the parallel decoder of Fig. 3.3-2. If there are n input
fibers, this decoder uses cells with threshold up to and including n. But
the decoding delay is only 1 time unit. We could construct a parallel de-
coder out of threshold 1 and 2 cells, but the delays have to be longer; at
least log, (n).

PROBLEM. Construct parallel decoders out of threshold-1 and -2 cells.
Construct the same using only threshold-2 cells.

It is interesting that if we are willing to pay the price in delay and
numbers of cells, we can simultaneously restrict both the threshold number
and the number of connections to and from each cell. We use a technique of
branching binary trees. To see the method, suppose that we wish to con-
struct nets equivalent to the elements in Fig. 3.6-2, which are typical of
the kind we have been using freely.

These cells can be replaced by the left \l
and right nets of Fig. 3.6-3 respectively. \\1\ \
In the net to the right, we had to load the ___ — _

diagram with some extra oR cells so that O /o
the net will have the same delay for all < /D T /)T
signals.

The numbers of input and output con- Fig. 3.6-2

nections, as well as the threshold num-

bers, are held to 2 in these nets. This means that we need not be con-
cerned with problems of “loading” and noise, provided again that we do
not mind the general slowing down of the operation of the system. And
it means that our stockroom of parts needs to contain nothing more than
copies of the three elements we have used in Fig. 3.6-3, shown individually
in Fig. 3.6-4.

Hence this set of three elements forms a ‘‘universal base” for the
construction of finite machines. It turns out that, at the cost of a delay,
the second (AND) element can be omitted, for it can be replaced by Fig.
3.6-5 so that the first (OR) and third (AND NOT) elements alone could form
a universal base. Indeed, these two elements can easily be combined to
form a single device (Fig. 3.6-6) which forms, by itself, a universal base!
(It is understood that one can leave some fibers unconnected, when neces-
sary.) To use this as a base, one has to compensate for the fact that the
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——

Fig. 3.6-3. OR and AND nets with limited numbers of connections
on each cell.

net in Fig. 3.6-5 for forming AND from three AND NOT’s takes two mo-
ments to respond. This cannot be avoided, so the element is really uni-
versal only for systems in which signals enter only on alternate moments.
The same remarks hold for several of the bases discussed below.

Other simple combination bases exist. Let us permit a cell to have a

= ’avb a > anh 9 > arb
M) (2) (3)
Fig. 3.6-4. (1)a or b, (2) a AND b, (3) a AND NOT b.
g ——0 anb
\0 anb
b @} el ALY
c— 0o
Fig. 3.6-5 Fig. 3.6-6. OR AND NOT.
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threshold of 0, so that it will fire unless actively inhibited. Then the element
NOR in Fig. 3.6-7 is universal when com-

bined with a simple delay element. To ———0@’_ .....»G)__
see this, observe (Fig. 3.6-8) that we can ——O

get all the functions above (in the alter- )

nate-moment mode). There is another Fig. 3.6-7. (1) NOR, (2) DELAY.
two-input element, NOT BOTH, which is

universal when combined with delay. It is, in effect, a minus-one threshold

cell which fires unless inhibited by both of two inhibitory connections.
(See Fig. 3.6-9.) It appears in computer circuitry under the name of NAND.

.
—" c-—»@/

Fig. 3.6-8. (1) OR, (2) AND, (3) @ OR b AND NOT c.

The MAJORITY element forms an attractive base when combined with
an INVERTER (Fig. 3.6-10), for it is easy to make AND’s and OR’s, as shown
in Fig. 3.6-11, and it is not hard to make any of the other combinations.

S (anblv (bacivicaa) ( ' _
~ b > o0—0 a
\ (R —
2
’/OC' ™ (2)

Fig. 3.6-9. nNanD. Fig. 3.6-10. (1) MAJORITY, (2) INVERTER.

There are a number of other simple combinations, some mentioned in
von Neumann [1956], pp. 50-56. The reader will note that our exposition
here is an expansion of von Neumann’s.

There is another interesting element which forms a single-cell base
(in the two-moment time scale). This is the cell (or rather, net) of Fig.
3.6-12. This cell, discussed in Minsky [1956] is interesting because it has a

=P - == —
) 606') (2) s

Fig. 3.6-11. (1) aND, (2) OR. Fig. 3.6-12. Refractory cell.
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“refractory period”’—it cannot be fired on two successive moments—a
basic property of biological neurons. It is interesting that this property
can be used to replace the use of inhibitory connections. Why this is so
will be explained in the next section.

3.6.1 Monotonic functions

It is easy to see that the two elements AND and OR do not by themselves
make a complete universal base. (They do, as we showed in 3.5, if we
allow external decoders and encoders, but we are now considering the
complete problem.) They are deficient in a certain ability, which the
reader will discover if he tries to use them to make a net which simulates,
e.g., the ““4 and not B” element. The trouble is that every net composed
only of AND’s and OR’s has a monotonic stimulus-response property.
That is, it is impossible to make the output smaller by making the input
larger. Suppose that a certain pattern S, at the input produces a certain
response pattern R,. Now suppose that we construct a new input S,
which contains all of the impulses in S (in the sense of section 3.4) plus
an additional pulse. Then the output R,, resulting from S, must contain
all the pulses of the response R, to S, and possibly more.

To see that this is true, consider the propagation of pulses in any net
composed exclusively of AND’s and OR’s. At each stage, the activity in
response to S, must include the activity that would result from S, at the
same moment. If S, causes a cell to be fired, then S, will at least meet the
same threshold. There is no way in which the presence of the new pulse
in S, can cause there to be less activity than before. If a threshold is
already reached, there is no way a new pulse can prevent an AND or an OR
cell from firing. The argument continues, step by step, through any net-
work whose cells are individually monotonic (as are AND and OR).

What must one add, to AND and OR, to make a complete base? We
know that admitting an inhibitor connection, e.g., in the form of the 4
and not B’ element, will suffice. In fact, it can be shown that one need
only add any non-monotonic element whatever! The proof of this
(Minsky [1956]) is rather complicated and will not be developed here.

It is easy to show that using only AND and OR, one can realize any
monotonic function whatever. To do this, observe that one can simply
construct a decoder like that in section 3.3.2 without putting in the inhibi-
tory connections. Some thought should show that the inhibitory connec-
tions are there precisely for obtaining non-monotonic behavior—to
permit a larger stimulus to block a response that would occur with a
proper part of that stimulus. This is not needed when we are realizing a
monotonic function.

It follows from the above statements that, given AND and OR, we can
obtain a complete base by adding any other element that cannot already be
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realized by a net composed of AND’s and OR’s. Among these are the ele-
ments shown in Fig. 3.6-13 (the last of which is already known to be uni-
versal by itself). All of these remarks are subject to the restriction that
the machines composed of the elements may have to be operated with
delays that require the input signals to be sufficiently separated in time.

= = —-=D—

Fig. 3.6-13. Non-monotonic elements.

It follows that our “refractory”” cell is universal, since it is non-
monotonic, and since it evidently has AND and OR built in very directly.

3.6.2 The double-line trick

The discussion in 3.6.1 seems to say that one can do very little, given
only monotonic cells like AND and OR. Yet section 3.5 and particularly
the discussion of Fig. 3.5-1 seems to say that the most general finite-state
machine (e.g., Fig. 3.5-1) can be assembled essentially from just these two
elements. How can both statements be true? The only difference is that
in section 3.5 the inputs to the machine are assumed to be decoded—at
each moment there is a signal on precisely one of the input lines. This
means that in the design of a machine using those inputs, the occurence
of a signal on one line means that we can count on the non-appearance of
signals on any other line. Therefore, we don’t have to be concerned about
inhibiting responses due to signals on those other lines, and it happens
that we don’t have to worry about any other inhibition problems, either.

It turns out that we don’t need full decoding at the source to eliminate
the need for inhibition, but we can get away with some weaker source of
non-monotonic behavior, and this can be built into the signal source in
various ways. Von Neumann [1956] mentions an elegant way to do this.
Let us represent signals using pairs of fibers instead of single fibers. In each
pair of lines, we assume that one and only one is firing, at any moment. (One
line corresponds to the original fiber; the other has pulses at just those
times the original fiber does not fire.) Then we can compose the functions
AND, OR, and AND NOT by the nets of Fig. 3.6-14, each of which has a
proper ‘“double-line”’ output.

So if we use the double-line trick, we see that just AND and oR form
a universal base, and incidentally that these functions can play entirely
symmetrical roles! We can see further that NoR is universal alone: the
left-hand net of Fig. 3.6-15 realizes the universal single-cell base OR AND
NOT but is composed entirely of NOR cells:
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Fig. 3.6-14. The double-line trick. (1) AND, (2) OR, (3) AND NOT,
(4) NOT.
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Fig. 3.6-15. (1) or AND NOT (of NOR cells), (2) OR AND NOT (of
AND’s and OR’s).

3.6.3 Other kinds of parts for finite-state machines

We have selected McCulloch-Pitts neurons for this exposition chiefly
for their simplicity. No one uses precisely these elements in computers
today, although some components in use are quite similar. By and large,
the elements of computers do resemble our cells, but for reasons of
packaging and wiring economy, one usually finds more in each unit
‘package—the equivalent of about three or four of our cells. At the time
of this writing, computer construction is moving in the direction of more
integrated “micro-circuitry” in which much more complicated functions
are realized in circuits sprayed, plated, diffused or otherwise embedded
in a homogeneous matrix material—e.g., a semi-conductor plate. It isn’t
clear at this writing to what extent such devices will continue to be as-
sembled from small universal bases of elements. As the control over
fabrication methods improves, we can expect the more delicate ““thresh-
old-logic™ kind of circuit to play a larger role.
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Another basis for finite-state machines can be found in relay-contact
networks. Operated synchronously, relays can be made to act as though
time jumped in discrete moments. It is very easy to construct our en-
coders, decoders, and other logical functions as networks of relays; this
is done in the paper of Shannon [1949]. Our chief reason for using “cells”
instead of relays is that relays have a useful but confusing peculiarity—
closed contacts conduct current in either direction. Hence, in relay con-
tact networks, there is no natural notion of direction of signal flow, and
this detracts from expository clarity. The relay computer, with its me-
chanically limited speed, has been obsolete since the electronic computers
of the late 1940’s; but its theory is again becoming important in the design
of computers using cryogenic (superconductor) elements and field-effect
transistor elements.

Still other network bases are found in the vacuum-tube logic of multi-
grid elements (currently out of fashion, but bound to be resurrected in
connection with field-effect transistors and other multi-element semi-
conductors) and the currently popular forms of transistor-diode logic.
But details concerning such matters would point away from the theoret-
ical direction we want to take.

PROBLEM 3.6-1. (Suggested by E. F. Moore.) Design a net, using any
number of two-input AND and OR cells, and only two NOT cells, that has the
input-output properties of Fig. 3.6-16.
Each output line is the complement of the
corresponding input—that is, if x is 0, x' X———> "
must be 1, etc. It is convenient to do the i__: —’Z
work with delay-free elements. The solu-
tion net (even with delay-free units) is Fig. 3.6-16
quite hard to find, but it is an extremely
instructive problem to work on, so keep trying! Do not look at the solution
unless desperate.

To what extent can this result be applied to itself—that is, how many
NOT’s are needed to obtain K simultaneous complements? This leads to a
whole theory in itself; see Gilbert [1954] and Markov [1958].

NOTES

1. For a superb presentation of what is known about the elements and networks
that constitute real animal nervous systems, read Part 1 of Bullock and Hor-
ridge’s “'Structure and Function in the Nervous Systems of Invertebrates”
[1965]. There is still no generally accepted theory of the mechanisms involved
in learning in nervous systems. (See note 3.) The situation with respect to
function of specialized parts of the nervous system is somewhat better: see, for
example the work on the visual system described in the papers of Lettvin,
Maturana, McCulloch, and Pitts [1959] and of Hubel and Wiesel [1959].
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2. The models in which inhibition and excitation play symmetric roles include

ours, one allows use of many inhibitory input connections from a single
fiber. McCulloch, himself [1959, 1960] uses subtractive inhibition in his demon-
stration that one can construct neural net machines whose behavior is immune
to certain kinds of fluctuations in the neurons’ thresholds. The question of how
to make machines that remain reliable under fluctuating conditions within
their parts is a fascinating topic (not otherwise mentioned in this book). The
results of a number of theories, notably of von Neumann [1956}, Moore and
Shannon [1956], and the cited work of McCulloch, show that for a variety of
kinds of disturbances one can make machines as reliable as desired, at the price
of introducing “‘redundancy”—duplication of parts—in appropriate ways.

While talking about subtractive inhibition, we should certainly cite the
earlier work of Rashevsky [1938, 1940], who first had the sense and the courage
to try to make mathematical models of complicated neural nets.

The introduction of subtractive inhibition raises some surprisingly com-
plicated questions, even for single-neuron networks! We will not treat this
subject here, either; it is called “Threshold Logic” and the reader might look
at Dertouzos [1965] for a survey and at Minsky and Papert [1966] for some
recent theoretical developments.

. Memory. Unfortunately, there is still very little definite knowledge about, and
not even any generally accepted theory of, how information is stored in nervous
systems, i.e., how they learn. Most of the evidence leads one to believe that
there are several mechanisms—at least different for short-term and for long-
term memory. One form of theory would propose that short-term memory is
“dynamic’’—stored in the form of pulses reverberating around closed chains of
neurons—while long-term memory is static—stored in the form of changes in
connections, thresholds, of the microanatomy. For speculative theories of this
variety, see Hebb’s [1949] book on cell-assemblies. A more static model is that
of Rosenblatt [1962]. Recently there have been a number of publications
proposing that memory is stored, like genetic information, in the form ofy
nucleic-acid chains, but I have not seen any of these theories worked out to
include plausible read-in and read-out mechanisms.

. The allowed ““fan-out” numbers in today’s computer circuitry are of the order
of 6; higher when long lines or “‘busses’ are driven by special amplifiers. In
nervous systems the situation is somewhat different because the nerve fiber
itself acts like a continuous amplifier that makes up for local drains, within
limits. In some cases the numbers of neurons that affect, or are affected by, a
given neuron is in the thousands.

. For further discussion of this point, read the related papers by: McCarthy
[1956], a paper whose importance has, I think, not been generally recognized;
Solomonoff [1964], also of great philosophical importance; and Minsky [1959]
for some remarks concerning these and the analogous, more precise, results of
Shannon [1949]. The present book provides more or less enough mathematical
background for reading these (except, perhaps, Shannon), but the reader will
have also to bring along a good deal of sensitivity and insight to understand
the approaches to the philosophical problem of *“inductive inference” sug-
gested in the McCarthy and the Solomonoff papers.

‘4 THE MEMORIES OF EVENTS
IN FINITE-STATE MACHINES

4.0 INTRODUCTION

In chapter 2, we talked of machine states and classes of histories. We
observed there, and in chapter 3, that there is a connection between the
idea of machine “memory” and classes of histories. Now we examine the
nature of this connection. First we will take a closer look to see what an
“equivalence class of histories” is really like. Then we study the structure
of these curious objects, using more formal methods. We find a way of
describing concisely exactly what kinds of events finite-state machines can
remember, what kinds of things they can recognize, and what kinds of
computations they can perform.

Of course, when we say “remember,” or ‘‘recognize,” we are speaking
about particular idealized notions of memory and recognition. These may
not be in perfect harmony with our common-sense notions of such matters.
The theory is explicitly only about the limitations of finite-state machines.
On the other hand, there is no current scientific reason to suspect that living
organisms can, in isolation, transcend these limits in any way important for
this context. Later on we see that a creature’s ability to use the environment
for storage of records or—almost the same thing from our viewpoint—for
material for growth, does make a difference in regard to these limitations.

The main mathematical discoveries in this chapter were made by the
logician Stephen C. Kleene [1956]. In turn, this was based on the earlier
McCulloch-Pitts [1943] exploration with the same general goals. There
remain unsolved many important problems centered around the relations
between the structures of nets, the structures of state diagrams, and the
structure of memories.

The arguments in section 4.3 and section 4.4 require some mathematical
*“*sophistication,” though no specific prior knowledge on the reader’s part.

67
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Fortunately, these arguments are not required in the sequel, so the reader
who gets enmired here should not hesitate to move on. While the later
chapters may /ook even more complicated to browsers, they are in fact not
so. Except perhaps for a few points near the end of the book, section 4.3 is
the most intricate, but once understood it is really quite simple.

4.1 THE MEANING OF AN OUTPUT SIGNAL:
FOUR EXAMPLES

Our first goal is to clarify the structure of the “equivalence classes of
histories,” mentioned in chapter 2. A few examples will illustrate what
these classes are like. We discuss them first informally and then in terms
of a more mathematical description.

Each example to follow is based on a McCulloch-Pitts net. For uni-
formity we will suppose that each has four input fibers called a, b, ¢, and 4.
For the present we assume that ar each moment precisely one and only one
of these fibers is fired. That is, at each moment the net will receive just one
of the possible signals a, b, ¢, or d; we will not consider the simultaneous
arrival of combinations of such signals. (They can thus be thought of as
arriving from the output of some decoder network.)

In each example, the machine begins its operation with the occurrence
of a pulse along a special fiber S. This fiber is called the “start fiber” and
the pulse is called the “start pulse.” For the present we will assume that
only one start pulse ever occurs; only in section 4.4 will we consider ex-
ceptions to this. One of the ordinary input signals must also occur at the
time of the start pulse.

Finally, each net has a special output fiber R. We will ask the same
question in each case: what is the significance of a pulse along R. More
precisely, suppose that we observe a pulse along the R fiber and that we
do not know when the machine was started or what signals it has received.
What can we say about what could have happened in the past history of
the machine?

EXAMPLE |

In our first example, fibers b, ¢, and d aren’t connected to anything.
(See Fig. 4.1-1.) If R fires at time ¢, we can deduce that a fired at time
t — 1. Furthermore, since the threshold of the R cell is 2, we are sure also
either that S fired at 7 - 1 or else that R did.

a The third possibility—that S and R both
b__\\ fired at 1 — 1—is ruled out because before
c— 6# #®  §’s unique firing there could have been no
d_—_—/( way for R ever to have got started. We de-
s

liberately ignore a last possibility—that R
Fig. 4.1-1.  Net for Example 1: axa.  has always been firing—in an infinite past.’
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Working backwards, we observe that @ must also have fired at 1 — 2,
¢ — 3, and indeed at every moment in the past, back to the time when S
was fired—that is, when the machine was first started into operation.
Clearly we cannot tell how long ago that event occurred. But we can be
sure that the firing of R at a certain time ¢ implies that @ must have been
fired at every moment from the Start to the timez — 1. We might say that
the firing of R means that this net “recognizes”

any sequence composed entirely of one or more a’s.

We assumed that the start pulse S occurs only once. If this event is
accompanied by an a signal, the R cell fires. So long as a signals continue
to arrive, the R cell keeps firing; one may think of this as a reverberation
facilitated by the a signals. If the a signal ever fails to appear, the reverbera-
tion must die out forever, since there will be no further occasion to meet the
required threshold of 2 for the R cell. Since we assumed that just one input
fiber is fired at each moment, the occurrence of any of the signals b, ¢, d

cause the cessation of R’s firing, just because this would cause @ to miss
a pulse.

EXAMPLE 2

Our second net (Fig. 4.1-2) will recognize

any sequence that ends with an a.

For if R fires at time 7, we conclude that @ must have fired at time ¢ — 1.
And now there is simply nothing more we can say about what happened
before that, for the reverberation initiated by the S pulse does not require
any particular input signal pattern for its maintenance.

ExXAMPLE 3

The third net imposes a rather more complicated constraint on the
class of sequences that might have caused R to fire. (See Fig. 4.1-3.) We
observe that the first (earliest) signal—that is, the signal concurrent with

— —
= A N
s/ 5// a

Fig. 4.1-2. Net for Example 2:
(@vbv cvdyra

Qoo o
11

Fig. 4.1-3. Net for Example 3: a(ba)=b.
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the S pulse—must have been an a. Otherwise the start pulse, alone, would
have failed to fire any cell, and the net would remain quiet ever after. We
observe also that the most recent pulse must have been b, else R could not
fire. A little thought will show that the structure of the net causes R to
recognize

any sequence that begins with an a, ends with
a b and in the interim repeats the sequence ba any
number (including none) of times.

Alternatively, one might say that R recognizes

any sequence that begins with ab followed by
any number (including none) of repetitions of ab.

Only such a sequence can preserve the pulse reverberating within the
net; this pulse, which originates from S, is required to meet the thresh-
old R.

ExAMPLE 4

The class of histories defined by our final example is more difficult to
describe. (See Fig. 4.1-4.) This net can become active only if the start

I\ /) "N ~N ™\
4 | /@ q d 7
@

/

pulse on S is accompanied by a pulse on a or on b. The activity (ulti-
mately required to fire R) can be kept alive only by (1) reverberating in
the cell connected to a or (2) by cycling around the loop formed by the
sequence bed. Firing of R can occur only after the completion of bed se-
quence. Some thought will then reveal that the firing of R recognizes

Fig. 4.1-4. Net for Example 4: (a v bcd)xbed.

any sequence, made up of any number of suc-
cessive or mixed occurrences of the patterns a
and bcd, which ends with an occurrence of bed.

SEC. 4.2 MEMORIES IN FINITE-STATE MACHINES 71

DiSCcuUSSION

In each of the examples we were able to describe the class of sequences
recognized by the machine, using expressions (in boxes) of a more or less
everyday language. For nets of greater complexity such expressions
would become cumbersome, ambiguous, and finally incomprehensible.
Kleene's [1956] formulation describes such classes in an elegant manner,
using formulas he called “regular expressions” and a number of asso-
ciated notions. The definitions in the next section are not precisely those
of Kleene but are more like those in Copi, Elgot, and Wright's [1958]
simplified version of Kleene’s theory.?

4.2 REGULAR EXPRESSIONS AND REGULAR SETS
OF SEQUENCES

Let us paraphrase the four descriptions obtained above for the sets of
sequences recognized by the nets of Figs. 4.1-1 through 4.1-4.

(1) Any number of occurrences of a followed by a.

(2) Any number of occurrences of (a or b or ¢ or d) followed by a.

(3) afollowed by any number of occurrences of ba followed by b.

(4) Any number of occurrences of (a or bed) followed by bed.
Now observe that these expressions (and those arising from more com-
plicated nets) can all be assembled from a very few terms and connectives.
We require, in fact, only the signal letters themselves and three connec-
tives:

“any number of occurrences of™”
“followed by™

‘e 3

or

[

If we abbreviate these three by “+’, juxtaposition,’ and ‘v’, respectively,
the above four expressions take on the compact forms:

(1) a*a

2 (@vbvevd*a
3) a(ba)«b

@) (a v bed)*bed

"The term Juxtaposition refers to the formation of a new expression by simply writing
several old expressions consecutively without any separating punctuation. In this informal
exposition we introduce parentheses only where needed to mark the limits of the ‘v’ and
‘+' connectives.

[t is understood that juxtaposition is a ‘‘stronger” bond than is ‘v’. That is, @ v bc
means a v (bc) and not (a v b)c. This is exactly as in school-algebra, where multi-
plication is denoted by juxtaposition anda + bc meansa + (b x c¢)andnot(a + b) x c.
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We list just some of the sequences included in the sets represented by
expressions 1-4 above.

(1) a, aa, aaaa, aaaaa, . ..

(2) a, aa, ba, ca, daa, aba, cca, bca,
beacdabbccbbdcaabceaaa, . . .

(3) ab, abab, ababab, abababab, ababababab, . . .

(4) bed, abed, bedbed, bedabed,
aabcdaaaaaabcedbedabed, . . .

While it is perhaps clear how these expressions are meant to be read, we
must state explicitly what is involved. We will define any string of signal
letters, stars, v’s, and parentheses to be a regular expression provided that
it can be constructed in accord with the following rules. Each regular
expression will serve to represent a certain set of signal sequences. Such a
set is called a regular set of sequences. The rules below also explain how
“representing’’ works.

DEFINITION OF THE CLASS OF REGULAR EXPRESSIONS

Any letter symbol x is, alone, a regular expression.

It represents precisely the set consisting of the single (one-letter) sequence x.

If E and F are regular expressions, then so is (EF).

The set of sequences represented by (EF) is obtained as follows: choose any
sequence s, from the set represented by E and any sequence s, from the set rep-
resented by F. Then the sequence formed by attaching s, to the end of s, is a se-
quence in the set represented by ( £F), and only such sequences are in the set.

If, E, F,..., G are regular expressions, then so is the expression
(EvFv...vG).

The set of sequences represented by (E v Fv ...v G) contains all and only
those sequences which are already in any of the sets represented by E or F or...or
G. (That is, simply form the “union” of those sets.)

If E is a regular expression, then so is E*.

The set of sequences represented by Ex is obtained as follows: let s,
52,...,5; be any collection of sequences of the set represented by E. Then the
sequence obtained by stringing them all in a row is a sequence of E+, and only
such sequences are. Warning: We permit also the case of no sequences at all—
that is, we allow k to be zero. This leads occasionally to some inconvenience in
that we have to talk about the *‘null sequence” —the sequence of no signals at all.f

The regular expressions are all those defined by the above rules, and no
others.}

The regular sets of sequences are all sets of sequences defined by the above
representation rules.

1One can think of £ as: (null sequence)v EvEEvEEEv. ..
'But we allow omission of parentheses when no ambiguity can result; e.g., we write
EFG for (E(FG)) or ((EF)G). Why is this permissible?

SEC. 4.2.1 MEMORIES IN FINITE-STATE MACHINES 73

We have used what mathematicians call a “‘recursive definition.” In
this form of definition one begins with a statement that:

EASI:Z Certain (**primitive’) objects are definitely in the class.

Then there are some rules which state that:

ELECURSIONZ If certain kinds of objects are in the class, then so

are certain other objects formed from them.

Finally, there is usually stated a restriction that:

| RESTRICTION: | No objects not required to be in the class by the
above rules are in the class.

PROBLEM 4.2-1. Theinputtoa net is a sequence of 0’s and |’s. Repre-
sent the net—as a regular expression (easy), as a state diagram (harder),
and as a McCulloch-Pitts network (usually very hard)—in each of the
following cases.

An output pulse occurs when:

(1) the number of I’s in the input is divisible by 3.

(2) all I’s have been in blocks of at least 3.

(3) no 1 has occurred at a time divisible by 2 or 3.

(4) there has been an even number of blocks of 1's, each of odd length.

4.2.1 Recursive definitions and inductive proofs

The notion of recursive definition is important in its own right, and
we will be concerned with it again later in the book. Therefore it is ap-
propriate here to take time for a more detailed study of what is involved.
Let us look again at the recursive definition of “‘regular expression,” this
time without so much concern about its interpretation. Ler K be the class
of regular expressions.

BASE: Any letter symbola, b, ¢, . ..is an expression in K.
RECURSION: If E and F are expressions in K, then so is (EF).
If E\, Ey, ..., E,are expressions in K, then so is

(E\vE,v...vE,)

If E is an expression in K, then so is Ex*.
RESTRICTION: Only expressions generated by the above rules are
in K.

Very often, one does not state the restriction explicitly, it being
understood that one is not concerned with “‘richer’™ systems, or ‘‘exten-
sions” which may happen to contain K.
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The terms *‘recursion” or “‘recursive” are used in reference to the fact
that, in such a definition, the name of the class being defined recurs within
the definition itself, in an essential way. In the present case we are defining
a certain class K. The term K appears in the BASE part of the definition,
but not in a circular way; here we only say that certain things are in K,
and one does not already have to know anything about K to understand
this. But in the RECURSION part of the definition, one says things like
“ ..if Eis in K, then...,” and here it appears that one has already to
know something about K—the thing being defined—to make sense of the
definition! Thus there is something about a recursive definition that
suggests that it might be “‘circular,” and hence somehow unsatisfactory.
Indeed, this can easily be the case. Thus, if we were to omit the BASE
part of the above definition of K, the remaining definition would be quite
useless, for one would have no way whatever to tell which expressions are,
in fact, in K and which expressions are not.

In later chapters one of our central goals will be to study just this
question of when a recursive definition really works and when it is defec-
tively circular. For the present, it will be useful to study in some detail a
few examples of recursive definitions which turn out to be satisfactory.
Our first example is taken from the expressions of elementary school-
algebra.

4.2.2 The set of well-formed parenthesis strings

Consider the expressions used in elementary algebra. If we examine
the expressions

(a+b) Ja +

alb + c(d + e)) alb + c(d + e)

(@ + b)c+d) Ya +)b(c + d(

alb + (¢ +d) + e) a)yb + (¢ +)d + e(

we observe that those in the first column are meaningful while those in
the second column are not. One can think of this distinction as a matter
of grammar; the expressions in the second column are somehow
“ungrammatical.”

Parentheses are punctuation marks which are supposed to be paired to
mark out phrases or clauses. In the second column, it simply isn’t clear
what clauses, if any, are defined. If we abstract out the parenthesis
structure alone, we can still make the distinction, for in each case

0 )
(0) ©
00 N
() )O(

we can see which are “well-formed’” and which are not!
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Here is a recursive definition which generates just the class of
parenthesis structures that are grammatical.

XECURSIVE DEFINITION OF THE CLASS P

BASE: () isin P. (Po)
RECURSION:
(1) If Eisin P, so is (E). (Py)
(2) If Eand Farein P, so is EF. (Py)
RESTRICTION: Nothing else is in P.

This generates, among others, the expressions

0
() 00
(€O)) (0O0) (MO 000 0 W)

(€O (00 ;MO) (VOO (O
(M) (MOO  00) 0000

O (0O)) 000 OO

«CONO SO1010;

which are all the well-formed structures of up to eight symbols.

Now let us return to the question of how to decide when a recursive
definition really defines something, and is not fatally circular. We will
not try to give a general answer to this question. In fact, as will be seen
in later chapters, there is no hope of finding a general answer. However,
in particular cases we can often solve the problem. Here we can give a
simple procedure by which one can tell whether a given expression is or is
not in the class P. There are many ways to do this, but the one below is
certainly the one that involves the least effort for many expressions.

4.2.3 The method of parenthesis-counting

Our procedure is based on the construction of a certain machine to
recognize which parenthesis strings are well-formed-—that is, are in the
class P defined above. The machine we use is much like those considered
in former chapters, except that it has an infinite number of states: (see

Fig. 4.2-1).
Stort\
N\ U U —~
.~—-<) 9 LOU?A) QZL—(\Q%L—-—Q) q‘h:....
)

Fig. 4.2-1. The parenthesis-counting machine M.
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For any particular example, only a finite number of states will be used,
so we need not discuss now what is implied by having an infinite machine;
this is a topic of later chapters. We will see, though, that we have not
gone over to infinite machines for frivolous reasons; there is in fact no
finite machine that can handle this job, at least for the whole class of
expressions made up of parentheses.

Now let E be an expression made up of parentheses. Define the func-
tion Q,[E] to be the state that M will end in if it is started in state q; and
given the sequence of symbols from E. We will prove the following
theorem.

THEOREM

An arbitrary expression E is in P if, and only if, it has the property that
O\[E] = q.

Note that this is a very strong theorem; it tells us not only which
expressions are in P but also which are not. The proof is instructive
because it shows how one can relate the structure of a recursive definition
(here, of P) to the structure of a machine (here, M).

Plan of proof: Define C to be the class of expressions with the property
Qi[E] = q,. Wereally have to prove two things, first that

If Eisin C, then Eisin P

and then that
if Eisin P, then Eisin C.

Then it will follow that both classes must be the same.

Proof that if E is in P, then Q,[E] = ¢,; thatis, Eisin C:

We simply prove that the property holds for everything in P, recur-
sively.

BASE: Q,[()] = ¢,. This is seen, simply by putting () into the
machine, starting in state ¢,. Hence

()isin C.

"RECURSIONS:  Suppose Q,[E] = q,. Then we know that state H is

never reached if the machine is started in state q, and given sequence E.
It follows that

O1[E] = q,
by translating everything up one unit to the right. Note also that for the
sequence ( E, we have

O\(E] = Q,[E] = q2
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Hence

Q.\(B)] = Q.E)] = Q.D] =19,
So

[leis in C, so is (Eﬂ

Next, suppose that £ and F are in C. Then in computing Q,[EF], the
machine returns to state g, after seeing E (because Q,[E] = ¢,) and
returns finally to state g, after seeing F (because Q,[F] = ¢,). Hence

If Eand Farein C, so is EF.

Now the three statements in boxes are exactly like the three statements
in the recursive definition of P (section 4.2.2). Can we conclude that the
classes C and P are the same? No, but only because we have not yet
proven the RESTRICTION statement. We can, however, be sure that any-
thing in P is also in C; that is, the class P is contained in the class C, which
is what we wanted to prove here. Now we have to prove that the class C
is contained in the class P.

Proofthatif Eisin C, then Eisin P:

This is the more interesting, less obvious, part. We need a new method
to deal with the recursion, and we choose to use mathematical induction
on the length of expressions. What we will do is to show that if the
theorem is true for all expressions of less than a certain length, then it
must be true for expressions of that length. An *‘induction” is a simple
form of recursion. Let us define length [E] to be the number of symbols
in E.

BASE: If length [E] = 2 and E is in C, then E is in P. This is true,
since inspection shows that the only expression which meets the condi-
tions is (). And this is in P because of the BASE ( Py) of the definition of P.

INDUCTION: Assume that we have shown, for every expression of
length less than k, that if it is in C then it is in P. Now consider any ex-
pression E of length k. We can separate the situation into two cases. In
the first case it is possible to break E into two parts F and G such that
E = FG and both F and G are in C. In the second case there is no such
partition of E.

cASE 1. This is trivial. For if £ = FG and both F and G are in C,
then both F and G are shorter than k (the length of £). Then by the in-
duction hypothesis, both of them are in P. Hence (by the P, of the
definition of P) it follows that £ must be in P.

casg II. If Eisin C, then Q [E] = g,. If there is no partition of E
into two shorter expressions both in C, we can conclude that the testing
machine does not re-enter state g, until the end of £. Therefore, it must
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enter state ¢, immediately after the first symbol of E, and it must enter
state ¢, on the next-to-last symbol of E (for it is only from there that it
can get to state g, on the last symbol of E). It follows that E must have
the form (F) and that Q»[F] = ¢,. Now observe that the machine never
enters ¢, during the computation of Q,[F]. Therefore, if we start the
machine in state g, with input F, we can conclude also that O\[F] = q4,
(for the machine structure always looks the same to the right of the start-
ing point, and we know that this computation does not encounter what is
to the left of the starting state). Hence, by definition, F is in C. Then,
since F' is shorter than k (the length of E), F must be in P, and hence
(by P\)sois £ = (F). This concludes the proof that if £ is in C, then E
is in P and, together with the previous section, the proof that £ and C
are the same,

REMARKS. We started by defining the class P of well-formed parenthesis
sequences by using a rather simple recursive definition. We showed that it
was possible to “‘recognize,” or “‘decide,” which sequences belong to this
set, by using a simple sort of “counting machine.”” The use of this machine,
or “decision procedure,” is very straightforward; one simply feeds the
expression into the machine and observes the state of the machine at the end.
There is no question about how long the machine’s computation will take:
its number of steps is just the expression’s length.

One can imagine other recursive definitions for which it would be more
difficult to find such a decision machine—one which would definitely tell
which expressions are in and which are out of the defined class. As will be
seen later, there are even cases in which it is impossible for any such decision
machine to exist. At best, in such cases, we can find only a machine which
will sometimes decide, but will other times get involved in a never-
terminating computation. Anticipating these developments, we can ask here
why things came out so well. The answer is that in the case of the class P,
the recursive definition has one very important special property. Each time
an expression is admitted on the basis of other previously admitted expres-
sions, the new expression has greater length. Thus (E) is longer than E
and EF is longer than E or F. This fact allows us to work backwards, since
for any expression we need investigate only a limited class of potential
ancestors. This is reflected in the fact that we were able to complete the
proof by an induction on the length of expressions.

There are proof methods for making decisions about the equivalences
of classes given by different recursive definitions, using methods more
general than our simple length arguments. The interested reader should
study the method of “Recursion Induction” described by McCarthy [1960].
If we had described our testing machine by a recursive definition instead of
by using an informal state diagram description, we could have proven the
theorem by an application of the Recursion Induction method.

Curiously enough, the class C of expressions is not itself a regular set
of sequences. As will be seen, they cannot be recognized by any finite-
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state machine. We have just shown that they can be recognized by a very
simple infinite-state machine. When we turn to the study of Turing
machines, a variety of infinite machines, we will use this class as one of our
first examples.

A proof by ““induction” is related to a recursive definition of a col-
lection of “numbered” quantities or objects. Suppose that we have a set
of objects, each somehow associated with a number (in the situation
above, each expression is associated with its length). We want to prove
some statement about all the objects. If we can prove the statement
separately about the objects associated with each number, then this proves
it for all the objects. The scheme called “mathematical induction” has as
its goal proving that:

BASE: The statement holds for all objects with
the number 1.
INDUCTION: If the statement holds for all objects
with number #, then it holds for all
objects with numbern + 1.

This clearly establishes the statement, step-by-step, for each number.

PROBLEM: What is wrong with the following proof?
Proposition: A/l marbles have the same color.

Consider a container of marbles. We prove that any handful of marbles
are the same color. BASE: If we take 1 marble, then this set of marbles
certainly has only one color. INDucCTION: Take n + 1 marbles. Choose n
of them. By inductive assumption we can suppose these are all the same
color. Now replace one of these » marbles by the extra marble. Then the
extra marble must be the same color as the others, in the new set of n
marbles. So all marbles must be the same color.

4.3 KLEENE'S THEOREM: FINITE AUTOMATA CAN
RECOGNIZE ONLY REGULAR SETS
OF SEQUENCES

We now resume the study of the capabilities and limitations of finite-
state machines. We consider a finite machine M which starts in a certain
state Qi and ask, “Which sequences of input symbols cause M to end up
in a certain state Qg,?" Any sequence with this property is said to be
“recognized” by the machine. The set of a/l such sequences is the set of
sequences recognized by M. (Of course, by different choices of Q;, and
Qs the same machine can recognize a number of different sets of
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sequences.) The Kleene theorem states that the sets so recognizable by
machines are precisely the regular sets of sequences.

We divide the proof into two parts. In this section we show that any
set recognized by a finite-state machine is regular; in section 4.4 we show
the converse—that any regular set can be recognized by some machine.

The proof (which is essentially that of Kleene) is based on mathe-
matical induction on the number of states of the machine. That is, we
show first that if the theorem holds for all machines with n states then it
holds for all machines with n + 1 states. We show also that it holds for
all one-state machines. It follows that the theorem is proved for all
machines. The proof is based on arguments about the set of paths
through the machine’s state diagram from Q. to Q-

It is actually easier to prove the theorem for a slightly more compre-
hensive class of diagrams than just those for machines; the arguments
hold also for “incomplete” diagrams in which any of the arrows may be
deleted. This is an important phenomenon in mathematics—that it can
be easier to prove a more general theorem. The profound problem is to
find the right generalization!

Consider a diagram composed of vertices (points) and arrows con-
necting some of the points. We require (temporarily) that there be at
most one arrow in each direction between any pair of points. Let each
arrow carry a different letter label. For ex-
ample, consider the diagram of Fig. 4.3-1.

We now consider paths from one vertex to
another in the diagram. A path from x to yis a
connected sequence of arrows which begins at
vertex x and ends at vertex y. We place no
additional restrictions on what is a path; in the
example, abcabcdedcdgfgfghhh represents a le-
gitimate path from @, to Q,. Now given two
vertices Q, and Q, (which may be the same)
our task is to show that the set of all sequences
from Q, to Q, is represented by a regular ex-

Fig. 4.3-1 pression in the letters labelling the diagram.
The argument breaks into two cases depending
on whether Q, and Q, are different.

We denote by R,, the set of all paths from Q, to Q,. We make an
important definition:

R3, = the set of all paths from x to y which do not
enter and later leave again the vertex z. In the
case that Q, is the same as Q, or Q, (or both),
R3, contains paths that begin and/or end on Q,
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but none that touch @, in the interior of the
path,

Now if @, = Q, we can say that
Ry = (R3)* (1
and if Q, and Q, are different we can say that
R, = R.R}, (and also that R,, = R},R,,) 2)

Statement (1) means that any path from 0O, back to Q, is made up of
some arbitrary number (including zero) of trips between successive returns
to Q.. Statement (2) reflects the fact that in any path from Q. to Q, there
must be a last excursion through Q,; at this point the sequence from R,,
ends and the sequence from R, begins. If we can show that R}, and
R, are regular sets, it follows from (1) and (2) that so are R,, and R,,
which is what we have to prove. We will now show that all sets R%, are
regular sets.

Consider a set R3,. Such a set is really concerned with a new diagram
in which one state, Q., is more or less eliminated. If we can describe the
set R}, in terms of a diagram with a state deleted, we will be able to use
the induction hypothesis; that the sets of paths between vertex pairs in
smaller diagrams are regular. Let C,, be the label for the arrow between
Q.and Q,, if there is one. Otherwise the symbol C, is considered mean-
ingless. A label C,, is always meaningful; we will interpret it later. The
key step in the argument is to observe that the set R%, is composed of the
path C,, (if any) together with all meaningful sequences described by
expressions of the form.

me R rznn Cny (3)

in which neither m nor n is the same as z. Why is this true? Because any
path from Q, to @, which is in R}, must go either directly from Q,
to 0, or else through some chain of states which does not touch Q. in its
interior. There must be some state Q,, which is the first in this chain
(after leaving Q,) and there must be some state Q, which is the last
(before reaching Q,); the remainder of this chain must be in RZ,. Observe
that if each set R}, so mentioned in (3) is regular, then so must be R
for it is composed of these and the C’s by ‘v’ and concatenation.

The final step: by the induction hypothesis the sets Rz, of (3) above
must be regular. For each is a set of paths between two vertices in a graph
which has fewer vertices than occurred in the original. In fact, the graph
is that obtained by removing the vertex Q, together with all its arrows!
Hence, working back, the sets (3), (2), and (1) are all regular and, hence,
so are R, and R,,. We have finally to show (the induction base) that the

z
xys
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theorem holds for the one-vertex case. But the set of sequences from @,
to @, is just (Cy,)* which is regular if C, is.

To apply the argument to the state diagrams of machines, we have to
interpret the symbols C,, properly. If Q, and Q, are different machine
states, there may or may not be any arrows leading directly from Q,
to Q,. If there are none, we simply omit any expressions of form (3)
which contain a C,, term. If there are several such arrows, labelled with
letters a,,..., a,, we replace the symbol C,, by the expression
(@i v...va,). We must treat the symbols C,, differently. If there are
arrows leading from Q, directly to Q, (as in the case of C4 of the
example), we replace C,, by the expression formed of the associated letters
connected by v’s, just as for the Cu’s. (In the example, Cu4 is replaced
simply by A.) But even if there are no arrows from Q, back to Q,, we
must not eliminate entirely the corresponding expressions of form (3),
because an expression like

Cxx R fmcny

still can represent paths. In such a case we simply remove the C symbol,
obtaining the expression R3,C,,, and similarly if the right-hand C has two
identical subscripts. Carrying out this program, we find that all the C’s
and R’s are eventually eliminated, yielding a regular expression using the
input symbols of the machine. The base of the induction—that the set of
signals recognized by a one-state machine is regular—is trivial since this
set is just (@v b v...vz)* where a,b,...,zis the set of input symbols
to the machine.

4.3.1 An example
Suppose that we wish to compute R, for Fig. 4.3-1. We begin with
Ry = (Ri)*
using rule (1). Then we expand R};:
R}, = CaR%Cy v C3RYCy,

using rule (3); one can go only to Q, or Qj; directly from Q,. Since C,
isa, C3 is cand C ;3 is d, we can combine these to obtain

Ry = (@aRlc v dR o)+
Next, we expand
R} = RuhRE
using rule (2); but R}, is null, so simply
R} = RH
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Next, we expand Rj3, writing in the values of the C’s as we generate them:
R = bR veREfveR2 v bR
and continuing,
R = (RiP)* = (gREFN* = (gh+f)*
Ré = (REY* = (hv fRBg) = (hv fo)+
where the term & = C,, is non-trivial and has to be included. Similarly,
RG = RERE = (hv f)+f
RY = RJRY = (gh+f)rgh.

Backing up, this gives
Ry = b(ghf)* v e(h v f)f v e(h v fg)+f v b(ghxf)xgh+f

We are not surprised to find terms duplicated, since the same subgraph of

¢y and Q4 has been approached in several ways. The above expression is
equivalent to

Rl = b(ghxf)* v e(h v fg)+f
It remains to expand
RY = (R3)~
= (gR4f v gRH)+
= (gh*f v gh+f)«
= (gh=f)=
Hence, finally, we get

Ri = (alb(gh+f)* v e(h v fg)<f)c v d(gh+[)xc)

PROBLEM 4.3-1. Explain in words the significance of the expressions in
each of the steps above.

PROBLEM 4.3-2. Find the regular expression for R4 in the above net.

4.3.2 Remarks

There is no restriction that the letters in the machine diagram be all
different. Let us relabel the diagram of Fig. 4.3-1 so that Just two letters
appear (Fig. 4.3-2). Simply by substituting the x’s and y’s in for the cor-
responding letters of the old diagram, we obtain the regular expression

Ry = (e(x(py*x)* v y(y v xp)xx)x v p(py* x)*x) (A)
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Fig. 4.3-2

for the set of paths from Q, back to Q, in the new diagram. This is the
diagram of a genuine finite-state machine, since each letter occurs exactly
once at each vertex.

This is not the only regular expression that can represent the set of
paths in question. Each regular set has many regular expressions. There
is a whole algebra for regular expressions, which allows many trans-
formations and simplifications. (Sg¢e problem 4.3-3 below.) For example,
we can simplify the above expression for R, all the way down to

((xy*x v yY)(yy*x)*x)* (B)

This expression has an interpretation: To get from state Q, back to state
0., one has to go through state Q5. There are two ways to get to state Qs;
these are xy* x and y. (This is not so easy to see, in itself.) One can then
delay returning to state Q, only by shuttling between states @; and Qy;
yy*x arises from each such cycle. Finally one must return to Q,; this
requires the signal x. It would be quite hard to prove that (A) and (B) are
the same without inventing a set of formal transformation rules.

PROBLEM 4.3-3. Show that the sets represented by
blab v b)y»a and bbxa(bbxa)x*

are the same. Use this to establish the equivalence of (A) and (B) above.

Realize that the statements are absolutely true, and do not depend on

reasoning from any particular diagram. Invent some transformations

between equivalent regular expressions and discover a correspondence be-

tween them and some transformations of state diagrams. For example, one

might justify each step of b(ab v b)xa = b(b v ab)yxa = b(b*ab)+bx*a =
. bbxa(bbxa)*

PROBLEM 4.3-4. Interpret our analysis using relations (1), (2), and (3) of
4.3 in terms of operations which dissect state diagrams, splitting each vertex
into several according to how many arrows leave it.
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Kleene [1956, p. 24] gives the following results, among others. We
quote:

“ALGEBRAIC TRANSFORMATIONS OF REGULAR EXPRESSIONS, We list some
equalities for sets of tables. (We have scarcely begun the investigation of
equivalences.)

(1) EvE = E. (2) EvF = FvE.
BG)(EvF)vG = Ev(FvG). (4) (EF)G = E(FG).

(5) (E+F)G = E«(FG). (6) (Ev F)G = EG v FG.

(7) E(F v G) = EF v EG. (8) Ex(Fv G) = ExFv E+G.
(9) ExF = F v ExEF. (10) ExF = Fv EE«F

(1) ExF = Ex(FvEFVvE)¥ v .. vET'F) (s> 1)

To prove (11) we have

s—1 s—1
E*F=ZE"F= ZZ Esq+rF=§: Es1 ZE’F.”
n=0 r=0 q=0 r=0

g=0

PROBLEM 4.3-5. Which of the following are true?

E+«F = (Ev E+)F
E+Fx = (Ev FYys»(EF)+
ExFx = ExEF+ v Ex FFx
(Ev F)x = (Ex v Fx)(Fx v Ex)*
E(FGE)*FG = EF(GEF)+G

PROBLEM 4.3-6. Show that given any regular set E, the set consisting of
the members of E, each reversed in time, is also a regular set. (Prove by
using the recursive definition of regular expression.)

4.4 KLEENE'S THEOREM (continued): ANY
REGULAR SET CAN BE RECOGNIZED
BY SOME FINITE-STATE MACHINE

We now prove the converse of the theorem of 4.3; we show that there
exists, for any regular set of sequences, a finite-state machine that recog-
nizes precisely that set. This (combined with the result of 4.3) shows that
the sets recognized by machines and the sets represented by regular ex-
pressions, are co-extensive— that the notions of regular set and set recog-
nizable by some machine are equivalent.

Our method is to show that any set representable by a regular expres-
sion can be recognized by a McCulloch-Pitts machine. Since any
McCulloch net is a finite-state machine, the theorem will be proven. We
could (with some difficulty) construct the state diagram of the machine
directly, but we will leave this as an exercise. Anyway, since the
McCulloch-Pitts net is a special case of finite-state machine, we get a
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stronger result. (For, showing that any regular set can be realized by a
special kind of finite machine is a stronger result than one which shows
that any regular set can be realized as one of the full set of finite-state
machines.)

We will break up the proof into two stages. The first stage (sec-
tion 4.4.1) gives a very simple direct proof of a slightly weaker theorem, in
which we use a new kind of cell. The second stage (section 4.4.2) is
concerned with details revising the proof so that these new cells can be
eliminated.

4.4.1. Realizing regular expressions with
instant-OR cells

We will build up networks, recursively, to recognize regular sets or
sequences, using the structure of the associated regular expressions. First
we have to realize the single letter expressions: The nets in Fig. 4.4-1

realize the sets represented by a, b, ¢,.... Next we have to produce nets
b
a\.\ \@_ c\\
'V:' el :'
s s~ s

Fig. 4.4-1. Nets for single-letter signals.

for EF, Ex, and (E'v Fv ...v G) assuming that we have nets for the
individual letters that appear in the expressions. For (Ev Fv ...v G),
we simply combine the outputs of the separate nets, using a new element
—the instant-oRr cell (Fig. 4.4-2).

The instant-oR cell acts like our usual threshold-1 cell, except that we
assume that it introduces no transmission delay. We use it, in effect, so that
we can tie different output fibers together. Because it does not fit in with
our original requirements on finite-state machines, we will have to elimi-
nate it before we can claim to have proven our theorem.

To realize the expression EF, we have only to tie together the nets for

I_Lf_

Fig. 4.4-2. Netfor(Ev Fv ... v G). Fig. 4.4-3. Net for EF.
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E and F serially as in Fig. 4.4-3. The idea here is that the output of the
E net is used to supply start pulses to the net for F. Thus the F net should
respond if (first) an E sequence occurs to provide a start pulse for F and
(subsequently) an F sequence occurs to produce the F output. There is a
complication here in that the F net may receive a history of several start
pulses. But careful examination will show that this will work out perfectly
and F will respond to any sequence which can be divided into an E. se-
quence followed by an F sequence. See the remark below.

Finally, we have to realize E+, given
E. The net of Fig. 4.4-4 does this. In this
net, the output of the £ net is connected
back to the Start fiber (through the
instant-oR cell). This means that when- .
ever E recognizes an E sequence, it starts
again looking for another one. Hence
the net will recognize any sequence made up of a number of E sequences
presented consecutively.

oo Q

(T

L Py

—

REMARK

The nets developed here may be exposed to more than one start pulse.
How can we be sure they will do what we require of them? The answer is
that we must include this provision within the recursive proof structure.
In so doing, we find that we really must prove a theorem slightly stronger
than is really required. Here is what must be done: we say that a net N
strongly recognizes the regular set E if it has the property that N produces
an output pulse at time ¢ if and only if the input history of N contains a se-
quence of E whose beginning was accompanied by a start pulse (and whose
end was at t — 1). Now, looking back over the construction of this sec-
tion, we see that the nets for a, b, ¢, etc. do strongly recognize the single-
letter sequences. The OR net (trivially) strongly recognizes the ‘v’ of the
sets in question. And the definition of strong recognition describes pre-
cisely just what it is that the nets for EF and E * recognize.

[t is interesting to observe that if we tried to work without the notion
of strong recognition, it would be very hard indeed to prove directly that
these nets do correctly recognize the ap- o~
propriate regular sets in the ordinary ~
(weak) sense, in which only one start
pulse is ever permitted. We see here

another instance of that mathematical

phenomenon in which it is easier to

prove a more general theorem than a <;__/
weaker one.
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Fig. 4.4-6 Fig. 4.4-7

EXAMPLE
We realize a net for the expression
(avcxb)*

The net for ¢ is shown in Fig. 4.4-5. Figure 4.4-6 gives the net for cxb;
and Fig. 4.4-7, the net for av cxb. The complete net for (a v cxb)*
is shown in Fig. 4.4-8.

[ .

(/

~

[

TN

Fig. 4.4-8

4.4.2 Elimination of the instant-OR cells

Now we will eliminate the instant-oR cells from the system. To do
this, we look to.see how the cells of the net obtain their input pulses.
Consider any threshold-2 cell in the net. From the way the net was con-
structed, we know that every cell has just two input fibers. The upper fiber
is one of the single-letter input lines. (Indeed, we see from the construc-
tion method that there is precisely one such cell for each letter-occurrence
in the original regular expression.)

The lower input of a threshold-2 cell can arise in three ways. It may
come from

(1) the start fiber of the whole net,
(2) the output line of another 2 cell,
(3) the output line of an OR cell.
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Signals arriving from oRr cells are in effect transmitted directly from
the inputs of those cells. An input to an or cell is again either

(1) the start fiber,
(2) the output of a 2 cell, or
(3) the output line of another or cell.

Suppose we choose a 2 cell and work back through the net to find all
sources of pulses that may arise and instantly reach its lower input, ignor-
ing the OR cells along the way. A list of these sources may include (1) the
start fiber and (2) a certain collection of 2 cells. (We do not include or
cells in this list because they don’t initiate signals, but only transmit them.)
For example, in our example Fig. 4.4-8, the cell with upper input a re-
ceives lower input signals instantly from S and from the cells for a and b.
The cell with upper input b receives signals directly from S, a, b, and c;
the same is true for the cell with upper input c.

The upper input to a cell corresponds simply to the occurrence, in the
input message, of the signal letter associated with the cell. The lower in-
put is excited (through the instant-orR network) if any of the events in
the above-mentioned list occur—in the case of the a cell, these are the
firing of the S fiber, of cell a, or of cell b. So far as the a cell is concerned,
we could thus replace the rest of the net as in Fig. 4.4-9. By the same
reasoning, we replace the whole net by one in which the gathering-
together function of the or cells is condensed into one or cell for each 2
cell (plus one to collect outputs) as in Fig. 4.4-10.

To see that this net behaves precisely the same as that of Fig. 4.4-8,
one has only to verify that the conditions for the firing of each 2 cell are
the same in both nets, due to the way we constructed the lists of firing
conditions.

a

)

Fig. 4.4-9 Fig. 4.4-10
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N

The new net has no advantage in wiring simplicity or in numbers of
cells, but it does have a decided advantage in orderliness. It shows that we
may realize any regular expression by a net made up entirely of paired
cells like that shown in Fig. 4.4-11. Now we can move to eliminate the

OR cells! Observe that the network of
Fig. 4.4-11 is precisely equivalent to the

? @ﬁﬁ single McCulloch-Pitts cell in Fig. 4.4-12.
r—/(&j——/ In each case, the output cell will fire

if and only if the upper fiber is fired and

one or more of the lower fibers is fired.

E\Q No other combination of the fibers will

produce an output. Similarly, in the

i‘ general case of n lower inputs we need

/L— only set the threshold to n + 1, and give

the upper fiber n branches. If we do this

}_ for the net of our example, we obtain
c-_é*\ the net of Fig. 4.4-13.

s /g The result is that we are able to elimi-

L ) nate all the instant-oRr cells from the net,

i except for the one required for the out-

— put line. We can certainly replace the

terminal instant-oRr cell by an ordinary

McCulloch-Pitts or cell; this introduces
an extra terminal delay of one time unit. So we can say that

1

Y 4P

any regular set can be recognized by a McCul-
loch-Pitts network with possibly a delay of one
extra time unit.

There can be no way to eliminate the terminal OR unit, without an
extra delay, if there is a fiber leading directly from the start fiber to the
output, for we are not allowed to tie fibers together directly. (There is
some question about what such connections could mean. Indeed, in
Kleene’s original discussion this was circumvented by defining ‘%’ to be a
binary connective so that an expression like E* could not occur except
within expressions of the form E* F.) See Problem 4.4-1.
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This completes the proof that, given any regular expression E, we can
find a McCulloch-Pitts network in which a certain cell fires (with delay 1)
exactly when a sequence of E has occurred.

To complete the circuit of ideas

» STATES REGULAR SET » NEURAL NET

we have to show that any event recognized by firing a cell in a neural net
can be recognized by an event in a state diagram. There is one slight snag
in the argument; it may not be possible to represent the event by the
occurrence of a single state of a state diagram. After all, the firing of a
particular cell in a net does not correspond to a single state of the net,
because other cells may or may not be firing concurrently. But we can
represent the event by

the occurrence of any of the states that entails
firing of the output cell.

This means only that we must connect, with ‘v’, the regular expressions of
each of those states to obtain the appropriate regular expression for that
cell’s firing. (See problem 4.5-4); and this completes our circuit of proofs!

PROBLEM 4.4-1. If there is no direct start-output line, then the firing of
the final output is contingent on the firing of any one of a certain collection
of other cells of the net. Show how to add to the net a new cell which fires
whenever any one of that collection fires, and at the same time (rather than
one moment later). This is done by duplicating on this one cell all the con-
nections that can excite any of the other cells, and making suitable adjust-
ments of its fiber endings and threshold.

PROBLEM 4.4-2. Rebuild the theory using a different notion—that of
regular® sets—in which one defines a regular® set by using a new interpreta-
tion of »: The expression E° represents one or more consecutive occurrences
of sequences from the set represented by E. Then show that the sets of
sequences defined by the regular® expressions differ from the sets of se-
quences defined by the regular expressions only in the handling of the null
sequence. Indeed any regular set is identical to some regular® set either im-
mediately or by addition of null. Thus, for the examples of section 4.2 we
have the following equivalences:

(1) a*a = a°

2Q@avbvoyrxa=(avbvoava
(3) a(ba)*b = (ab)(ab)* = {(ab)°
(4) (a v bed)y*bed = (a v bed)°bed v bed
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and we add for further illustration

(ab)* = (ab)° v null

In building up the nets for regular” sets,
one can use for E° the net in Fig.4.4-14.
Then there can be no fiber leading from start
to output, and the problem discussed above
Fig. 4.4-14 does not arise.

PROBLEM 4.4-3. Study the mechanism that saves these nets from becom-
ing confused by large numbers of start pulses. Obviously, no finite machine
can keep separate records of more than a limited number of start pulses. If
this number is exceeded, but the machine continues to function properly, it
must be because the machine either (1) has forgotten some old start pulses
or (2) identifies several with the same equivalence class of histories. Thus,
given the set represented by

(ab v a)* v (ba v b)*

Fig. 4.4-15. Stages in the construction of (a=b*)=: (1) net with
INSTANT-OR cells, (2) collecting the inputs, (3) re-
placement with McCulloch-Pitts cells.
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the sequence
. . . . . v . v .
a b a a b a a b a b a

1 2 3 4 5 6 7 8 9 10 11

is 2 member of that set with respect to start pulses at times 1, 3,4, 6,7, 8, 9,
10and 11. But1,3,4,6,7,9, and 11 play one role, while 8 and 10 play
another with respect to the equivalence classes of histories. The start pulses
at times 2 and 5 may as well be forgotten—the machine’s state should not
show any trace of their having occurred. In working this out, one finds that
the (accessible) states of the network machine correspond to certain subsets
of occurrences of the letters of the regular expression itself. Using this, one
could go directly from a regular expression to the state-transition table of an
equivalent finite-state machine, without going through our construction of
an intermediate McCulloch-Pitts network.

AN EXAMPLE

If our rules are applied to the expression {(a*b*)*, we obtain the
stages in the construction shown in Fig. 4.4-15. As is shown, when the
inductive construction is finally com-
pleted, we draw together all the output \\ O
fibers at the input of a final common orR @ —

cell. This is not the best possible net for el e
recognition of the set (axb+)~. S

1 —

In fact

the net of Fig. 4.4-16 will suffice. Fig. 4.4-16. Simpler  net  for
(axb+)x = (av b)+.
It is interesting to note that no inhibitory connections appear in any of
these nets. This is because the signals are decoded at the start—distinct
stimuli occur as single pulses on distinct fibers. The situation is the same as
that in section 3.4; the absence of non-monotonic elements is something of

an illusion since they are really implicit in the input source decoder.

PROBLEM 4.4-4. It can be seen that these nets have the “strong recogni-
tion” property discussed in section 4.4.1—that for each regular set of
sequences, the corresponding net will recognize any sequence of that set
which occurs between any start pulse and the present time (minus 2). As
noted in problem 4.4-1, the states of the net, vis-a-vis the start pulses, cor-
respond to certain subsets of letters in the regular expression. Perhaps the
best way to see this is to ask oneself: what is the meaning, with respect to the
process history, of the firing of one of the cells in the net? Observe that each
cell corresponds uniquely to a letter occurrence in the regular expression.
Conclude that the firing pattern in the net is just what is needed to represent
the essential features of the history of start pulses.

PROBLEM 4.4-5. Argue that there can really be no trouble resulting from
allowing the instant-oR cells of section 4.4.1, so long as there are no in-
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hibitory connections allowed in the net. Furthermore, no trouble could

occur even with instantaneous inhibitory connections provided that there
exist no closed signal loops without any delay. The rules
for net formation given in Copi, Elgot, and Wright [1958]
ingeniously prevent the construction of any logical para-
doxes such as that represented by the net in Fig. 4.4-17,
which uses a deadly combination of non-monotonic and
delay-free elements. (Cf. section 3.1, remark 3). One
cannot assign any consistent meaning to the response
function of this net.

4.4.3 Remarks on regular sets

The regular sets of sequences are essentially the classes of histories
that can be represented by the states of finite machines. Looking at finite
machines in this way gives us some insight, but not really complete under-
standing. One thing we can see is that infinite sets can be obtained only
through the *+* operation, i.e., through an obscure sort of periodicity. But
one must not jump to the conclusion that infinite sets need nets with loops.
Any finite set of sequences is (trivially) regular and realized by nets with-
out loops. It is clear, from the definition of regular set, that one can add
any finite number of terms to any regular set and still obtain a regular set.
It is much more difficult to deduce from the definition that one can simi-
larly remove, say, one regular set from another and have a regular set as
the result. But this fact becomes obvious in the light of the equivalence
Just established, since the machine of Fig. 4.4-18 will do just that (with
an extra delay). Clearly, this machine will respond to (recognize) each
sequence which is in E but not in F.

Furthermore, if E and F are regular, we can see by the same kind of
construction that the set ‘E A F’ of sequences common to both E and F
(Fig. 4.4-19) and the set £’ of finite sequences not in E (Fig. 4.4-20) are
also regular. (There may be some fine points about delays in the last net.)
This suggests that one might find it easier to understand finite-state
machines in terms of an extended Kleene algebra inciuding and (‘ » °) and

not (*'”). For example, we can deduce that
(ab)' = (b vaa)av b)~

a
b E g p——

. ] c — £ \

» & B

F P s £ /

S

Fig. 4.4-18. E AND NOT F. Fig. 4.4-19. EAND F.
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= =P
e

Fig. 4.4-21

S m——
Fig. 4.4-20. NOTE.

Now in the Kleene algebra, this infinite set requires at least one star to
represent it, but in the extended algebra it doesn’t. The net of Fig. 4.4-21
represents it without any closed signal paths. Questions such as how
many stars are needed to represent certain kinds of sets, are quite difficult.’

4.4.4 Epistemological consequences

In their classic paper, McCulloch and Pitts [1943] make some observa-
tions about the consequences, for the theory of knowledge, of the propo-
sition that the brain is composed of basically finite-state logical elements.
And even though this may not be precisely the case, the general con-
clusions remain valid also for any finite-state or probabilistic machine,
presumably including a brain. The observations are: (1) the inclusion of
disjunctive relations (the OR or ‘v’ connective) means that the description
of a previous state cannot be completely determined from the description
of the present state, and (2) the cyclic activity (from the presence of cyclic
loops) makes it impossible to determine just when, in the past, the initial
stimulus event occurred.

“This ignorance, implicit in all our brains, is the
counterpart of the abstraction which renders our
knowledge useful.”’

The concluding sections of their paper sketch out the possibility of a
systematic investigation of the relation between nervous structure and the
neurology of normal and diseased minds.

4.5 PROBLEMS

PROBLEM 4.5-1. Reconsidering problem 4.3-6, try to prove, using only
reasoning about state diagrams, that if S is the set of sequences that carry
some machine M from state Q¢ to Q i, then there is a machine that so
recognizes the set of the sequences of S taken in reverse. Finding the direct
construction of this reversed-sequence recognizer without using arguments
about regular expressions is difficult but instructive enough to be worth

tOp. cit., p. 131,
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the effort. A solution method for a related problem is found in Shep-
herdson [1959].

PROBLEM 4.5-2. There is an analogy between regular expressions a\n.d
algebraic operations— for example, those used by Mason [1960] for electric
network theory. Forexample, replace a by
S R
l+a+a " +a + ... = —
and make multiplication non-commutative—that is, do not permit xy = yx
exchanges. Then we obtain rule (9) of problem 4.3-4 as follows:

1

E+xF = -f

1 —e

= cle+ 1 —el-f

1 —e

=[1+ - ]‘f
| — e

- S+ L .e.f~ FvEEF
- e

Think about this and see if you can find reasons why this is 80, and .(if
you are familiar with “signal flow graphs”) what is the connection with
electrical networks. Of course, there is an algebraic fact:

i
1l —a

l+a+a’+ ... =1l+al +a+a’+...]=

For further developments along this line, see Haring [1960], and Ott and
Feinstein [1961],

PROBLEM 4.5-3. Show that

(a*ab v bayxa* = (a v ab v ba)x

PROBLEM 4.5-4. Find a regular expression E for the sequences that bring
the machine in Fig. 4.5-1 back to its starting state. The find a regular expres-
sion E ¥ for the set of sequences each of which
is the reverse of a sequence in E. Now draw a
state diagram to represent £%. You will find
that you can’t do it if you require a single state
to represent the event. Prove this.

PROBLEM 4.5-5. (Solutions to these can be
based on the methods of section 2.6).

Which of the following sets of sequences
(1-5) can be recognized by a finite state machine?
Fig. 4.5-1 Allinputs areQor 1.

SEC. 4.5 MEMORIES IN FINITE-STATE MACHINES 97

(1) The set of all sequences, 0, 1, 00, 01, 10, 11, 000, . . .

(2) Thenumbers 1,2,4,8,...,2" .. written in binary notation.

(3) Thesamesetinunary: 1, 11, 1111, 11111111, ... .

(4) The set of sequences in which the number of O’s is equal to the
number of 1’s.

(5) Thesequences0, 101, 11011, ..., 101", .. ..

(6) If E is the set of sequences recognized by a machine M, is there
another machine that recognizes any sequence ending with one that M
recognizes?

(7) If E is the set of sequences recognized by machine M, is there a
machine that recognizes any sequence containing one that M recognizes?

(8) If E is the set of sequences recognized by machine M, is there a

machine that recognizes any two consecutive occurrences of the same
sequence of E?

PROBLEM 4.5-6. Replace each of the following by regular expressions
that do not use the v.

(avb)« (@ v bb v ba)« (a v (bb v ab)«)«

If £ is any regular expression, can E* always be written without any v's?
Why?

NOTES

I. We thus avoid a number of fine points which account for some of the com-

plexity of Kleene’s [1956] paper. We assume that the machine is started in
operation by the injection of an § pulse into an otherwise quiescent net. That
is, we assume that the machine really did start at some distinct (though un-
known) moment in the finite past. Otherwise, in the net of example 1, it could
be that the R cell was always firing, has always received a signals, and need
never have seen an § pulse. The significance of this awesome (but perfectly
logical) possibility is discussed in the original McCulloch-Pitts [1943] paper.

. Kleene [1956] defines all three operations, or, star, and Jollowed-by as binary

operations. So do we, for or and followed-by, but where Kleene allows only
the form E* F, we allow E+ to mean concatenating any number of selections
from E, including none. This means we have to think about the “‘null sequence’’
and some resulting complications. In Copi, Elgot, and Wright {1958], E~*
doesn’t contain the null sequence. Their proof of Kleene’s theorem makes a
clean separation of the “logical” properties of cells from the delay properties,
and our first construction using ““instant-oRr” cells follows these lines; our final
construction brings the result back closer to Kleene’s.

3. On the extended Kleene Algebra.

A remarkable set of equivalence theorems has been established recently by
S. Papert and R. McNaughton. Consider the class of “‘extended’ regular
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expressions obtained by adding not and and to the or, star, and juxtaposition
of the Kleene Algebra. (This was proposed first in McNaughton and Yamada
[1960].) As we showed in section 4.3, one does not obtain anything new by this,
because we still lie in the domain of finite-state machines, as shown by Figs.
4.4-19 and 4.4-20. What we want to point out is that, according to Fig. 4.4-20,
while we may need to introduce a loop to obtain not, we do not require anything
more than a loop around a single cell. Clearly, if we confine ourselves to ex-
tended regular expressions that contain no stars, we can obtain McCulloch-
Pitts nets that have only single-cell loops of this kind. It can be shown that the
converse is true—that nets with only this kind of loop can be described by
star-free extended regular expressions.

It turns out that machines of this class cannot “count” cyclically; for
example, they cannot even achieve the behaviors in section 3.2.4 that determine
whether the number of 1’s in the input is even or odd. Let us give a more gen-
eral definition of non-counting.

A regular set E in a non-counting set if there exists a number n
such that, for all strings U, ¥, and W, and all positive inte-
gers p, if UV"Wisin E thensois UV W.

It is easy to show that any star-free E is non-counting; it is much more difficult
to show the converse, which is also true. This theorem points toward a con-
nection between the formulations we have been considering and a rather dif-
ferent way of looking at machines, namely, the approach through semigroups.

The connection between the theory of automata and the theory of semi-
groups is very close. (We have put these remarks in the Notes so as not to put
off the reader unacquainted with groups and semi-groups; see, for example
Rabin and Scott [1959].) In the semigroup formulation, one thinks of a
machine as having a set of states, which are transformed into one another by
the input signals. In some machines, an input signal may only permute the
states around—that is, no input signal drives two different states into the same
state. Clearly, if this is the case, that machine is capable of some cyclic
counting ability, for there must be a non-trivial loop in the state diagram. From
the group-theory point of view, the existence of a permutation induced by a
signal on some of the states means that there is a subgroup in the semigroup of
transformations (on the states) generated by the input signals. The important
theorem here is that a machine that is ‘“‘permutation-free” in this sense is a
star-free machine, and conversely; and it turns out that this in turn is equiva-
lent to the class of machines that can be constructed out of the “‘unit automata”
of Krohn and Rhodes [1963). The advanced reader will want also to see the
work of Schutzenberger [1965].

Finally, there is a connection with still a different mathematical family of
concepts—the predicate calculus of quantified propositions. Consider an
alphabet X = {x,,..., x,}. For each i we define the propositional function
Fi(r) which asserts that the 7' input is x;. Let ), ?,,..., t; be a set of integer
valued variables and let P be the class of expressions defined by:

() Fi(t;) e P alli,j
2yt <txe P allik
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(3) Any propositional form in members of Pis in P.
(4) If 4 ¢ P and A contains the free variable ¢;, then
(t;)4 and (Ez;)A4 arein P.
Let P be the set of members of P with no free variables. Then P, defines the
class of words on X which satisfies it.
A regular set E is in L if it can be defined as the set of words satisfying a

predicate calculus expression, Pg, defined as above. The class L is the
*“L-languages” of McNaughton [1960] and these too, turn out to be equivalent

to the star-free machines. This theory is developed in the paper of Papert and
McNaughton [1966].



PART I I

INFINITE MACHINES




COMPUTABILITY,
. EFFECTIVE PROCEDURES,
[ = AND ALGORITHMS.
o  INFINITE MACHINES.

5.0 INTRODUCTION

We now turn our attention to some basic questions centered around
the very notion of a mechanical process. What can a machine do? What
does it mean to say that a process is mechanical? When is a procedure so
completely specified that a machine can carry it out? In earlier chapters
we explored the limitations of machines with finite memory. What hap-
pens when we lift this restriction? What problems can be solved by
machines—by mechanical processes— with unlimited memory? Are there
processes that can be precisely described yet still cannot be realized in a
machine?

As we noted in chapter 1, most people have a low opinion of the
intellectual potentialities of machines. It is usually felt that although
machines can be very fast, or very strong, they cannot be very smart. It
is well known that machines have been made to do many things that meet
high human standards—to play games very well, to find solutions to
mathematical problems of college-grade difficulty, to find solutions to dif-
ficult systems design problems, to classify visual patterns of appreciable
complexity. But it is usually felt that this reflects no credit on the machine
—that because the designer or programmer has set down every small
detail of the process, the machine has only to perform (however quickly
and accurately) simple clerical tasks.

It is certainly true that programming—the job of specifying the pro-
cedure that a computer is to carry out—amounts to determining in ad-
vance everything the computer will do. In this sense, a computer’s
program can serve as a precise description of the process the machine will

103
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carry out, and in this same sense it is meaningful to say that anything that
can be done by a computer can be precisely described.’

We often hear a kind of converse statement to the effect that *‘any
procedure which can be precisely described can be programmed to be per-
formed by a computer.”” 1have heard this and similar statements made on
many occasions, and the proposition is usually stated to be a consequence
of the work of the mathematician Alan M. Turing. But it is not usually
stated exactly what it is that Turing proved; in particular it is not made
clear what was his notion of “‘precisely described.” Turing’s concept of a
precise description of a process is essential to the following chapters, so
we have to explain it in some detail.

5.1 THE NOTION OF EFFECTIVE PROCEDURE

Our exploration of machines in Part L is based, in large part, on ideas
derived from the paper of Turing [1936] on the theory of computability.
This paper is significant not only for the mathematical theory which con-
cerns us here, but also because it contains, in essence, the invention of
the modern computer and some of the programming techniques that
accompanied it. While it is often said that the 1936 paper did not really
much affect the practical development of the computer, I could not agree
to this in advance of a careful study of the intellectual history of the
matter.

Turing’s paper must be viewed against the intellectual background of
a variety of ideas concerning descriptions and processes. Again we think
of a collection of questions. What processes can be described? Surely the
notion of description entails some language. Could any one fixed lan-
guage admit description of @/l describable processes? Can there be proc-
esses which are, somehow, well defined, yet cannot be described at all?
It could be argued that there might exist definite processes whose com-
munication requires the transmission of a mental attitude, or a disposi-
tion, which cannot be captured in any finite number of words—which
must remain intuitive.

fltis important to note that this does not mean that the person who writes a computer
program automatically understands all the consequences of what he has done! Tt is perfectly
possible to write instructions which launch the computer into a great search process, with
many of the trial-and-error features of organic evolution, and the consequent development
of structures of enormous and unexpected complexity. Many computer programs are
frankly experimental—to see what will be the behavior of a specified system—not well
understood in advance. All scientists know that specification does not mean immediate
understanding. When we write down equations, e.g., in mathematics or physics, it is not
enough to know that the solutions are thus determined. We usually want to know some-
thing about the character of the solutions—and this entails some kind of process called
“solving the equations.”
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Such questions had concerned mathematicians for some time before
the advent of computing machines. These questions are associated with
the idea of an algorithm—an effective procedure'—for calculating the
value of some quantity or for finding the solution of some mathematical
problem.

The idea of an algorithm or effective procedure arises whenever we are
presented with a set of instructions about how to behave. This happens
when, in the course of working on a problem, we discover that a certain
procedure, if properly carried out, will end up giving us the answer. Once
we make such a discovery, the task of finding the solution is reduced from
a matter of intellectual discovery to a mere matter of effort; of carrying
out the discovered procedure—obeying the specified instructions.

But how does one tell, given what appears to be a set of instructions,
that we really have been told exactly what to do? How can we be sure that
we can henceforth effectively act, in accord with the “rules,” without ever
having to make any further choice or innovation of our own?

This question is easily answered if the process is supposed to terminate
in a certain finite, already known, time, because then we can just try it and
see. But if the length of the process isn’t known in advance, then “‘trying”
it may not be decisive, because if the process does go on forever—then at
no time will we ever be sure of the answer. Our concern here is not with the
question of whether a process terminates with a correct answer, or even
ever stops. Our concern is whether the next step is always clearly deter-
mined. The other questions will come up in chapter 8.

The position we will take is this: If the procedure can be carried out by
some very simple machine, so that there can be no question of or need for
“innovation” or ‘‘intelligence,” then we can be sure that the specification
is complete and that we have an “effective procedure.” We expect no
quarrel with this. But we will also maintain, with Turing, a sort of con-
verse, which will seem at first quite extreme. We assert that any pro-
cedure which could “naturally” be called effective, can in fact be realized
by a (simple) machine. Although this may seem extreme, the arguments
below in its favor are hard to refute.

We must emphasize that this is a subjective matter, for which only
argument and persuasion are appropriate; there is nothing here we can
expect to prove. It is not necessary to accept (or even to read) the follow-
ing arguments, to appreciate the mathematical development of the sequel.
The reader who finds himself in strong disagreement either intellectually
or (more likely) emotionally should not let that keep him from apprecia-
tion of the beautiful technical content of the theory developed further on.

YWe will use the latter term in the sequel. The terms are roughly synonymous, but there
are a number of shades of meaning used in different contexts, especially for ‘“algorithm.”
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5.1.1 Requirements for a definition of
effective procedure

In trying to give a precise mathematical definition to *effective pro-
cedure,” one encounters various difficulties. (One cannot expect always
to find a simple and completely satisfactory formal equivalent for a com-
plex intuitive notion.) We will begin by saying that

an effective procedure is a set of rules which tell
us, from moment to moment, precisely how to
behave.

This attempt at a definition is subject to the criticism that the interpreta-
tion of the rules is left to depend on some person or agent. Now a person’s
ability to obey instructions depends on his background and intelligence.
If his intelligence is too small, he may fail to understand what we mean.
If his intelligence is too large, or too alien, he may invent some consistent
interpretation of the rules that was not intended. We know how often an
apparently ‘“simple” explanation turns out to have an unsuspected
ambiguity.

We could avoid the problems of interpretation—of understanding—if
we could specify, along with the statement of the rules, the details of the
mechanism that is to interpret them. This would leave no ambiguity. Of
course, it would be very cumbersome to have to do all this over again for
each individual procedure; it is desirable to find some reasonably uniform
family of rule-obeying mechanisms. A most convenient formulation
would be one in which we set up

(1) a language in which sets of behavioral rules
are to be expressed, and

(2) a single machine which can interpret state-
ments in the language and thus carry out the
steps of each specified process.

This suggests designing some sort of machine to accept sets of rules,
expressed in some language, and to do what the rules require. Here one
might expect a new difficulty. For surely one would not expect any single
mechanism to be powerful enough to interpret and execute rules for all
effective procedures. Surely one would expect to need at least a sequence
of more-and-more complex machines for the execution of a sequence of
more-and-more complex procedures.

Curiously, this is no problem! It turns out that we can realize our
notion of an instruction-obeying machine in a form which remains con-
stant, no matter how complex the procedure in question. That is, we can
set up a rules-language and a single ‘“‘universal” interpretation machine
which can handle all effective procedures. The detailed construction is

SEC. 5.2 COMPUTABILITY 107

found in chapter 8; the trick is to substitute merely quantitative increases
in memory size for qualitative increases in complexity of the machine.

Although we state this as fact, there remains a subjective aspect to the
matter. Different people may not agree on whether a certain procedure
should be called effective. Perhaps there are processes, one might sup-
pose, which simply cannot be described in any formal language, but which
can nevertheless be carried out, e.g., by minds. One might even argue
that those important, but still mysterious, functions which make minds
superior to all presently known mechanical processes must, by their
intuitive nature, escape any systematic description.

Turing discusses some of these issues in his brilliant article, “Comput-
ing Machines and Intelligence” [1950], and 1 will not recapitulate his
arguments. They amount, in my view, to a satisfactory refutation of many
such objections. We will put aside such matters and turn first to the prob-
lem of making precise the intuitive idea of obeying a set of instructions.
Matters are clarified by confining attention first to very concrete processes,
such as the execution of mathematical computations.

5.2 TURING'S ANALYSIS OF COMPUTATION
PROCESSES

In his 1936 paper, A. M. Turing defined the class of abstract machines
that now bear his name. A Turing machine is a finite-state machine asso-
ciated with a special kind of environment—its tape—in which it can store
(and later recover) sequences of symbols. We will describe these machines
in greater detail in chapter 6 and the sequel. They are very simple. At
each moment the (finite-state part of the) machine gets its inpur stimulus
by reading the symbol written at a certain point along the tape. The
response of the machine may change that symbol and also move the ma-
chine a small distance either way along the tape. The result is that the
stimulus for the next cycle of operation will come from a different
“square” of the tape, and the machine may thus read a symbol that was
written there long ago. This means that the machine has access to a kind
of rudimentary exterior memory in addition to that provided within its
finite-state part. And since we will place no limit on the amount of tape
available, this memory has, in effect, an infinite capacity. But the re-
stricted manner in which the machine and its tape are coupled (see chap-
ter 6) might make one think, at first, that the possible uses of this poten-
tially infinite memory would be really very limited.

Turing discovered, however, that he could set these machines up to
make very complex computations. In chapters 6 and 7 we will work out a
number of examples and see that the tape memory really does escape the
limitations of the finite-state machine.
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Turing goes on to defend the following proposition, now often called
Turing’s thesis:

Any process which could naturally be called an
effective procedure can be realized by a Turing
machine.

This proposition, in its most general form, is usually called Church’s
thesis, after the work of Alonzo Church relating the intuitive notion of ef-
fectiveness to formal logical processes. We refer to it as Turing’s thesis
because of our preoccupation, in the sequel, with Turing’s particular
formulation of computability concepts. Part of Turing’s 1936 paper is
concerned with demonstrating the equivalence of his and Church’s prior
formulation.

When one sees how primitive the machines really are, in concept, this
thesis seems incredibly rash. Yet the years have borne out Turing’s view.
Every procedure which mathematicians have generally agreed to be
“cffective’” has been shown equivalent, in one way or another, to a pro-
cedure carried out by a Turing machine.

One cannot expect to prove Turing’s thesis, since the term “naturally”
relates rather to human dispositions than to any precisely defined quality
of a process. Support must come from intuitive arguments, and we could
hardly do better than to present some of the arguments in Turing’s own
words.

5.3 TURING’S ARGUMENT

The following is taken verbatim from Turing [1936, section 9]. It is
one of a sequence of arguments in favor of his position. The other argu-
ments are reviewed clearly in Kleene [1952]. The machines discussed in
the quotation are essentially those described in the next chapter—today
called “Turing machines.” Note that the word “computer” as used in the
quotation means the person that Turing is going to replace by a machine.

“Computing is normally done by writing certain symbols on paper. We
may suppose this paper is divided into squares like a child’s arithmetic
book. Inelementary arithmetic the two-dimensional character of the paper
is sometimes used. But such a use is always avoidable, and I think that it
will be agreed that the two-dimensional character of paper is no essential
of computation. I assume then that the computation is carried out on one-

- dimensional paper, i.e., on a tape divided into squares. I shall also suppose
that the number of symbols which may be printed is finite. If we were to
allow an infinity of symbols, then there would be symbols differing to an
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arbitrarily small extent.” The effect of this restriction of the number of
symbols is not very serious. It is always possible to use sequences of sym-
bols in the place of single symbols. Thus an Arabic numeral such as 17 or
999999999999999 is normally treated as a single symbol. Similarly in any
European language words are treated as single symbols (Chinese, however,
attempts to have an enumerable infinity of symbols). The differences from
our point of view between the single and compound symbols is that the com-
pound symbols, if they are too lengthy, cannot be observed at one glance.
This is in accordance with experience. We cannot tell at a glance whether
9999999999999999 and 999999999999999 are the same.

*“The behaviour of the computer at any moment is determined by the
symbols which he is observing, and his ‘state of mind’ at that moment. We
may suppose that there is a bound B to the number of symbols or squares
which the computer can observe at one moment. If he wishes to observe
more, he must use successive observations. We will also suppose that the
number of states of mind which need be taken into account is finite. The
reasons for this are of the same character as those which restrict the number
of symbols. If we admitted an infinity of states of mind, some of them will
be ‘arbitrarily close’ and will be confused.’ Again, the restriction is not one
which seriously affects computation, since the use of more complicated states
of mind can be avoided by writing more symbols on the tape.

“Let us imagine the operations performed by the computer to be split
up into ‘simple operations’ which are so elementary that it is not easy to
imagine them further divided. Every such operation consists of some change
of the physical system consisting of the computer and his tape. We know
the state of the system if we know the sequence of symbols on the tape,
which of these are observed by the computer (possibly with a special order),
and the state of mind of the computer. We may suppose that in a simple
operation not more than one symbol is altered. Any other changes can be
split up into simple changes of this kind. The situation in regard to the
squares whose symbols may be altered in this way is the same as in regard to
the observed squares. We may, therefore, without loss of generality, assume
that the squares whose symbols are changed are always ‘observed’ squares.

YIf we regard a symbol as literally printed on a square we may suppose that the square is
0< x < 1,0 < y < 1. The symbol is defined as a set of points in this square, viz. the set
occupied by printer’s ink. If these sets are restricted to be measurable, we can define the
‘distance’ between two symbols as the cost of transforming one symbol into the other if the
cost of moving a unit area of printer’s ink unit distance is unity, and there is an infinite
supply ofink atx = 2,y = 0. With this topology the symbols form a conditionally com-
pact space. [Turing’s note]. i

'In the second paragraph, we cannot understand what Turing could have meant by the
suggestion that *‘states of mind” could be “‘confused,” if he is discussing psychological
matters. If, instead, he has in mind physical states of a brain, then one would indeed expect
that for sufficiently similar states there will be a chance of random transitions, e.g., because
of thermal or quantum phenomena. There is a limit to the amount of information that can
be recovered from any physical system of limited size. The same holds for whatever

physical system is used to represent the symbols within the “squares’ of fixed dimensions.
M. M}
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*““Besides these changes of symbols, the simple operations must include
changes of distribution of observed squares. The new observed squares must
be immediately recognisable by the computer. I think it is reasonable to
suppose that they can only be squares whose distance from the closest of the
immediately previously observed squares does not exceed a certain fixed
amount. Let us say that each of the new observed squares is within L
squares of an immediately previously observed square.

“In connection with ‘immediate recognisability,’ it may be thought that
there are other kinds of squares which are immediately recognisable. In
particular, squares marked by special symbols might be taken as immedi-
ately recognisable. Now if these squares are marked only by single symbols
there can be only a finite number of them, and we should not upset our
theory by adjoining these marked squares to the observed squares. If, on
the other hand, they are marked by a sequence of symbols, we cannot regard
the process of recognition as a simple process. This is a fundamental point
and should be illustrated. In most mathematical papers the equations and
theorems are numbered. Normally the numbers do not go beyond (say)
1000. It is, therefore, possible to recognise a theorem at a glance by its
number. But if the paper was very long, we might reach Theorem
157767733443477; then, further on in the paper, we might find °... hence
(applying Theorem 157767733443477) we have ...". In order to make sure
which was the relevant theorem we should have to compare the two numbers
figure by figure, possibly ticking the figures off in pencil to make sure of
their not being counted twice. If in spite of this it is still thought that there
are other ‘immediately recognisable’ squares, it does not upset my conten-
tion so long as these squares can be found by some process of which my type
of machine is capable.

“The simple operations must therefore include:

(a) Changes of the symbol on one of the observed
squares.

(b) Changes of one of the squares observed to another
square within L squares of one of the previously
observed squares.

“It may be that some of these changes necessarily involve a change of
state of mind. The most general single operation must therefore be taken
to be one of the following:

(A) A possible change (a) of symbol together with a
possible change of state of mind.

(B) A possible change (b) of observed squares, to-
gether with a possible change of state of mind.

“The operation actually performed is determined, as has been suggested
[above] by the state of mind of the computer and the observed symbols. In
particular, they determine the state of mind of the computer after the
operation.
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“We may now construct a machine to do the work of this computer.
To each state of mind of the computer corresponds an ‘m-configuration’ of
the machine. The machine scans B squares corresponding to the B squares
observed by the computer. In any move the machine can change a symbol
on a scanned square or can change any one of the scanned squares to an-
other square distant not more than L squares from one of the other scanned
squares.” The move which is done, and the succeeding configuration, are
determined by the scanned symbol and the m-configuration. The machines
just described do not differ very essentially from computing machines as
defined (previously) and corresponding to any machine of this type a com-
puting machine can be constructed to compute the same sequence, that is to
say the sequence computed by the computer.”

5.3.1  The equivalence of many intuitive formulations

Perhaps the strongest argument in favor of Turing’s thesis is the fact
that, over the years, all other noteworthy attempts to give precise yet
intuitively satisfactory definitions of “effective procedure” have turned
out to be equivalent—to define essentially the same class of processes. In
the 1936 paper Turing proves that his “computability” is equivalent to the
“effective calculability” of A. Church. A very different formulation of
effectiveness, described at about the same time by Emil Post, also turned
out to have the same effect; we show the equivalence of Post’s “canonical
systems” and Turing machines in chapter 14. Another quite different
formulation, that of “general recursive function” due to S. C. Kleene and
others is also equivalent, as we show in chapters 10 and 11. More recently
a number of other formulations have appeared, with the same result (e.g.,
Smullyan’s “Elementary Formal Systems” [1962]). Whenever a system
has been proposed which is not equivalent to these, its deficiencies or ex-
cesses have always been intuitively evident.

Why is this an argument in favor of Turing’s thesis? It reassures us
that different workers with different approaches probably did really have
the same intuitive concept in mind—and hence leads us to suppose that
there is really here an “objective” or “absolute” notion. As Rogers
[1957] put it:

“In this sense, the notion of effectively com-
putable function is one of the few ‘absolute’ con-
cepts produced by modern work in the founda-
tions of mathematics.”
Proof of the equivalence of two or more definitions always has a com-

pelling effect when the definitions arise from different experiences and
motivations.

*As we shall see, there is no loss of generality if we restrict both L and B to be unity!
[M.M.]
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5.4 PLAN OF PART Il

This second part of the book explores the properties of our extended
machines—finite-state machines with a passive but unlimited environment
of “scratch paper.” This exploration continues to develop the two themes
of the first part of the book. We try to assess the range of possible be-
haviors—to characterize what is within and outside the reach of these
machines. And we continue to exercise our avocation—the collection of
very small “universal bases” for the assembly of structures which realize
the full range of behavior.

In both these avenues we now meet a much more extensive and ex-
citing range of phenomena. One would certainly expect the range to be
large, since we have argued that our new machines can encompass all
effective procedures. For our hobby, we discover some remarkable bases.
The reader will find it incredible, at first sight, that some of these sets of
simple operations could give rise to the full range of possible computa-
tions.

For the more serious objective—that of characterizing the effective
procedures—we acquire a remarkable tool, the wniversal computing
machine. It turns out (in chapter 7) that there exists a certain Turing ma-
chine which can imitate the behavior of any other Turing machine, given
an adequate description of the structure of that other machine. (The
description is to be written down in the environment—tape—and need
not be built into the works of the universal machine.) As a result, our
exploration can be reduced to the study of this single machine. While we
do not entirely so restrict our attention, we do frequently call upon the
existence of such a machine throughout the sequel. The universal machine
also opens the road toward simple bases.

The universal machine works, as one might expect, by operating on the
description of another machine. It interprets such a description, one step
at a time, so that, in effect, it imitates the other’s behavior. With *‘in-
terpretative behavior” within the scope of our machines, we can begin to
ask new kinds of questions about machines. For instance, one can ask:
what happens when a machine is confronted with its own description?
If this is done to the universal machine, then, as one might expect, the
machine must become paralyzed by an infinite regression of interpreta-
tion cycles—it can never actually get to compute anything. At first, such
phenomena seem entertaining, then annoying, and finally we are forced
to conclude that they signal a portentous obstacle to our exploration. We
Jfind that certain of the questions we naturally ask about machines cannot be
answered, at least by any effective procedure for answering questions. In-
deed, the most significant results of the second part of the book are nega-
tive results indicating limitations not only on the effective procedures
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themselves, but also on our ultimate ability ever to characterize, effec-
tively, which procedures are in fact effective.

Chapter 8 contains the beginnings of these results. The basic method
is simple and rather striking. Because the machines are capable of inter-
pretative operation, we can imagine passing certain of our questions over
to the machines themselves. Such a question, for example, is: Which ma-
chine computations eventually terminate with a definite result, and which go
on forever without any definite conclusion? We show, by some simple tech-
nical tricks, that assuming the existence of a machine that can answer this
question leads to a contradiction; hence, no such machine can exist.

The non-existence of a certain kind of machine might not be, in itself,
a great disaster. But so far as our goals here are concerned, this result is
indeed very serious; no Turing machine can answer this question. But
then, if we accept Turing’s thesis, there can be no effective way at all to
answer it. That is, we can never aspire to a complete, systematic theory of
the conditions under which a computation is sure to terminate. We may
be able to decide, for one reason or another, that certain machines will
work, and that certain others will not, but we will never be able to put this
art on a systematic basis which will work for all machines! I regard this,
and similar other “‘undecidability” results, to be among the most sig-
nificant intellectual discoveries of modern times. One can reject its im-
plications only by rejecting Turing’s thesis, but there is no apparent
prospect of any satisfactory replacement.

With the demonstration of these elementary undecidability results,
several new lines of exploration are opened (even if the most desirable line
is thus irrevocably closed). We could try to restrict our machines so that
their behavior is not quite so complicated; and we do this briefly in
chapter 10, in connection with the so-called *“‘primitive-recursive func-
tions.” Another line (that we do not follow) is to study, as if by default,
the interrelations between various kinds of unsolvability results; this
forms much of the subject matter of the modern mathematical ““theory of
recursive functions.”” Our main activity will be to examine a variety of
alternative formulations of effectiveness and through this to try to under-
stand something of the sources of what we know is a hopelessly complex
range of behavior. In the course of this we will come to understand better
the relation between the modern computer (and its programs) on the one
hand and these abstract machines (and their descriptions) on the other.

Chapter 11 is concerned with finding a middle ground between the
simple but impractically inefficient Turing machine, and the more com-
plicated but application-oriented modern computer. Our result is a new
family of abstract machines—called “‘program machines”—which com-
bine attractive features from both extremes. It turns out that in almost
every respect program machines are superior to Turing machines for
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theoretical purposes; and, by studying them, we also obtain some prac-
tical insight both into the theory of effective computation and into the
basis of modern computer programming. We do not wish to arouse wild
hopes that this theory, by some magical insight, will help anyone directly
with practical computer programming problems. But it does provide
some of the ““cultural background” from which a satisfactory theory of
practical computation will ultimately spring.

Chapter 9, optional and somewhat more advanced than the rest, dis-
cusses some connections between the theory of effective procedures and
the theory of real numbers.

5.5 WHY STUDY INFINITE MACHINES?

Up to this point, our study of machines has been based entirely on
the finite-state point of view. We have used quite a few different argu-
ments to justify this emphasis; even Turing’s arguments earlier in this
chapter are so directed.” In the sequel we will deal with machines of an
infinite character; our machines will have infinite tapes, or storage regis-
ters of unlimited capacity. Since no such machine could exist (in a finite
universe) and (even if the universe is infinite) we can never have one, why
should we study their theory?

Our answer has a paradoxical quality. We shall not give the easy
answer that, just as mathematicians study infinite numbers they cannot
reach, it is instructive to study the limiting, inaccessible extension of our
ideas about machines. On the contrary, we take the position that this ex-
tension is actually needed to gain any really practical insight into real-life
computers! It is worth some discussion to see how the infinite-machine
theory could be more realistic than the finite theory, for .practical pur-
poses.

In the first place, the limitations already established for finite-state
machines seem much too restrictive to take seriously. Our intuitive ideas
about machines require a more comprehensive framework. We ought to
be able to talk about machines which can multiply pairs of arbitrarily
large numbers (shown in chapter 2 to be beyond any finite-state machine)
or can verify the grammatical correctness of arbitrary expressions in the
simplest of mathematical languages. (The arguments of chapter 4 showed
that this cannot be done by finite-state machines.)

To be sure, we will always be confined, in real life, to machines which
are finite. But I assert that it is not always the finiteness of the machines
that limits their uses; more usually it is either (1) the practical limitations

+ . . . o
The above quotation from Turing [1936] is, to my knowledge, the first clear description
of a finite-state machine in the literature.
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of running-time or (2) the conceptual complexity of their structures or
“programs.” Thus, we know that no finite machine can enumerate all
the integers; it cannot count, in any reasonable sense, past its number of
distinct accessible internal states. But that is not the limitation met in
practice; even the smallest modern computer has thousands of bits of
accessible memory, but for one actually to count up to 2'®—even operat-
ing at the wave frequency of hard cosmic rays—would take longer eons
than even our most cosmological astronomers like to consider. This
makes suspect the practical guidance value of inferences based solely on
the finite-state limitation.

A more serious practical limitation arises when we consider machines
which consume a large information storage capacity in a relatively passive
way. We might want to consider, for instance, a machine which remem-
bers all of its previous input experience.” Even here the practical limita-
tion rarely takes the form of an outright bound on machine size; it has
instead the peculiar form of relentlessly increasing economic pressure.
For, given a real machine, we can always extend it a bit more by adding
parts (and hence states) in the form, say, of external storage tapes. The
eventual termination of such growth will depend on more or less irrelevant
circumstances surrounding the project rather than on any particularly
natural bound on the machine size.

For modern computers, we can usually provide enough external mem-
ory for our problems. The computation time still usually remains as the
practical limitation. This is aggravated by the fact that access to external
memory (e.g., magnetic tapes) may take millions of times longer than
operations within the central machine.! Even if this were not so (and one
million times 2'™ is still like 2'®®, in practice), our difficulty is less that
the machine ends up in a state-diagram loop than that we cannot wait
until it does.

For such reasons, it would seem profitable to study the theory of ma-
chines in which the amount of machinery is not itself the limitation. But
it would not be profitable, at least from our point of view, to study ma-
chines which are really infinite either in initial endowment or in effective
speed of operation. Thus, it would seem unrealistic to consider a machine
which, when started, already contains the correct answers to all answer-
able questions in English! Nor would it seem realistic to study a machine

" There are some who believe the human brain has this capacity, but I am inclined to
believe that this is due to a combination of wishful thinking and misinterpretation of strik-
ing, but exceptional, incidents.

There remains a fundamental problem here, even if access times for external memories
remained constant with increasing size. For as the memory size grows then the length of
time, on the average, for the computer to compute the address in memory of a datum must
grow, too, albeit much more slowly.
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which could test in finite time, an infinite number of cases or hypotheses
(and thus tell us whether or not Fermat’s Last Theorem is true by ex-
amining all cases). A compromise seems inevitable; we must consider
machines which have at each moment only a finite quantity of structure,
but which are capable of being extended indefinitely as time goes on—
“growing machines.”

The Turing machine, with its finite-state computing unit and its
initially “almost-blank’ tape, is perfectly suited to our purposes. We need
not think of the machine’s tape as infinite. We imagine instead that the
machine begins with a finite tape, but that, whenever an end is en-
countered, another unit of tape (a “‘square”) is attached. Thus, instead
of an infinite tape, we need only an inexhaustible tape factory. Since, in
fact, there is a fixed bound on the rate at which new tape can be required
—one square per moment is the worst case—the factory can be main-
tained by investing a fixed, finite amount of money in a (perfectly) reliable
bank. This picture gives a reassuringly finite picture of the new study.
Accordingly, although we are done with the study of finite automata, we
need not jump directly to the study of infinite automata. Instead we will
work in what Burks [1959] aptly calls the domain of “growing automata.”
We note in passing that mathematicians do indeed study genuinely infinite
automata, e.g., in the theory of the “hyperarithmetic functions” of
Kleene [1952].

5 TURING
‘ MACHINES

6.0 INTRODUCTION

A Turing machine is a finite-state machine associated with an external
storage or memory medium. This medium has the form of a sequence of
squares, marked off on a linear tape. The machine is coupled to the tape
through a head, which is situated, at each moment, on some square of the
tape (Fig. 6.0-1). The head has three functions, all of which are exercised
in each operation cycle of the finite-state machine. These functions are:
reading the square of the tape being ‘“‘scanned,” writing on the scanned
square, and moving the machine to an adjacent square (which becomes the
scanned square in the next operation cycle).

el [ ]

HEREE

-—Tape —>

Fig. 6.0-1

It will be recalled from section 2.2 that a finite-state machine is char-
acterized by an alphabet (so,..., $,) of input symbols, an alphabet
(rg,...,r,) of output symbols, a set (qo, ..., g,) of internal states, and a
pair of functions

o + 1)
R+ 1)

G(Q(), S(1))
F(Q(®), S()
17
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which describe the relation between input, internal state, and subsequent
behavior.

In order to attach the external tape, it is convenient to modify this
description a little. The input symbols (so, ..., 5,,) will remain the same,
and it will be precisely these that may be inscribed on the tape, one symbol
per square. The input to the machine M, at the time ¢, will be just that
symbol printed in the square the machine is scanning at that moment. The
resulting change in state will then be determined, as before, by the func-
tion G. The output of the machine M has now the dual function of (1) writ-
ing on the scanned square (perhaps changing the symbol already there)
and (2) moving the tape one way or the other.

Thus R, the response, has two components. One component of the
response is simply a symbol, from the same set (sq, ..., 5,), to be printed
on the scanned square; the second component is one or the other of two
symbols ‘0’ (meaning “Move left”) and ‘1’ (““Move right”), which have the
corresponding effect on the machine’s position. Accordingly, it is con-
venient to think of the Turing machine as described by three functions

@t + 1) = G(Q(n), S(1))
R(t + 1) = F(Q(1), S(1))
D(t + 1) = D(Q(1), S(1))

where the new function ‘D’ tells which way the machine will move.

In each operation cycle the machine starts in some state g;, reads the
symbol s; written on the square under the head, prints there the new sym-
bol F(q;, s;), moves left or right according to D(gq;, 5;), and then enters
the new state G (g, s;).

When a symbol is printed on the tape, the symbol previously there is
erased. Of course, one can preserve it by printing the same symbol that
was read, i.e., if F(q;, s;) happens to be s;. Because the machine can
move either way along the tape, it is possible for it to return to a pre-
viously printed location to recover the information inscribed there. As we
will see, this makes it possible to use the tape for the storage of arbitrarily
large amounts of useful information. We will give examples shortly.

The tape is regarded as infinite in both directions. But we will make
the restriction that when the machine is started the tape must be blank,
except for some finite number of squares. With this restriction one can
think of the tape as really finite at any particular time but with the provi-
sion, whenever the machine comes to an end of the finite portion, some-
one will attach another square.

Formal mathematical descriptions of Turing machines may be found
in Turing [1936], Post [1943], Kleene [1952], Davis [1958]. There are un-
important technical differences in these formulations. For our purposes
it will usually be sufficient to use pictorial state diagrams. Our immediate
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purpose is to show how Turing machines, with their unlimited tape
memory, can perform computations beyond the capacity of finite-state
machines; it is usually easier to understand the examples in terms of
diagrams than in terms of tables of functions. While it is fresh in our
minds, however, let us note that the finite-state parts of our machines can
be described nicely by sets of quintuples of the form

(old state, symbol scanned, new state, symbol written, direction of motion)
ie.,

(qiv S/" G(qh Sj)’ F(qi’ Sj)a 'D(qh Sj))

or
((Ii, S iy Sij, d,j)

i.e., as quintuples in which the third, fourth, and fifth symbols are de-
termined by the first and second through the three functions G, F, and D
mentioned above.'

Thus a certain Turing machine (section 6.1.1 below) would be
described by the following six quintuples:

(g0, 0, g0, 0, R) (g, 0, g, 0, R)
(qO’ 17 g, Ov R) (ql’ 1‘! qo, 0’ R)
(qo, B, HALT, 0, -) (g1, B, HALT, 1, -)

or just
0, 0, 0, 0, 1) (&, 0, 1, 0, 1)
(07 l, l’ 0’ l) (l’ l’ 0-,, 0, l)
0, B, H, 0, -) (1, B, H, 1, -)

where we have reserved the symbol ‘H’(or ‘HALT’) to designate a halting
state.

One more remark. When we dealt with finite-state machines and the
things they could do, we had to regard the input data as coming from
some environment, so that the description of a computation was usually
not contained completely in the description of the machine and its initial
state. With a Turing machine tape we have row a closed system, for the
tape serves as environment for the finite-state machine part. Hence we can
specify a “‘computation” completely by giving (1) the initial state of the
machine and (2a) the contents of the tape. Of course we have also to say
(2b) which square of the tape the scanning head sees at the start. We will
usually assume the machine starts in state g.

*The state denoted by q;; is defined to be that one of the ¢,’s given by the function
G(q;,s;) and similarly for s;; and for d;;.
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. 6.1 SOME EXAMPLES OF TURING MACHINES

The remainder of this chapter shows some of the things Turing
machines can do to the information placed on their tapes, and contrasts
these processes with those obtainable from finite-state machines. (For the
comparison, one may think of a finite-state machine as a specially re-
stricted kind of Turing machine which can move in only one direction.)

6.1.1 A parity counter

We will set up a machine whose output is 1 or 0 depending on whether
the number of I’s in a string of 1’s and 0’s is odd or even. The input string
is represented on the Turing machine’s tape in the form

$folofs 4]

where we have printed the sequence in question followed by a B. The
machine starts (in state g,) at the beginning of the sequence; the B is to
tell the machine where the sequence ends. The machine needs two states,
one for odd and one for even parity, and it changes state whenever it

encounters a 1. The associated finite-state machine is represented by
Table 6.1-1.

Table 6.1-1. QUINTUPLES FOR PARITY COUNTER

qi Sj I qij Sij dy qi Sj ] qij Sij dij

0 0 0 0 1 1 0 1 0 1

0 1 1 0 1 L 0o 0 1

0 B H 0 - 1 B H 1 -
q0 qi

If we trace the operation of the machine we find that it goes through
the configurations at the top of p. 121.

The machine ends up at the former site of the terminal B which it has
replaced by the answer. The input sequence has been erased.

PROBLEM. Change the quintuples so that the sequence is not erased.

In this simple example the machine always moves to the right. In such
a case there is no possibility of recording information on the tape and
returning to it at a later time. Hence one could not expect it to do any-
thing that could not also be done by an unaided finite-state machine (with
sequential input) and we know already, from section 2.2, that this is true
for this computation.
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6.1.2 A parenthesi$ checker

We next give a simple example of a computation that cannot be per-
formed by a finite-state machine with sequential input. The problem is to
decide whether a sequence of left and right parentheses is well-formed,
that is, whether they can be paired off from inside to outside so that each
left parenthesis has a right-hand mate. Thus (((()())())) is well-formed,
while (())) and )( and ((()))) are not. A good procedure for checking
parentheses consists of searching to the right for a right parenthesis and
then searching to the left for its mate and removing both. One keeps
doing this until no more pairs are found. If any unmatched symbols re-
main, the expression is not well-formed, and conversely. Let us prepare
the tape in the form

where the beginning and end of the expression are marked by 4°’s, and use
the machine of Table 6.1-2.
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This is a computation which cannot be done by a finite-state machine,
as noted in 4.2.2. It is possible here because our Turing machine can go

Table 6.1-2. QUINTUPLES FOR PARENTHESIS CHECKER

0 S | QS D 0 § |0 s D Qo S ‘ Q S D L back over arbitrarily long intervals’ to find *(-s that it had passed over
carlier.
1 1 0 . . . . . .
g z (l) /(Y ? I 2 0 ;/ 1 ; () r}jver(;)ccu-rs Let us note in passing an interesting property of this machine. It does
0 4 2 4 0 I A4 H 0 - 24 H 1 - | pot make very much use of any particular tape square anq. indec_d, changes
0 X 0 X 1 1 X 1 X 0 2 X 2 X 0 _ its cor.llcn‘ls no‘morc: thun once. We will §h0w ~la[er (in secllt?n .14.3) that any
90 a1 4, * machine is equivalentin a sense to one with this strong restriction.
i
. . i DIAGRAM CONVENTIONS

Tracing out the operation, we have j 1 . . _
A(O( 1 In most of our machines each state will have the character of an uni-

directional search: each state is usually associated with moves in a single
direction. The diagrams can be made simpler and more transparent by
recognizing this fact. Thus we can represent the machines of 6.1.1 and
6.1.2 by the diagrams in Fig. 6.1-1. Each arrow in the diagram represents

ACOC..

~ .

ACOCC... Start

Q- H 1+
@ b I 8 OB
AC(XC... 1 o 1
o 9] )

Start

2

1
() ! .
2
ACX X Fig. 6.1-1
A(X@((( . some quintuple (q;, s;, q;;, Si;, d;;). Then g, is the state at the tail of the
T o arrow, s; is the symbol at its tail, 54 is written in the middle of the arrow
¥ and omitted if the same as s, ¢;;is the state at the head of the arrow, and
A(XX((C... 0 d;, is the symbol written inside the hexagon for g;,. If two g;’s name the
@ ‘ same state but their d;;’s are different, we cannot use this kind of diagram .}
i The most common quintuples, of the form (g;, s;, g:, s;, d;;) are simpl
AXX(((... % 1he me quintup dis Sis Gis ;5 dij) ply
)

. L . PROBLEM. The reader should reconstruct Table 6.1-2 from Fig. 6.1-1(b)
and we see that one pair has been removed and the machine is searching to be sure he understands these conventions.

for the next Y. The state Q, is basically a right-moving state which
searches (without changing symbols) until it encounters a ). It removes
this (by X-ing it) and goes to state Q. State @, is basically a left-moving .
state which searches for a matching ‘(. If it finds one, it X-s it and returns
to state Q. This pairing-off continues until one of two events occurs.
(1) State Q, may find no ‘(’ mate. If it thus reaches an A (which would be
the one to the left) the machine prints a 0 (meaning not well-formed) and

6.1.3 A unary-to-binary converter

In sections 3.2.4 and 3.2.5 we described a network which converts a
sequence of n pulses into a parallel pattern corresponding to the binary

halts. Or (2) state Q¢ may find no more ‘)’-s. It knows this by encounter-
ing an 4 (which must be the one at the right). The machine then enters
state ‘0, which checks to see if any ‘(-s remain. If there is one, the
machine again prints 0 and halts. If no left parentheses remain (which the

machine finds out by reaching the left-hand A), the machine prints | (well-
formed!) and halts.

=ttt

" That is not the whole story, however. A remarkable theorem of Rabin and Scott [1959]
shows that machines which can move both ways, but can nor change tape symbols, are no
more (or less) powerful than machines which can move only in one direction.

{This notation is based on a suggestion of N. Rochester. It is important to recognize
that it can be used only in the peculiar circumstance that enrering each state is associated
with a fixed direction. [t just happens that most of our examples satisfy this condition.
Problem: Show that any machine is equivalent to such a “*directed-state machine.”
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number representation of n. Of course such a device can handle numbers
only up to a certain size (depending on the number of binary scaler units
it contains). We can make a Turing machine which will do this for all
sequences, however large. Let the sequence be represented as a sequence
of I’s on an infinite, otherwise blank tape:

The machine starts at the leftmost 1 and has the diagram shown in
Fig. 6.1-2. The paired right-moving states act like a parity counter (see
section 6.1.1); they also remove alternate 1’s (by X-ing them). When the
parity counter has passed through the data string, it enters one of the left-
moving states, which enters an 4 or a B in the first available space to the
left. When no I’s are left in the data string, the machine halts. It turns
out that the A’s and B’s so written are the binary digits of the original
number of 1’s. To see this, one can verify that at the moments of entering
the right-hand R state the tape has the forms shown below. (The reader
should trace the machine through all the steps.)

So the answer is BABA = 1010 = 10 (base 2). The computation re-
peatedly divides by 2, writes down the remainder (that is, 4 or B), and
repeats the process on the quotient until the quotient becomes zero.

The structure of this process is rather more complex than in the
previous examples. The two parity-counter states may be thought of as a
subprocess which is repeated over and over until some condition, detected
by a ““supervisory” process, is attained. We have a “loop within a loop”
and can discern a rudimentary hierarchy of control.

This computation cannot be done by a finite-state machine.

' PRQBLEM 6.1-1. It is interesting that exactly the same result can be
achieved by a binary counter scheme which requires only two states and the
same alphabet! Can you find such a two-state Turing machine?

o2 A
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Fig. 6.1-2

6.1.4 A unary multiplier

The machine in Fig. 6.1-3 will multiply two unary numbers m and n
represented as blocks of 1’s on a tape of the form

floJolo[ . . . J0]0jol4 iFA[0[0[0] . . . JOJolOT

m B n >

The machine starts at the separating B. If, for example, the initial tape is

o . . (A BN NTTAl o« o

the end result will be

T « « JAI0I0[BIXIXIX]4A]&

/T ——) > —a—MX—

or2 x 3 = 6, where the answer (in unary form) will be found as a block
of X’s to the right of the terminal 4. Again we have a computation that
cannot be done in any finite-state machine for arbitrary values of m and n.

PROBLEM 6.1-2. Construct Turing machines which:
(1) compute the square of n, where n is represented as

AT . » o 11181}

(2) compute the sum of two binary numbers represented in a form'
{aaldfal] - - - lololelolel - - - léléb\CB

Assume that they have the same numbers of digits.

(3) decide whether or not the number is a prime number (very complicated).

{Jali T, . » I8l

*Where (]) means the square contains | or 0.
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PROBLEM 6.1-3. Describe the be- Start 0
havior of the machine in Fig. 6.1-4, 0 o P
when started with a blank tape. This @ZZ—? 1 ﬁ P
is just an exercise in ‘“‘keeping track.” h 078
1

PROBLEM 6.1-4. Design Turing
machines to compute (1) the product
of two binary numbers m and n; (2) the exponent function m ™.

Fig. 6.1

6.1.5 An addressed memory

It is not particularly apparent, from the previous examples, how a
Turing machine can be constructed to use its tape as a general-purpose
file for storing and retrieving information. The next example shows
how one might set up an orderly file in which items could be located by
name.

LOCATION AND FILE.

Suppose that one has a number of items U;, each of which is asso-
ciated with a name N;. Let these be encoded in a binary alphabet and ar-
ranged along a tape in the form of pairs (name, item) separated by
markers. (We will use X’s.) Suppose that we want to locate the item
whose name is N. We assume, for simplicity, that all of the names N; have
the same number of digits, and that the tape has the form:

Library region >

Name of
desired item

where the parentheses represent strings of binary digits and the Y’s are
used as additional punctuation. The machine (Fig. 6.1-5) uses two addi-
tional symbols, 4 and B, for keeping track of position. It will compare

To Fig 6.1-6

Fig. 6.1-5. Locate name.
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the left-hand name with each of the names in the library, and when it
finds a perfect match, it will stop at the starting position, having changed
all 0’s and 1’s between there and the desired record U(N) to A’s and B’s.
For example, this machine would convert the tape

into

t

YOl XAl AEAE1E X [ETA G - T i | |
W—J ‘F'
M Ue
Note that all the information in the original file can be recovered by re-
placing the A’s and B’s by the corresponding 0’s and 1’s."
CoPYING

Having located a file, it may be desirable to move the information to
another place. If we add the machine in Fig. 6.1-6 to the above, it will
take the item U, just located and copy it into the block in which its name

y X .
From Fig 6.1~-5 ‘@L @40\ »—To Fig 7.2-5
-
oA A
R X !@
1 Pl
B, O{B
@Y @x To Fig 7.2-5

Fig. 6.1-6. Copy item.

was originally located—that is after the initial Y. Then it will stop at the
starting position. We assume that the items U; have the same length as
the names.

The result is to copy the information U; into the ‘‘address” block
after the initial Y:

$IYI IO [XTALA[BIABIBIXIB1A Cliie X T
e

has become

XIAIA [BlA181B[ X1 BlAIBIBIBl AlX 1B |
U
2

*The reader should trace the operation to see how the machine works. [If it seems
wrong, try again, being twice as careful, etc.
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Again, it would be a simple matter to add states which would restore the
tape to its initial 0, 1 format.

The memory file we have constructed is a variety known as an associa-
tive memory. Items are recovered directly by matching with a name which
is paired with the item. In a conventional serial computer one retrieves
items from a memory by a more indirect process, namely, through refer-
ence to their location in a fixed array of storage devices.! There are certain
advantages to having the option of associative memory in a computer, but
we cannot stop to discuss this here.

6.2 DISCUSSION OF TURING MACHINE EFFICIENCY

The reader who has traced out the above machines on actual tapes will
have observed two complementary features of the situation. On the one
hand, he is becoming convinced that one can indeed do a great many
things with Turing machines that cannot be done with finite-state ma-
chines—and also that one can do surprisingly complicated things with
rather simple machine structures. On the other hand, he will have ob-
served the staggering inefficiency of Turing machines inherent in their
repeated passage over long blocks of tape to perform the most elementary
operation of moving a temporary marker. No one has seriously proposed
the use of a Turing machine structure for any practical computation. In-
deed, I do not even know of one built for demonstration purposes.

Nevertheless, despite the slowness of the machines, they do not neces-
sarily make inefficient use of the tape memory capacity.

For example, we can make a machine to decide if an n-digit binary
number is prime, using less than n additional tape squares. Perhaps it
should also be noted that the high speed of ordinary computers is based on
their use of “random-access” memories which only appear to escape the
problem of serial search along a tape. If one thinks of such machines as
existing in a sort of three-dimensional tape, one can construct arguments to
show that Turing machines of appropriate kinds are not fundamentally
slower than other kinds of finite-state-plus-memory machines.

As we will see, it is possible to execute the most elaborate possible
computation procedures with Turing machines whose fixed structures
contain only dozens of parts. One can imagine an interstellar robot, for
whom reliability is the prime consideration, performing its computations
in such a leisurely manner, over eons of spare time.

There are modifications of the Turing machine framework, e.g., using

*Thc point is that, with the associative memory, one does not have to know where the
desired item is located.
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several tapes, which bring it closer in efficiency to the conventional com-
puting machine, but we will not look into this. Our real interest in Turing
machines is in their use as a model for defining effective computability.

6.3 SOME RELATIONS BETWEEN DIFFERENT
KINDS OF TURING MACHINES

6.3.1 Two-Symbol Turing machines

We have placed no particular restriction on the variety of symbols that
may occur on the tapes of our machines, save that each machine can deal
with just some finite set of symbols. It is interesting that we can restrict
our machines to the use of two symbols, without loss of generality. (In
finite-automata theory this is reminiscent of the equivalence of some
McCulloch-Pitts networks, which have binary signals, to all less-
restricted finite-state machines.)

To show the equivalence, one has to do little more than replace the
symbols by binary numbers. Suppose that a Turing machine 7 uses k
different symbols. Suppose also that the number k has » binary digits.
Then we can assign to each symbol of T a distinctive n-binary-digit
number. Now we can replace the machine 7 by a new machine T* which
will treat its tape, in effect, as though its squares were grouped in blocks
of length n. On each of these blocks is written an n-digit representation of
some symbol of the old machine 7. For each state of the old machine T
we will give T* a collection of states, and these will be arranged somewhat
like the units of the sequential binary decoder 3.3.1. In fact we construct
a binary tree, n layers deep, of right-moving states. If the machine starts
at the left of a symbol block, then, when it has reached the right end of
that block, the position of its state in that binary tree will tell precisely
what symbol (from T’s old alphabet) was represented there. It is then a
simple matter to attach, to each terminal state of this tree, a chain of
n left-going states which write (in reverse order) the binary digits of the
representation of that symbol which T would then have written there.
Finally, if T were to move right, we have to adjoin » right-moving states,
and likewise for motion to the left. A detailed construction is given in
Shannon [1956]. See also section 14.5 for a similar construction.

6.3.2 Single and double infinite tapes

[t can also be shown that Turing machines which have tapes infinite
in both directions have no advantage or disadvantage over machines with
singly infinite tapes. It is not worth showing this here in detail. Suffice it
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to note that one can show the equivalence by jfolding the doubly infinite
tapes, and then mapping them into the single tapes by using alternate
squares for each half. Turing [1936] uses this method. See the solution
to problem 7.4-1.

6.3.3 Multiple-tape machines

By extending the idea of using alternate squares, and adjoining enough
markers and auxiliary states, one can achieve the effects of having several
independent tapes (controlled by n-tuples in the finite-state machine out-
puts) in a single tape. One can even simulate the effects of an
n-dimensional memory array. Again, we will not go into detail.

6.3.4 Two-state Turing machines

A really startling reduction was demonstrated by Shannon [1956]; any
Turing machine is equivalent to a Turing machine with only rwo internal
states! The equivalence is achieved by greatly enlarging the alphabet of
the multistate machine. We cannot give details of this remarkable demon-
stration here, and the interested reader should certainly refer to the
original paper. The heart of the argument is contained in the diagram of
Shannon’s Table I; this shows how the state information of the original
machine can be preserved, as the machiine moves along its tape, by a two-
square shuttling back and forth, running through different alphabets.

PROBLEM 6.3-1. Design a Turing machine to enumerate the binary
numbers, i.e., to produce an infinite tape; start with a blank tape and
generate

BlYE]violo] %
1 0

The ground rule is that once a Y is printed the machine must never again
change it or move to the right of it.

PROBLEM 6.3-2. Design a Turing machine to generate all well-formed
parenthesis sequences, i.¢., to produce an infinite tape like

The. order does not matter, but no sequence may appear more than once.
Follow the same ground rule as in first problem.
Hint: Enumerate the binary numbers as in problem 6.3-1. As they are
* generated, interpret them as parenthesis sequences and check them for
well-formedness (using 6.1.2). If details become too nasty, just sketch out
the problems and how to deal with them.
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PROBLEM 6.3-3. We will say that a Turing machine ‘“‘accepts a finite
sequence S of 0’s and 1’s” if, starting with

0|0
3 - ol
the machine eventually halts with a blank tape. Show how to make Turing
machines to accept exactly the sequences of the following classes.
(1) 10,1100, 111000, ..., 170", ....
(2) The set of sequences accepted by any finite-state machine.
(3) Problem (2), but using only right-moving states in the Turing
machine.

i~

looo

O‘O
111

(4) Prove that a right-moving Turing machine can be replaced by a
finite-state machine.

(5) Canyou do problem (1) with a right-moving machine? Proveit.

(6) Can you think of a set of finite sequences that is not the set accepted
by some Turing machine?
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7.0 USING TURING MACHINES TO COMPUTE
THE VALUES OF FUNCTIONS

In chapter 6 we saw a number of ways to make Turing machines
manipulate the information on their tapes. In each case we started with
some information on the tape (usually a binary or unary number, but oc-
casionally a string of symbols). The machine was started in some standard
state and tape position and allowed to run until it halted. When (and if)
the machine stopped, we looked at the information now on its tape and
regarded this as the result of a computation.

Now in general, what is on the tape when the machine stops will de-
pend in some complicated way on what was on the tape at the start. So
we can say that the tape result of the computation is a function of the
input. Exactly what function it is depends, of course, on what Turing
machine was used. Hence we can think of a Turing machine as defining,
or computing, or even as being a function.

What is a function? Mathematicians have several more or less equiva-
lent ways of defining this. Perhaps the most usual definition is something
like this:

A function is a rule whereby, given a number (called the
argument), one is told how to compute another number
(called the value of the function for that argument).

For example, suppose the rule that defines a function F is “‘the remainder
when the argument is divided by three.” Then (if we consider only non-
negative integers for arguments) we find that

FO) =0, F(1) =1, FQ2) =2, FG3)=0, F@) =1, etc.
132
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Another way mathematicians may define a function is:

A function is a set of ordered pairs (x, y) such that
there are no two pairs with the same first number, but
for each x, there is always one pair with that x as its
first number.

If we think of a function in this way, then the function F above is the set
of pairs

0,0y <1, 1) 2,2) 3,00 @, 1) (52 (6,0)

Is there any difference between these definitions? Not really, but there
are several fine points. The second definition is terribly neat; it avoids
many tricky logical points—to compute the value of the function for any
argument x, one just finds the pair that starts with x and the value is the
second half of the pair. No mention is made of what the rule really is.
(There might not even be one, though that leaves the uncomfortable
question of what one could use the function for, or in what sense it really
exists.) The first definition ties the function down to some stated rule for
computing its values, but that leaves us the question of what to do if we
can think of different rules for computing the same thing! For example,

(1) divide the number by three and the value is the
remainder

(2) add up the number’s digits (base 10, of course) and
divide that by three and take the remainder

are two rules that, as many children know, give the same values (prove it!).
It would be a nuisance to think of them as two different functions, but
they are two different rules; so we have a problem with our first definition.

In ordinary life, or even in ordinary mathematics, worrying about
such a hair-splitting matter would be silly. One just says, informally,
“Well, if two rules do in fact compute the same values, we will think of
them as defining the same function. The different definitions, while not
identical, are equivalent.” Now we will in fact take this common-sense
approach, but we have to be careful to be clear about it. This is not
because we are trying just to be terribly careful and logical and so forth,
but rather because we are studying the theory of rules and definitions
and the like as our primary subject matter. We have to make a clear
distinction between what a rule does and how it is defined because that is
exactly what we are studying—not because of an obsessive, or evangel-
istic, or therapeutic desire to promote more clear and logical thinking
generally. I say this because many of the newer mathematics texts belabor
the distinctions between functions and rules and ordered pairs to the point
that the student is more confused than he was before, precisely because in



134  UNIVERSAL TURING MACHINES sec. 7.0.1

the subject matter he is studying the distinctions are so unimportant that
there is little or no danger of confusion to begin with.

So we will think of a function as an association between arguments
and values—as a set of ordered pairs {x, y)such that there is just one pair
for each x. For each function there may be many definitions or rules that
tell how to find the value y, given the argument x. Two definitions or rules
are equivalent if they define the same function. It may be very difficult,
given two different rules, to tell if they are in fact equivalent. In fact it
may, in a sense, be impossible, and this will form the central problem
discussed in chapter 8!

7.0.1 Functions of non-negative integers

Mathematicians use the notion of function very broadly in that they
allow almost any kind of thing to be an argument or value. For instance,
we can define the function whose arguments are sentences in English and
whose value, for an argument x, is the subject of x.

F(Mary had a little lamb.) = Mary

We will not stop to discuss whether this definition could ever be made
really precise but will just observe that here we are thinking of a function
that has a sentence, rather than a number, for an argument. Another,
more common kind of function is the function whose argument is a set
and whose value, for an argument x, is the set of subsets of x:

F(la, b, c]) = [[],[a], [b], ], [a, b], [a, ], [b, ], [a, b, c]]

where—as most children today know—[] is the empty set and, including
that, there are eight possible subsets of three objects. This kind of func-
tion is called a set function because its arguments and values are sets
instead of numbers.

In most of what follows, we will deal with a very simple kind of
function—namely, functions whose arguments and values are non-nega-
tive integers, i.e., are in

0,1,2,3,4,...

There is nothing really special about this; the theory would be the same in
intellectual content, only just more complicated, if we used negative num-
bers or rational numbers as well. (It would be different if we allowed real
numbers; that is what the [optional] chapter 9 is about.) In some of our
theory, particularly in the present chapter, we encounter some functions
whose arguments are a little more like sentences in English. But unless
otherwise noted, we will talk only about functions that concern the
non-negative integers.
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We are also interested in the rules for defining functions, and for the
next few chapters we will consider mainly a very special kind of rule—
namely, defining functions in terms of the behavior of Turing machines.

7.0.2  Functions defined by Turing machines

We have already noted, at the beginning of this chapter, that we can
define a function in terms of the behavior of a Turing machine; the argu-
ment is written on the tape at the start, and the value is found on the tape
when the machine stops. In chapter 6 we discussed how to do this for a
number of arithmetic functions including

n?, parity(n), x+y, xy, etc.!

From now on, we will fix our attention almost entirely on functions that
can be defined in this way by Turing machines. In order to be able to
talk precisely about such matters, we will have to agree on some rather
strict definitions. I want to reassure the reader about these in advance.
The definitions below may seem very narrow and restrictive. The reader
will be able to think of many other ways he could use a Turing machine to
define a function, and he may feel that in the restriction to doing it our
way a great deal is being lost. He should keep these objections in reserve
until he has completed this chapter. Only then can one see clearly the
incredible range over which strikingly different kinds of definitions, in
this general area, come out finally to have exactly the same character.

7.0.3 Turing-computable functions

A function f(x) will be said to be Turing-computable if its values can be
computed by some Turing machine T, whose tape is initially blank except

for some standard represeniation of the argument x. The value of f(x) is

what remains on the tape when the machine stops.

Now there is a real problem in the above definition unless we agree on
a “‘standard representation” for numbers. For what does f(111) mean? If
the numbers are unary it means f(3); if binary, f(7); if decimal, f(111).
Similarly, we have to choose a standard convention for interpreting the
value result. It turns out, it doesn’t much matter what we do, so long as
we are consistent throughout our theory. So we will assume, unless other-
wise noted, that numbers will be represented in unary notation. They will
also sometimes begin and end with other special symbols (for punctuation,

TOur discussion about ordered pairs, etc., doesn’t tell us what to do about functions of
several arguments, e.g., f(x, ) = x + y. Clearly this needs something more—say,
ordered triples. This slightly complicated matter is discussed in section 10.2.
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so that the Turing machine can, for example, tell where a number ends
and where blank tape begins).

We have just said that if the representation of numbers remains con-
sistent throughout our theory, it doesn’t much matter what it is. On the
other hand, if we do alter the representation of numbers within the theory,
we obviously do change the function that a Turing machine can be con-
sidered to compute. Indeed, for a given Turing machine, there might be a
great many different functions associated with different ways of repre-
senting the arguments on the initial tape. In this chapter we show
Turing’s great discovery: that there is a Turing machine so sensitive in this
respect that, by properly adjusting the input representation, we can cause
it to compute any Turing-computable function—that is any function that
can be computed by any other Turing machine whatever!

To summarize his assertion briefly, let us agree that f is a Turing-
computable function, and T is a Turing machine that computes it if

when the number x is written in unary notation on a
blank tape, and T is started in state go on the rightmost
1 of x, then, when the machine stops, the number f(x)
will appear in unary notation on the tape.

Then Turing shows how to construct a single, fixed machine U with the
property that for each and every Turing machine T, there is a string of
symbols dr such that

if the number x is written in unary notation on a blank
tape, followed by the string dr, and U is started in
go on the leftmost symbol of dr then when the
machine stops the number f(x) will appear on the tape,

where f(x) is the number that would have been computed if the ma-
chine T had been started with only x on its tape.

This is what we are to prove in this chapter. Before doing so, let us see
what it says. It says that no matter how complex the structure of a Turing
machine 7, its behavior is within the reach of the fixed machine U. It does
not matter that 7 may be very much larger than U in its number of states,
or that T may use more and different symbols than U. All U needs is to be
provided with a certain string of symbols dy, and it can compute the same
furkction that 7" does. What is d;?° Obviously it is some way in which the
machine T is described to U.

The existence of the machine U is a chief support of the thesis that
Turing’s notion of computability is an acceptable technical counterpart
of our intuitive notion of effective computability. For on the one hand it
is certainly hard to imagine an objection that Turing machines are too
powerful. All they do is read, write, and move. On the other hand, no
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one has ever been able to think of anything a universal Turing machine
cannot do that one could reasonably ask of a well-defined instruction-
obeying process. As we will see later, this idea has stood the test of time.
All other formulations that seemed otherwise satisfactory have been
shown equivalent to the notion of Turing computability.

The universal machine quickly leads to some striking theorems bearing
on what appears to be the ultimate futility of attempting to obtain ef-
Jective criteria for effectiveness itself—that is, to recognize which descrip-
tions of processes do in fact describe effective processes. We shall discuss
some of these results in the next chapter.

Fortunately, the demonstration that there exist universal machines,
and even their construction, is quite straightforward, and much of the
work has already been done in chapter 6. The following sections complete
the construction.

7.1 THE UNIVERSAL MACHINE AS AN
INTERPRETIVE COMPUTER

The manner of operation of a universal Turing machine is familiar to
many computer programmers in the form of *“interpretive” programming
systems. The idea is this. Let f(x) be Turing-computable; then, by
definition, there is some Turing machine T which can compute its values.
That is, for each value of x, represented on the tape of 7 as a certain
string s, of symbols, 7 will eventually halt with an appropriate string
Sf remaining on its tape. It is not important just what form is chosen
for s,, provided that we agree throughout the discussion to keep it fixed.

Now if the reader were given a description of T and also of s,, he
could trace out the behavior of T with input s, and find for himself what
will be the corresponding value of f(x). This is what the reader has done,
presumably, for some of the machines described in the previous chapter.
He required, presumably, an external storage medium—paper and pencil
—-some time, and a precise understanding of how to interpret the descrip-
tion of each machine.

The universal machine will be given just the necessary materials: a
description, on its tape, of T and of s,; some working space; and the
built-in capacity to interpret correctly the rules of operation as given in
the description of 7. Its behavior will be very simple. U will simulate the
behavior of T one step at a time. It will be told by a marker M at what
point on its tape T begins, and then it will keep a complete account of
what T’s tape looks like at each moment. It will remember what state T
is supposed to be in, and it can see what 7 would read on the *‘simulated”
tape. Then U will simply look at the description of 7 to see what 7 is next
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supposed to do, and do it! This really involves no more than looking up,
in a table of quintuples, to find out what symbol to write, which way to
move, and what new state to go into. We will assume that T has a tape
which is infinite only to the left, and that it is a binary (2-symbol) machine.
These restrictions are inessential, but make matters much simpler.

To make the situation more concrete, let us assume that the universal
machine U has its tape divided into regions as indicated in Fig. 7.1-1.

q(t) s(t)  Quintuples of T
| | dr [ ]

X 7
Y g Y Y

Pseudo - tape of 7 State of 7 Symbol Description of
(single-ended) of T T

Fig. 7.1-1.

The infinite region to the left will be the current version of the tape of
machine 7. Somewhere in this semi-infinite region is a marker M to show
where the reading head of T is currently located.

The second region contains the name of the current state of 7. Next
there is a space in which we record the symbol that T has just read or is
just about to write, depending on the phase of the process. Finally there

is a region, which will be described in section 7.2, containing the
description of 7.

7.2 THE MACHINE DESCRIPTIONS

The structure of a Turing machine is determined entirely by its state
diagram, i.e., by the set of quintuples which describe the relation between
its states, inputs, and outputs. Therefore a complete description of T is
realized simply by setting down a list of its quintuples. We will set this list
down on U’s tape in a very straightforward form. (See Fig. 7.2-1.) The
quintuples are represented in binary notation, separated by X’s, which are
used for punctuation.

Quintuple Quintuple Quintuple Quintuple
Qy 5y Gy SOy Qi S Gy Sy 0y
—- Description of 7Ton U's tape >
Fig. 7.2-1.
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We have to use some representation like binary numbering to desig-
nate the states of the machine 7. The reason is that the universal machine
U which we are constructing is just one fixed machine, hence it is limited
to some fixed set of tape symbols. On the contrary, the machines to be
simulated, while each one of them is finite, may require arbitrarily large
numbers of states; and so U cannot afford a different symbol for each T
state. (We have assumed that all the 7 machines will be 2-symbol
machines; so there is no problem about that.) Our problem is solved as
follows: If T has n states, and n is a k-digit binary number, we will use
blocks of k binary digits to represent the states. In Fig. 7.2-1, k was
chosen to be 2. In that same figure, we need only single binary digits for
each of the two-valued quantities S;, S;;, and Dy;.

To complete the description of Ton U’s tape we need to represent 7°s
tape, its location, and its current state-symbol pair. For this we will use
the form shown in Fig. 7.2-2. We assume that the region of the tape called
“machine condition” contains

(1) The initial state Qqof T
(2) The symbol first scanned by T

(M has usurped the position of the symbol (2) on 7T’s imitated tape.)
Also we assume that U’s reading head is placed over the leftmost X as
shown.

Stote of T— —— Symbol read by 7

.
P - - -
(e s, 5,

Q S; @y Sy 0y

—l —— Machine description —»

Y

| O]
(@}
-

Location o1 T

-«——— Binary pseudo-tape

Machine condition
Fig. 7.2-2.

Now U’s operation proceeds in a cycle with four parts:

(1) To start, the “locate” machine of Fig. 6.1-5 is put into operation.
It first searches to the right to find the first state-symbol pair that matches
the one represented in the “‘machine condition™ area. On the path to the
desired state-symbol pair, it changes all 0’s and 1’s to 4’s and B’s. After
finding the desired pair, and changing it also to A’s and B’s, it runs back
to the leftmost X. At the end of this process, the tape looks like Fig. 7.2-3.

(2) Next the “copy” machine of Fig. 6.1-6 is put into operation. It
starts on the leftmost X, and from there shifts to the right until it has gone
past the last 4 or B and sees for the first time some 0’s and 1’s. These 0’s
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Fig. 7.2-3.

and I’s describe the new state Q;; of T, the new symbol S;; which must
eventually be printed in location M, and the direction of motion D,;.
Next, the machine copies the 0’s and 1’s respresenting Qi and S;; into the
machine-condition region; it does not print D;; but just remembers it.
Now the tape looks like Fig. 7.2-4.

21414 y
EEEW B
New Qij Sij Dy

state and symbol

Fig. 7.2-4.

(3) In its third phase, the machine shifts to the left until it reaches M.
There it erases M and prints (temporarily) in its place the direction D
(= A or B) which it has until now remembered. This information was re-
tained in the choice between the two exit arrows of the “copy” part of
Fig. 6.1-6. Then the machine shifts to the right and changes all 4’s and
B’s on the tape to 0’s and 1’s, except for the 4 or B in M’s old location
that now represents D;;. Finally, it moves to the immediate left of the
leftmost X. It erases the S;; which is there, remembers it, and prints ‘S’ in
its place. (Sis a special letter used only for this marking job.) This is all
done by the machinery of Fig. 7.2-5. At this point the tape looks like
Fig. 7.2-6.

From Fi Pick up symbol .
om T8 ym to be written _ To Fig.
6.1-6

o} s .

(Remember direction)

e
1

o Fe Oy /A o

6.1-6 ML Restore Restore A 9

0 7.2-7
Find M machine description
in condition region
region
Write direction

symbol
Fig. 7.2-5.
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(4) Now in its final phase, the work of the machine T is about to be
completed. The machine shifts to the left until it encounters for the first
time an 4 or B. This A or B represents the direction D,; that T should
next move. The machine prints S;; = 0 or 1 in place of the A or B, and
shifts one square left or right according to whether D;; was 4 or B. Then
it reads this new tape square, remembers whether it is 0 or 1, and prints
an M in its place. Finally, the machine shifts to the right until it reaches
the S. It replaces that S by the remembered symbol, using 4 for 0 and

O—s—»@f-o (7 Ym GjiA A
~o 1M//§\/ \

i - Start
From Fig. 7.2-5 R M\ /
1 @g : <0, \fRJ;B To Fig.6.1-5
A e 1 Y
Find location Read new Find Write Locate
marker symbol, S new quintuple
Write Move in Leave symbol
symbol direction  direction
marker

Fig. 7.2-7. Perform pseudo-tape operations.

B for 1. All this is done by the machinery of Fig. 7.2-7. At this point, the
tape looks like Fig. 7.2-8. Now the machine starts all over again.

What happened as a result of this cycle of operations? The net effect
of what the machine did was to start with a particular state-symbol pair
0:, S, search for the corresponding quintuple [Q;, S;, Qy, Sy, Dy;] and
carry out the instructions dictated by it. Then it printed the new state-
symbol pair in place of the old one. Thus the machine carried out the
instructions of exactly one quintuple, and is prepared to start again on the
next step of 7°s computation.

This completes the state diagram and coding instructions for our
universal Turing machine, and thus completes the demonstration that
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LocationT

Binary pseudo-tape

X

SEC. 7.2

Machine condition

d B A

0/,, 5/:,, o/i-, 5;;, D/i,

— Canonical description in QSQ°S’D’ quintuples

Fig. 7.2-9.

The universal machine.
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such a machine can be constructed! The complete diagram is shown in
Fig. 7.2-9. To review its operation, in section 7.3 we will trace it through
an operation cycle of a particular simulated machine, presenting the tape
condition at important phases in the process.

7.3 AN EXAMPLE

We will use, as a simple but non-trivial example, a 2-state, 2-symbol
machine 7 which happens to be a sort of binary counter. The diagram of
the machine is given in Fig. 7.3-1, and its quintuples are

00So Q0SeD; 00 001 P 1,_\0
QoS Q181D 01 110 o} }r@j‘ _

0,80 QoS D, 10 011 =y —— 1 — T 5
0,51 015D 11 100 Fig. 7.3-1

When placed on a tape over a 1, this machine proceeds to ‘““‘count”—that
is, to write the binary numbers 1, 10, 11, 100, 101, 110, 111, 1000, etc., one
over the next, and never stops. We are not interested in T itself but only
in following U’s simulation of it. We set up the full initial tape to describe

Tto U:
THE

where the ‘Y01 X’ initial setting means that the machine being simulated
starts at the square marked with ‘M’ in state Qy, and sees there the sym-

Table 7.3-1
U T
0 0OM1 000 VY 1 A4 Xetc ........... 0 00,1000
001 MOOOY OB . .......... 0 0[1J1p0 0 0
00 M 1 1 B 0 01,1000
0 MO0 1 L4 00,01000
01 M 1 004 0 10,1 000
010 M 0B o{1 0]J1 000
0 1 M1 I 0 10,1000
01 1 M 0 B o[l 1]t 0 0 0
01 M1 1 B 0 11,1000
0 MO 1 1 B 01,01 00 0
MO0 01 1 0,001 000
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bol 1 = §,. The reader will note that we have marked certain points in
the diagram (Fig. 7.2-9) of U with the symbols A @ & etc. Below
are the tape configurations that occur at these points of the first cycle.

start 000MOO00 Y01 ¥ 00001 X 01110 X 10011 X 11100 ¥
i\ 000MOOO YOl X AAAAB X AB110 X 10011 X 11100 ¥
A 000A000YBB X 44448 X ABBBA X 10011 x 11100 ¥
A . 0004000Y1 1 X 4 41AAB X ABBBA X 10011 X 11100 ¥
A 000A4000Y1S x 00001 X 01110 X 10011 X 11100 Y
A 00AMIOO0O0YLA X 00001 X 01110 X 10011 X 11100 ¥
N 00MI0O00YIA X 00001 X 01110 X 10011 x 11100 ¥

Each time U reaches stage @, its machine tape has the configuration
shown to the left in Table 7.3-1. To the right is what T’s tape looks like
at the same stage. The subscript on T’s tape indicates the last symbol
scanned, and is | if the scanning state was Q,, and O if the scanning state
was Q.

The terminal, right-hand Y marks the end of the description region. If
the location phase does not yield any quintuple beginning with Q.S;, the
process will encounter this Y and halt. A standard way to make Turing
machines stop is to assign no quintuple to some Q,S;, and U recognizes
this convention by halting on this Y.

PROBLEM 7.3-1. Why ought we provide a 0 (or a 1) after this Y?

7.4 REMARKS

This construction of a universal Turing machine is reasonably straight-
forward in the way that different parts of the process—finding the quin-
tuple, changing state, reading, printing, and moving—are separated in
parts of the state diagram. At the expense of more states and/or the use
of a larger alphabet, we could have made the operation even more
straightforward, but we wished to take the opportunity to illustrate a few
more tricks and techniques that can be used in Turing machine building.
Some of these are hidden; the reader will discover, for example, that the
symbols M and S are superfluous and could be replaced by X’s through-
out by just changing the letters in the diagram. If one is interested in con-
structing’a very small universal machine, one can do much better; but then
it is necessary sometimes to use the same state for several different pur-
poses, and the machines become much more difficult to understand. One
also may gain by making changes in the way the machine descriptions are
represented on the tape. In chapter 14 we will combine such techniques
to produce a very small machine—one which uses four symbols and only
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seven states—but as the reader will see, that machine, or any like it, would
be unsuitable for expository purposes.

Our universal Turing machine has the property of simulating the
behavior of any Turing machine with any input tape. There is no need
to interpret the result narrowly, in terms of any particular set of arith-
metic operations; the Universal machine can simulate any Turing machine
activity whatever. Accepting Turing’s thesis, we conclude that the
universal machine can simulate any effective process of symbol-manipu-
lation, be it mathematical or anything else; it is a completely general
instruction-obeying mechanism.

PROBLEM 7.4-1. Show how to get around the restriction that T, the
machine being simulated, is limited to a tape infinite in only one direction.

PROBLEM 7.4-2. Compared to the machine 7 that it is simulating, the
universal machine works very slowly—so slowly, indeed, that one would
hardly expect to find in it any practical application (especially in view of
how slow regular Turing machines are to begin with). And the relative speed
of U, as compared to T, decreases as the length of the active part of T’s tape
grows, because U has to travel all the way down this length and back in
each simulation cycle. We can redesign U to prevent this further decline.
Sketch how this can be done.

Hint: Replace the symbol ‘M’ by a copy of the whole instruction region.
Note that the machine U, and even the new machine just constructed, makes
as efficient use of the tape as does 7.

PROBLEM 7.4-3. Construct a Turing machine which, when started with a
blank tape, prints its own description (as a sequence of quintuples).
Chester Y. Lee [1963] calls machines which can print their own descrip-
tions “‘introspective,” although 1 would reserve this appellation for ma-
chines which print what they think is their own description.

Do not consult the solution unless desperate!

PROBLEM 7.4-4. Sketch out a reconstruction of U that uses unary rather
than binary strings to represent T”’s states in the encoding of the quintuples.



LIMITATIONS OF
EFFECTIVE COMPUTABILITY:

8 SOME PROBLEMS NOT SOLVABLE BY
INSTRUCTION-OBEYING MACHINES

The universal machine can do anything any other Turing nmachine can
do, although more slowly. It would be of great value to have a precise
characterization of just what kinds of behavior are possible, in as neat a
form as we have for finite-state machines. (See chapter 4.) Unfortunately,
this is a much more mysterious area, and we will see that there is definite
evidence that it must remain so. In this chapter we will look at some of
the things that we can prove Turing machines carnnot do.

8.1 THE HALTING PROBLEM

When a Turing machine, with input tape, is started in operation it
may be a very, very long time before it completes its computation and
comes to a halt. For many machine-tape pairs this will never happen—the
“computation” may go on forever. It would be useful to have a decision
procedure which would enable us, given any machine T and tape ¢, to
determine whether the process will ever halt.! We will show that there
can be no effective procedure which can do this for us! Implicit in this
argument is the commitment to Turing’s thesis that Turing machine
computations include all effective procedures. For we are assuming that
if there is any decision procedure (the term always carries the connotation
that the procedure is effective), then there must be a Turing machine

which can carry out the procedure. Let us see what might be involved in
such a procedure.

The term decision procedure, means here a single set of instructions, given once and for
all, that will enable us to solve the halting problem for every (machine, tape) pair.
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We observe first that the universal machine gives a slight simplification
of the problem. We are certainly free to place descriptions of T and ¢ on
U’s tape and then set U into operation. If it is the case that T stops for ¢,
then certainly U will eventually stop. But in the difficult case that T does
not stop for ¢z, U will never stop. Now if we had some way of looking at U
and saying, “Aha! U is in a condition for which it will never stop,” we
would have a decision. Hence the general question “‘Does machine T halt
on tape 17 can be reduced to a more special problem: “Does the particu-
lar machine U halt for the tape

; (dr) %

Thus we have only to solve the “halting problem™ for the tapes of one
particular machine U. But we will show that there can be no effective
procedure to do even this.

Another approach that seems promising, at first, is based on finding
an upper bound on how long the computation can take if it is ultimately
going to stop. Offhand, this would seem perfectly feasible. For T uses a
known number S of symbols and a known number Q of states while ¢ has
only a known number N of non-blank squares. Surely we should be able
to calculate some function of S, Q, and N such that, if the machine has
not already stopped by time f(S, @, N) then it will never stop. Then all
we have to do is to equip U with a way to compute this function
f(S,Q,N). Then U (or rather the improved U) can begin to imitate the
behavior of T on ¢, while keeping count of the number of cycles. If the
computation has ‘ot stopped by time f(S, @, N), then U can stop and
announce that 7°s computation will never stop. This would be an ef-
fective decision procedure.

There is nothing wrong with this argument except in the innocent as-
sumption that U can calculate the bound f(S, @, N)! This bound certainly
is meaningful,’ but it turns out (as we shall see shortly) that no machine
can compute it. This seems remarkable in view of the obvious fact that
any function with values large enough will do.! But the bleak fact is that
no computable function can grow so large so fast! In fact, since this argu-

TFor there are only a finite number of Turing machines with S symbols and Q states,
and for each of these only a finite number of initial tapes of length N. So there are only a
finite number of computations associated with (S, Q, N) and hence only a finite number of
halting computations. Then f(S, Q, N) is just the length of the longest of this finite
set of computations. One would ordinarily expect no difficuity in finding the largest of a
finite set of numbers!

'That is, we don’t need to know the function f precisely. So far as the decision pro-
cedure is concerned, we could use any function g(S, Q,N) such that g(S,Q,N) >

S5, 0, N).
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ment is otherwise correct, the proof below that there is no decision pro-
cedure for this problem will serve as our proof of the preceding assertion.

8.2 UNSOLVABILITY OF THE HALTING PROBLEM

The result of the simple but delicate argument in this section is perhaps
the most important conclusion in this book. It should be contemplated
until perfectly understood.

Let us suppose, as a hypothesis to be proved self-contradictory, that we
have a machine D which will decide whether or not any Turing machine
computation will ever halt, given the description dr of machine T and its
tape . Then D has the form of Fig. 8.2-1.

\,\0\\ if 7 eventually halts, given
P
~e®
/Stote
[o}: | diegrem of
™, 0
Vo
/‘/O/f if 7 never halts, given /
Fig. 8.2-1

If D can solve the halting problem for all description pairs (¢,dr),
then it can certainly do it for the peculiar special pairs (dr,dr) where the
tape ¢ is a description dr of T itself, rather than any old tape. (We need
not concern ourselves with the question of why anyone would be inter-
ested in such introverted calculations; still there is nothing absurd about
the notion of a man contemplating a description of his own brain.)

The two items of information previously required by D—the descrip-
tions of T and of the tape r—are now the same, i.e., d7 = ¢. It is then easy
to construct a new machine E which requires only the description dr of
T, but behaves otherwise like D. Suppose first that D, like U, is designed
to use initial tapes of the form

Let £'be made of D, together with some states which can copy a block of
symbols. Then £ can start with a tape
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convert this to

and then turn matters over to D.

Whatever may be the inner structure of the hypothetical machine E,
we know that its state diagram must contain two halt exits, one printing
“Yes” if (dr,dr) ever haits, the other printing “No” if (dr,dr) never
stops. Then E must have the form of Fig. 8-2-2. We now make a trifling

E] . Yes —=Halt if 7 eventually halts, given dr
ad ﬁ No —Halt if 7 never halts, given dr
Fig. 8.2-2

change in ¥, by adding two new states, to obtain a new machine £ *; the
new states prevent E* from ever halting if £ takes the “Yes” exit. (See
Fig. 8.2-3.) E* applied to dr has the property that it halts if T applied to
dr does not halt, and vice versa. Now for the Killer: what happens if E*
is applied to the tape dg«? It halts if E* applied to dg» does not halt, and
vice versa. This cannot be, so we must sadly conclude that such a machine
as £*, and hence E, and hence D, could not exist in the first place!’

o
: (x= any syT'nbol)
Halt

Fig. 8.2-3

We have only the deepest sympathy for those readers who have not
encountered this ‘type of simple yet mind-boggling argument before. [t
resembles the argument in “Russell’s paradox” which forces us to discard
arguments concerning ““the class of all classes”—a notion whose absurdity
is not otherwise particularly evident.” It is also related to the argument
of Cantor, that one cannot “count” the real numbers. In fact the un-
solvability of the halting problem is usually demonstrated by a form of
Cantor’s “‘diagonal method.” We prefer the present form because it
suppresses the “enumeration” required for the diagonal method. We will
have to use the Cantor form of the argument in the next chapter.
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8.3 SOME RELATED UNSOLVABLE DECISION
PROBLEMS

Several other impossibility results are easily deduced from the basic
halting problem result.

N
8.3.1 The halting problem

It follows immediately that we can’t have a machine to answer the

general question, ““Does machine 7T halt for tape 7 because this would

include the solution of the problem, “Does T halt for d;?” discussed in
the previous section.

8.3.2 The printing problem

Consider the question, “Does machine T ever print the symbol Sy
when started on tape #?” This also cannot be decided, for all (7, ¢), by
any machine. For we may take each machine T which does not ordinarily
use the symbol S¢ and alter that machine so that before each of its halting
exits it will first print Sy. Then the ‘‘printing problem’ for the new ma-
chine is the same as the halting problem for the old machine. Since any
machine that does use S, can first be converted to one that doesn’t (by
changing the name of S to that of some unused symbol), and then altered
as above, solution of the printing problem would give solution to al// halt-
ing problems, and we know that that cannot be done.

8.3.3 The blank-tape halting problem

Is it possible to build a machine which will decide, for each machine T,
“Does T halt if started on a blank tape?” If there were a machine to solve
the problem of 8.3.1 above, then that machine would solve the blank-tape
problem as a special case. But the unsolvability of the problem of 8.3.1
does not immediately imply the unsolvability of the problem of 8.3.3
since the latter task might seem easier because of its apparently smaller
domain of cases. However, we can show that the problems are equivalent
by showing that for each machine-tape pair (7, ) there is a corresponding
blank-tape halting problem for a certain other machine which we may call
My,

The machine M7, is constructed directly from the description of T
and ¢ by adding a string of new states to the diagram for 7. Let us sup-
pose that the computation 7, ¢ requires that 7" be started (in its initial
state) at the indicated position of a tape:

5. - - OOF]

. PPp - %

v oo |l melined]

O
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The new machine M 7, will begin somewhere on a blank tape with the
string of states

SfGI’T*@C‘)— r1_><é>o_rz->.. o,@o— r,,,-;—@o——X—>®cl rm+2w

(move left) 0
(Mochine 7= i1 XD 1 — B

where ‘X’ is some letter not otherwise occurring on the input tape 1. We
see that M1, must be equivalent, starting with a blank tape, to the ma-
chine T starting with tape ¢, because M r, simply writes a copy of ¢ on the
tape, positions itself correctly, and then becomes identical with 7" from
that time on.

It follows that if we could decide the halting of the blank-tape compu-
tations, i.e. solve the problem of 8.3.3, this would lead to the ability to
decide about the machines M r, and hence about all computations (7, 1)
of the problem of 8.3.1. Since this is impossible, the problem of 8.3.3
must also be unsolvable.

8.3.4 The uniform halting problem

Another interesting problem along this line is this: Can we decide for
an arbitrary machine 7, “Does T halt for every input tape?”’ It turns out
that this problem includes the problem of 8.3.3 as a special case and is
therefore unsolvable. We sketch the reduction. Let T be an arbitrary
Turing machine which, as usual, is to be started in state Qp. We construct
another machine T® by adding some states and quintuples to T. T5 starts
in state g§. Choose 4 and B to be two symbols not used by 7. For each
state ¢; of T we adjoin the quintuples

(q:‘, ‘4’ q;’ Oa L) {q:s ¢Erqi’A’R}
(9:,B,4/.0,R)  lq/,®,9:,B,L}

where ¢/ and ¢}’ are two new states added for each ¢; and @ denotes every
symbol (thus g/ replaces the scanned symbol, whatever it may be, by 4
and then moves right to ¢g;). We also add three new states

{q37 ¢’ ql*7A$JQ7} {ql*’¢’ q;‘70, Er} {q;’é, Q01 B’ L}

and start the machine in g¥. Now we claim that the problem of whether
T will halt on a blank tape is equivalent to the problem of whether 7% will
halt on every tape; hence the problem of 8.3.4 is unsolvable.

PROBLEM 8.3.-1. Verify this last statement
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PROBLEM 8.3-2. Show that the unsolvability of the problem of secti9n
8.3.4 implies the unsolvability of the problem of section 8.3.1. (We just
showed the converse.)

8.3.5 A related problem: Infinitely printed tapes

All the machines up to this point (and all that will follow) are con-
sidered to start in a given initial state with only a finite inscription on the
tape. For a moment, consider machines which are given infinitely in-
scribed tapes. Does there exist a Turing machine D which can decide the
following question: ““Given a Turing machine 7, is there an internal state
0 and some infinitely inscribed tape for which T will not halt when started
on that tape in state 0?7 We have not discussed and will not further dis-
cuss machines with non-finite initial tape information, or unspecified initial
states, but the reader may be interested in this easily stated but very
difficult problem.?

PROBLEM 8.3-3. If the initial state is specified, the problem of whether
there is a non-halting, infinitely inscribed tape is unsolvable. Show this.

8.4 THE CREATIVE CHARACTER OF THE
UNSOLVABILITY ARGUMENT

Let me point out another interesting feature common to all of the
problems above, though I describe it only for the halting problem. Con-
sider the construction of E* from F in 8.2. Now it is perfectly possible
that some machine E, while not able to decide every question about halt-
ing, can decide some such questions. That is, we can suppose that when E
says “Yes” then the (7, dr) in question will halt, and that when E says
“No” then the (T, dr) in question will never halt, but that for some inputs
E itself never halts and never announces a decision. There certainly do
exist many such machines (Problem: Construct one.) which thus realize
what we may call “partial decision procedures” in which all announced
decisions are correct but the machine will not always commit itself. Given
a machine E for such a partial procedure, the construction of 8.2 gives us a
particular problem which E cannot solve, namely the halting problem of E*
for the tape dg+. Furthermore, this example is actually exhibited—there is
no “‘non-constructive” step here (as there is in the Cantor diagonal
argument). The inadequacy of any given alleged decision procedure can
thus be demonstrated constructively.

Thus the problem of which situations (7, d7) lead to halting is not
only effectively unsolvable, but is associated with an effective procedure for
constructing counterexamples for any proposed solution. Another prob-
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lem of this character occurs in section 10.6, Theorem 5. Unsolvable prob-
lems of this somewhat arrogant character are studied in the theory of
“creative” and “‘productive” sets—see Rogers [1966).

8.5 CONSEQUENCES FOR ALGORITHMS AND
COMPUTER PROGRAMS: THE DEBUGGING
PROBLEM

The unsolvability of the halting problem can be similarly demon-
strated for any computation system (rather than just Turing machines)
which can suitably manipulate data and interpret them as instructions.
In particular, it is impossible to devise a uniform procedure, or computer
program, which can look at any computer program and decide whether or
not that program will ever terminate. This means that computation
scientists cannot aspire to evolve a completely foolproof “‘debugging”
program. (This observation holds only for programs in computers with
essentially unlimited secondary storage, since otherwise the computer is a
finite-state machine and then the halting problem is in fact solvable, at
least in principle.) This means also.that we cannot aspire to obtain a set
of rules for deciding when any alleged ““‘algorithm” is foolproof in the
sense that it will terminate for all initial situations. Of course, we can find
rules which work for large classes of important problems.

Those who object that Church’s (or Turing’s) thesis (see section 5.2)
allows too much, usually do so on the grounds that the Turing machine
formulation of computability allows computations whose lengths cannot
be bounded in advance in any reasonable way. The impossibility of com-
puting bounds (mentioned in section 8.1) that follows from the unsolv-
ability of the halting problem is one of the obstacles that seems to stand
in the way of finding a formulation of computability which is weaker yet
not completely trivial.

8.6 NON-UNSOLVABILITY OF INDIVIDUAL
HALTING PROBLEMS

We have shown the impossibility of an effective procedure to solve all
Turing machine halting problems. But note that in no case did we show
that the halting problem for any particular situation (7Y, t,) is unsolvable,
i.e., that there is no effective procedure which will tell whether or not
(To, to) will ever halt. Indeed, no such result could be proven. For con-
sider the two procedures, “Look at (T, ?y) and say ‘Yes’,” and *“‘Look
at (T, to) and say ‘No’.” These two trivial procedures may seem silly,
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but each is certainly effective. And since (T, to) does in fact either halt
or never halt, one of them must be correct! Of course the problem re-
mains of finding which is the correct one, but it is important to observe
that this is not the question that concerns us here.

Let us take a slightly different view of the matter. For a given
(T, 1), it could well be that no one will ever find out whether it halts or
not. It could conceivably be that there is no way to find out, in some
obscure sense. But it could not be that someone could prove that there is
no way to find out. For that would lead to the following paradox:

Suppose that it had allegedly been proven that there is no way to find
out if (7, to) halts or not. Suppose also that a great experimental project
were launched, involving the construction and operation of (7, tp). Suf-
ficient funds are invested to provide for a slow, but surely never-ending
supply of tape. Now there are two cases in fact—either (7, t) does
eventually halt, or it never halts. In the first case, the experimental ap-
proach will ultimately succeed, and the question will be settled. This
would certainly contradict any proof that the question could never be
settled! Hence it must happen that (T, ¢;) never stops. In other words,
the proof that there is no way to find out can be used to prove that
(T, to) never halts. Hence, we would be able to find out. Contradiction!

We will return to this discussion at the end of Chapter 9.

8.7 REDUCIBILITY OF ONE KIND OF UNSOLVABLE
PROBLEM TO ANOTHER

In section 8.3.3 we showed the impossibility of constructing a Turing
machine which can decide which Turing machines halt when started on
blank tapes. This problem, of deciding which situations (T, blank) lead to
a halt, seems simpler than the original problem 8.3.1 of deciding which
situations (7, ) lead to a halt. But let us recall the steps of the proof. In
8.2 we showed that there is no machine which can decide all the (7, 1)
situations, by showing that, if there were such a machine D, there would
also be a variant of it £* which must both halt and not halt in the situ-
ation (E*, dg.)—when given its own description. We then showed that
for each pair (7, t) there corresponds an easily constructed machine
M 7, which halts on a blank tape if and only if (7, #) itself halts.

Therefore the ability to decide the special halting problems of the form
(T, blank), which include all the situations (M r,,, blank), would give us
the ability to decide all of the (7, ¢) halting problems. We can say that in
a very simple sense the apparently more difficult problem of the (T, 1)’s is
reducible to the apparently simpler problem of the (7, blank)’s.

This notion of reducibility has been studied very carefully in the mod-
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ern theory of computability. It turns out that several technically different
notions of reducibility are useful in studying the relations between differ-
ent kinds of unsolvability problems and, further, that one can define
infinite hierarchies of more and more difficult unsolvable problems, none
of which is reducible to its predecessors. It has even been shown that
there are pairs of unsolvable problems neither of which is reducible to the
other. Rogers [1966] discusses these matters in detail.

8.8 PROBLEMS

PROBLEM 8.8-1. Consider the class of all 2-symbol (0 = blank, 1) ma-
chines T. Are there decision procedures for the following questions?
That is, is there any machine D, not necessarily 2-symbol, that always
halts with Yes or No, given T, and answers the question.

(1) Does T ever print a | when started on tape ¢?

(2) Does T ever erase a 1 when started on tape t?

Hint: Apply finite-state machine theory to problem (1). Problem (2) is
much, much harder: If you solve it you will not need to read the rest of the
book!

PROBLEM 8.8-2. Isthere a decision procedure that will decide:

(1) For any T, is there a tape on which T will halt?

(2) Forany T, will T end with a blank tape for some input tape?

(3) For any two machines T and T', do they act the same, i.e., for every
tape ¢ is the ultimate outcome the same?

(4) Forany T, does T started on f use more than N squares of tape?

NOTES

1. The argument in more detail is: if D exists then E exists, because it is easy to
add a copying mechanism like that of Fig. 6.1-6. Similarly £* exists if E does,
because we can add the two loop states. Now let us put dg« on E*’s tape.
There are two possibilities:

(1) E* eventually halts. That is to say, E* halts given dgs. Then E takes
its “Yes™ exit, given dg+. But this means that when E finishes its computation
ondgs, it eventually enters its upper terminal state. Since E* is the same as E
up to this point, then E*, given d g+ eventually reaches its upper exit state and
enters the never-halting loop. Therefore E* does not halt, given dgs. This
leaves only the second possibility :

(2) E* never halts, given dg«. But by a similar argument then E, given
dg», takes its lower exit; and so E* (which is identical to E up to this point)
takes its lower exit and does halt.

Since there are no other possibilities, the existence of E* itself is contra-
dicted, hence that of E, hence the existence of D.
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2. The “‘Russell paradox” is similar, where the existence of £* is analogous, to

C = Theset of all sets ¢, for which ¢ does not belong in ¢

That is, ¢ is a member of C if and only if ¢ is not a member of itself. For ex-
ample, the set of all sets is a set, so it is not a member of C. But the set of all
books is not a book, so it is a member of C.

We ask, ““‘Does C belong in C?" If C is in C, then it does not belong in C. And
if C is not in C, then it does belong in C! Although this may seem at first to be
a sort of frivolous pun, it turns out to be a most serious indictment of ordinary,
common-sense, ways of thinking about sets and relations; and in half a century
of work on the foundations of logic, no technically easy way has been found to
handle the problem. There are some apparently satisfactory, but technically
quite difficult, ways to keep the paradox out of mathematical reasoning.

3. The problem was posed by Buchi [1962] and shown to be unsolvable by Hooper
in his Ph.D. dissertation [1964].

(? THE COMPUTABLE
REAL NUMBERS'

4

9.1 REVIEW OF THE REAL NUMBER SYSTEM

Most readers are probably not familiar with the details of the modern
theory of the real number system. This section reviews some of the basic
definitions. We assume as given the integers 0, 1, 2, .... The rational
numbers are defined as quotients of integers, or more basically as equiva-
lence classes of ordered pairs (m,n); two pairs (m,,n;) and (m,,n,) are
in the same class if and only if m;n, = m;n,.

There are two chief ways of defining real numbers, given the rationals.
One is the method due to Dedekind; a real number is defined by a “cut”
of all the rationals into two classes, such that each member of one class
is less than every member of the other. Thus the real number =, whose
decimal expansion begins with 3.14159265 . .. is “‘defined” by two classes,
one of which contains (among others)

3 and 3./ and 3.14 and 3.141 and 3.1415 and
3.14159 and 3.141592

and the other contains (among others)

4 and 3.2 and 3.15 and 3.142 and 3.1416 and
3.14160 and 3.141593, etc.

Each of the numbers in the example is a rational number: 3.142 is equiva-
lent to 3142/1000 (and also to 1571/500).

"This chapter is optional. It assumes that the reader has been exposed to the elementary
theory of the real number system up to Cantor’s proof that the reals are non-denumerable,
etc. This background is not assumed in subsequent chaplcrs.I

157
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The same example shows how a real number can be defined by an
increasing or decreasing convergent infinite sequence of rationals. And
it can be shown that, if the reals are suitably defined as equivalent
classes of convergent sequences of rationals, we get the same structure as
that defined by the cut method. In particular one might define the “real
decimal numbers” (or the ‘“‘real binary numbers’) in terms of infinite
sequences of fractions with denominators that grow by powers of 10 (or 2)
while the numerators grow one digit at a time; this may be shown to define
the same structure of the real numbers. (One has to provide for the equiv-
alence, e.g., of 1.0000. .. with 0.9999 ..., but otherwise there is no diffi-
culty.) The definition by sequences is the method of Cauchy.

9.2 THE (TURING)-COMPUTABLE REAL NUMBERS

We define the computable real numbers, in a manner parallel to that of
defining the (Cauchy) real numbers, as sequences of digits interpreted as
decimal fractions." But we add one key restriction. The digits must be
generated sequentially by a Turing machine. That is, we require that in
order that the real number .aea,a,...be a computable real number, there
must be a Turing machine which starts with a blank tape and prints out a
tape of the form

...000XapgXa,Xa,X...000...

We make the rule that, once an X is printed, the machine must never move
to the left of, or change, that X. It may use any amount of tape to the
right for its computation, but the printing of an X is an irrevocable an-
nouncement that a digit has been computed and is in the square to the left
of the X}

How is this different from the definition of a real number? It is dif-
ferent because in the definition of a computable real number the defining
sequence must be determined by a finite amount of information, i.e., the
state diagram of the associated Turing machine. There is no such limita-
tion for the ordinary real number. That this is a serious difference will
be seen shortly.

PROBLEM 9.2-1. Show that any rational number can be so defined by a
Turing machine which never prints anything except the digits and the X’s.

"We will treat only numbers between 0 and 1. This simplifies notation because it allows
us to assume the decimal point is always at the extreme left and does not otherwise affect
the theory significantly.

We need some such rule. Without such a proviso one could never be sure that a digit
is not going to be changed at some later time. If this uncertainty always remained, one
could hardly accept the process as an effective definition of the number, for one would never
really know for sure anything about its value.
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PROBLEM 9.2-2. We could also define a computable number to be one for
which there is a Turing machine which, given n on its initial tape, terminates

with the nth digit of that number. Show that this definition is equivalent
to that of 9.2.

9.3 THE EXISTENCE OF NON-COMPUTABLE
REAL NUMBERS

We can show the existence of non-computable real numbers in two
rather different ways. Our first demonstration is through appeal to the
existence of unsolvable halting problems for Turing machines.

9.3.1 A particular non-computable real number R,

Consider the behavior of our universal machine U on some tape in-
scribed with a finite sequence W composed of the ten symbols O, I, X, Y,
A,B, M, N,R,and S. We know that we cannot decide, for all such tapes,
whether U will eventually halt.! (This follows from section 8.3.3, because
this set of tapes includes the class of all descriptions of Turing machines
starting with blank tapes.)

Now let us think of these tapes as representing numbers. We identify
the symbols 0, I, X, Y, 4, B, M, N, R, S with the symbols 0, 1, 2, 3, 4, 5,
6.7,8,9. Then to each tape there corresponds a decimal number. Thus
the tape

0000M 000 Y01 X00001 X01110X10011X11100Y000. ..
becomes the (decimal) number
.0003012000012011102100112111003

where we make the convention that the first M will be a decimal point.
Then, also, to each decimal number there will correspond such a tape.
Hence we can now talk of the tape corresponding to the number # and
vice versa.

We now define our non-computable number R, in terms of the
(countably infinite) set of Turing-machine tapes. R, will begin with the
decimal point and, going to the right, its nth digit is

1 if U halts on the nth tape;
0 if U never halts on the nth tape.

To show that the real number so defined is non-computable, we derive
a contradiction from the supposition that there is a Turing machine Ty,

fWe assume some convention about where U starts on the tape, e.g., that it starts to the
right of the sequence. The details aren’t important.
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which can compute it. If there were a TRU machine, then we could build
from it a somewhat more complicated machine M which can decide
whether U halts on an arbitrary tape. Since there can be no machine M
which can do this for all tapes (see section 8.2), and since M is built in a
straightforward way from Tg, it follows that Tg, could not exist.

PROBLEM 9.3-1. Sketch how M can be built from Tg,. Carrying out the
full construction involves some complications, but is quite instructive.

9.3.2 The set of computable-real numbers is
countably infinite

In the argument of 9.3.1 above, we observed that the tapes for the
universal machine U could be set into a one-to-one correspondence with
(some of) the integers. Now the number of such tapes is countably infinite,
hence there is only a countably infinite set of computable-real numbers. But
it is well known that there are an uncountable number of real numbers.
Hence there must be some non-computable real numbers, and indeed it
follows that “almost all”’ real numbers must be non-computable.'

The argument of section 9.3.1, while slightly more complex, seems to
give slightly more of a result. In a way it actually tells us about a particu-
lar non-computable number. Unfortunately, but inevitably, we can’t get
very close to that number, because the very proof that it is non-com-
putable tells us that we can’t get a Turing machine, or any equivalent, to
give us its sequence of digits. Yet one could hardly ask for a more “con-
structive” proof of the existence of such an intangible object and still
subscribe to anything resembling Turing’s thesis.'

9.4 THE COMPUTABLE NUMBERS, WHILE
COMPUTABLE, CANNOT BE EFFECTIVELY
ENUMERATED!

An interesting property of the computable real numbers is that, while
like the rational numbers they form a countable, or “enumerable,” set,
they are unlike the rationals in that they cannot be “effectively enumer-
ated.” That is, they cannot be all arranged in a sequence which can be
“represented’” by a Turing machine.

" That is, the argument really does **define” one and only one real number. For either
U halts, or it does not halt, on the Nth tape. This completely determines all the digits
of our non-computable number Ry. Many mathematicians and philosophers feel, none-
theless, that there is a serious question as to whether one ought to believe that Ry's
“existence’ is really established.
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DEFINITION

We say that an infinite sequence c,,c,,...,C,,... of real numbers is
represented by a Turing machine T if, given a representation of any inte-
ger n, T will print out the digits of the number ¢,, in the manner described
in section 9.2.

If there were such a representing machine T for all the computable
real numbers then, by a construction similar to that of M from Tk,
in 9.3.1, we could make a machine 7’ which, given m and n, would give
us the mth digit c,, of the nth computable number. In particular, then,
we could make a machine 7"’ which, given m, would give us the mth digit
Cmm Of the mth computable number. Next we could modify that machine
to make a machine 7'’ that would print out the sequence

...OOOXC”XszX...XC'mmX.. .

as a computable real number. Having got so far, we make one final
change in our machine: The machine 7' is like T'"" except that for
each m, if ¢, is ‘1, the new machine 7" prints ‘2’ for it; if ¢,, is not
‘I, then T prints ‘1’ for it. Now consider the array of the digits of all
the computable numbers ¢;,c,,...Cp,. ..

G = @ Ci2 Ci3 Ca

Cy =

C3 = C3) C3 @ C34
Cq = Caq C42 Ca3 @)

where we have circled the ‘““diagonal” digits c,.,. Note that the machine
T"""" prints a sequence whose mth digit is never equal to the corresponding
¢mm- The fact that each diagonal entry has been changed means that the
sequence obtained by going along the new diagonal must be different (in
at least one digit) from each and every row sequence. Since we have given
an effective procedure for writing its digits, this sequence defines a com-
putable number. But this means that our final Turing machine prints a
computable number that did not occur in the allegedly complete sequence
of computable numbers *“‘represented” by 7. This contradiction implies
that no Turing machine can represent the entire set of computable num-
bers, hence this set cannot be effectively enumerated.

Students familiar with Cantor’s theory of infinite sets should note that,
although we have employed Cantor’s “diagonal method,” we have not
shown that there are an uncountable number of computable numbers! All
we have shown is that the computable numbers cannot be “counted” by
any Turing machine (or other effective process). Their number is still only

!
&)
=
&)
N
e
&)
N
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that of the integers; they could be counted by an omniscient “oracle” or
an infinite computer. Cantor’s argument for the uncountability of the real
numbers depends on applying the “diagonalization method” to any
enumeration whatever, without the restriction to “effective” or “comput-
able” enumerations.

9.5 DESCRIPTIONS AND COMPUTABLE NUMBERS '

Imagine for the moment that man has evolved a perfectly unambigu-
ous written language through which he can communicate all his intuitive
notions. The expressions of this language are finite sequences of symbols
from some (fixed) alphabet. A description of a real number is an expres-
sion in this language which in some clearly understood way determines,
selects, generates, or allows us to recognize that number and only that
number. We call describable any number which has a description.

Warning: This intuitive notion is so vague that one may wonder
whether it could have any useful precisely defined counterpart. At present
this seems very unlikely, since no one has been able to point toward a way
of excluding logical paradoxes, while preserving all or most of the descrip-
tive freedom of “natural” language. Let us explore this notion, though,
as if it were well defined, and see what happens.

The set of describable real numbers is surely a countably infinite set,
for any description is a finite string of symbols. Hence all descriptions can
be enumerated, e.g., by listing first the finite set of expressions of length 1,
then those of length 2, etc. Of course not all strings will be descriptions
of numbers but this doesn’t matter. It follows that some real numbers are
worse than non-computable; some (indeed, almost all) are non-describ-
able— there aren’t enough descriptions to go around! The computable
numbers are certainly describable; hence (as argued in 9.3.2), they are
countable. Now let us go on with this speculative theory.

9.5.1 Some descriptions of numbers do not
describe computable numbers

Consider the non-computable number Ry described in 9.3.1. In
English, it is described by:

[ 1 if U halts on the nth tape.

The nth digi =
e nth digit of Ry 10 if U never halts on the nth tape.

*This section is independent of what follows and is probably not entirely sound! It is

interesting to speculate on what happens if we try to build up an analysis for description

along the lines of our analysis of effective computation. The subject of description has
been treated in many other ways.
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chce Ry is describable even though we can’t find all its values by an ef-
fectlvg procgdure. Remark: We would expect no particular difficulty in
describing, in super-English, what is a Turing machine.

PROBLEM. Let T be any Turing machine, and let Ry be the describable
number defined by

The nth digit of R y = 1 if Thalts on the nth tape.
0 if T never halts on the nth tape.

Prqve that no effective procedure can decide, for every machine T, whether
R ris computable.

It follows from this problem that no effective procedure can determine
which describable numbers are computable and which are not. In fact, in
general it is not possible to decide which expressions describe numbers
at all.

Quite frequently, of course, we can show that some particular descrip-
tion specifies a computable number. For example, the description of e as

n=0 ;T
makes it possible to show that (the sequence of digits of) e is computable.

PROBLEM. Show that e is computable! This requires an analysis to find
out when the representing machine can print an X

9.5.2 Some descriptions of computable numbers
aren't effective

Frequently we can describe a computable number in a manner which is
completely ineffective in itself-—which doesn’t give the slightest hint as to
how to compute that number. Consider the following non-effective de-
scription of a number N: N = 1 if there are an infinite number of 5’s in
the decimal expansion of =, and N = 0 if not.

Now N is either 0 or it is 1—there is no other possibility, and it must
surely be only one of those. In either case it is a computable number, for
1 is and 0 is. But neither the author nor the reader knows which one it is,
nor does anyone else! I'm sure that the vast majority of mathematicians
would bet, for various reasons, that N = 1; but that isn’t much help. It
seems perfectly possible to me that no one will ever find out the answer.
Perhaps time will not tell.

This raises some intensely puzzling questions. Up to now each of our
“unsolvable problems” has been concerned with some infinite set of deci-

sions. We have never shown that the halting problem for any particular
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blank-tape Turing machine was unsolvable, but only that we could not
hope to find any ““uniform” procedure to solve al// such problems. Some
mathematicians accept these uniform unsolvability results but prefer to
believe that there can be no analogue for single problems. They seem to
feel that even if present methods fail to solve a problem, we will always
be adding to our mathematical resources and, through such additions,
can eventually solve all particular problems. (It is clear that such a com-
plete evolution of our methods cannot occur in accord with any effective
process, so such faith must depend on some unexplained optimistic belief
in invention.)

Returning to the problem of the value of N, it is clear that this
problem cannot be solved by brute computation of the digits of = to enor-
mous precision. For at any time in the computation one will have only a
finite number of 5’s, and this provides no evidence either way. If one
finds no more 5’s for a very long time one may become discouraged, yet
one may be just about to strike oil; while if one gets many 5’s one can still
draw no conclusion—the well may be about to run dry! To settle the
question will require some form of mathematical proof—a more abstract
kind of prospecting.

A little earlier we mentioned that it seems possible to us that this
question will never be solved. It seems also possible, and this is quite
different, that it cannot be settled. The first gloomy suggestion is that we
will never happen to find a proof. The second is that perhaps there is no
proof—within the framework of any ‘‘plausible™ extension of what we
recognize today as valid mathematical reasoning. A third, even more ob-
scure possibility, is that one might prove that the question can’t be
settled. To explore carefully what such a result could mean, and what
form it could take, would carry us well beyond what can be discussed in
this informal framework, and no one seems o understand it terribly well,
anyway.

We will discuss instead some problems whose solvability status is clear
yet sometimes misunderstood:

(1) Fermat's Last Theorem cannot be proved unsolvable. This is like the
situation in section 8.6. The question is: “Are there any integers x, y, z,
and w, for which

x¥ + y¥ =2z"
with w larger than 2?7 This question might, of course, never be solved—
i.e., no one might ever find such a set of x, y,z, and w. But it cannot be
proved unsolvable. For if there were such a proof, this would be in-
consistent with the existence of an x, y, z, w solution; hence such a solution

could not exist; hence the question would be answered ““No,” and this
would solve the problem.
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(.2) The ?r(n) Sfunction must be computable, even though it may be im-
possible to find out how to compute it. Define the function:

(n) = 1 if the decimal expansion of 7 has n 5’s in a sequence.
0 ifnot.

Now we observe that
(1) ?f w(n) =1 then n(n - 1) =1 (n > 0)
(i) if w(m) =0 then w#(n+ 1) =20

So the values of w(n) have either the form
n=1234, . . k.k+1,k+2,...
wn)y = 1,1,1,1,...,1, 0, 0,

for some k, or else w(n) = 1 for all n. No one knows. Perhaps we will
never discover a way to find out what k is, if it has a finite value. But =(n)
is computable in any case, for (i) if there is no k, then

w(n) =1

which certainly is computable, and (ii) if there is a k, then

1 ifn <k
w(n) =
0 ifn>k

which function certainly is also computable. The point is for the reader to
note the curious disconnection between knowing a function is ‘“‘com-
putable” and knowing how to compute it!

(3) It is not known whether ='(n) is computable. Define

7(n) = 1 if the number n occurs within the decimal expansion of .
0 otherwise.

Then, for example,

7'(141) = 1, «'(4159) = 1, 7'(26535) = 1, etc.

We know these because we see them in known parts of the decimal expan-
sion of 7. But we don’t know that «'(n) is computable. To find out,
I suppose, would require a major advance in the mathematical theory of
transcendental numbers rather than an advance in the theory of com-
putable functions. Certainly the kind of argument, in the previous para-
graph, about w(n) simply doesn’t work here. Most mathematicians would

surely suppose that «'(n) = 1 for all n (and hence, incidentally, that
w(n) = 1 for all n), but no one knows.
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9.5.3 Mathematics and metamathematics

The conclusion of Section 8.6 is probably sound. We cannot expect to
find consistent informal arguments proving that the type of particular—
one-answer—problems considered there are unsolvable. But there is
something peculiar about the argument we used to show this. We become
aware of this peculiarity in two important ways. First, in other areas
there are arguments of very much the same character which seem equally
reasonable, yet give us absurd results; this makes us suspicious of all such
arguments. This is why I said that the argument in question is only
probably sound.

We sce the peculiarity more clearly when we try to replace the informal
argument by a ‘“‘mathematically rigorous’” demonstration, €.g., one like a
proof of Euclid in which each step of the argument is “‘authorized” by
referring to some previously-agreed-on “axiom.” (Actually, Euclid’s
proofs must be further justified by references to “‘rules of inference” which
specify how new theorems may be generated by using old theorems and
axioms.) When we do this, we become aware that our “proof” refers
explicitly to the notion of proof itself. But in what axiom system? Is the
system the proof talks about the same system that the proof is constructed
in? If not, the argument loses much of its force, for even if a problem is
unsolvable (that is, if a statement is neither provable nor disprovable) in
one system, there would be nothing surprising about finding that it can be
settled in a larger system—e.g., one which contains that statement as an
additional axiom.

On the other hand, if the proof systems are the same, so that state-
ments can, in effect, talk about themselves or about their own proofs, we
must be prepared to find grave difficulties. Historically, most such sys-
tems of ‘“‘metamathematics”—axiom systems concerned with theorem-
proving itself —have turned out to be inconsistent, producing self-
contradictions. Worse, it was shown by Godel that if, within any such
system, one can prove that this will not happen—i.e., the system asserts its
own consistency—then surely it will in fact be inconsistent. Hence one
cannot believe the most persuasive argument of a mathematical system in
its own defense! Godel’s methods are essentially similar to those we use
in chapter 8, but somewhat complicated by the additional machinery
needed to talk about theorems and proofs.

This subject is quite complicated and technical, and the reader who
wishes to pursue it is referred to Rogers [1966).

The following well-known “‘paradox” illustrates this kind of difficulty
with descriptions very nicely. Consider “‘the smallest integer whose de-
scription requires more than ten words.”” Does this description define any
integer? It ought to, since we know that every set of (positive) integers
must have a smallest member. And why should we not be able to consider
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the set of integers whose (smallest) descriptions are longer than ten words?
But since the quoted expression has itself just ten words we have a para-
dox. The trouble comes when we attempt carefully to formalize the
notion of description. There is no trouble with a straightforward repre-
sentation of numbers, e.g., as strings of digits in the usual way. Then,
e.g., 100 is the smallest integer not representable by less than three digits.
But we get into trouble when the expressions are, as above, interpreted
on the metamathematical level to talk about themselves. Since we cannot
expect to be able to embed such statements in a consistent logical system,

we need not be surprised at “paradoxes” like this: one expects them when
the logic itself is defective.

9.6 PROBLEMS ABOUT COMPUTABLE NUMBERS

PROBLEM 9.6-1. Prove that, if x is a computable number, then so are
x/2, x2, sin x.

PROBLEM 9.6.2. Define the computable-complex numbers and sketch a
proof that they form an algebraically closed field—that, if aq, ..., a, are
computable-complex, so are the roots of the equation

ag + ayz + -+ az" =0

Hint: Show that any standard computation method, e.g., Newton’s method,
yields an effective procedure for finding the decimal digits of the roots.
Ignore the difficulties that arise for those roots that are rational, since they
are computable anyway.

PROBLEM 9.6-3. Define a real-computable function in the following way:
The function f(x) is real-computable if there exists a Turing machine which,
given x = .g|aya;..., together with an arbitrary integer », in the form
of an infinite initial tape

...000...0Y"Xa, Xa XasX ... Xa; X . ..
will always terminate with a tape of the form
..000... Y/ xa, Xa, X ...

where Y" is a block of n Y’s and f(x; n) is the nth digit of f(x). (If this
seems to be too specialized a definition, one might just say that f(x) is real-
computable if there is an effective procedure which finds (for each n) the
nth digit of f(x), given the expansion of x on a semi-infinite tape.)

Prove that any real-computable function is continuous in the ordinary ¢, &
sense! Hint: Show that the discontinuous function

.000 . .. if x <4 = .333...
fx) =
JA00...  if x > 4= 333...
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isn’t real-computable (and similarly that a real-computable function can’t
have a discontinuity at any point). How can the machine decide what is the
first digit of f(.333...)?

NOTES

1. A good introduction to the theory of infinite numbers, and to the real numbers,
is Courant and Robbins [1961, Chap. 5].

2. See, for example, Quine [1960] and his further references. For a most interest-
ing ambitious, and unconventional, if not entirely complete, attempt to show
how everyday intuitive ideas could be incorporated in a formal mathematical
system, see Freudenthal {1961].

THE RELATIONS BETWEEN
"I o TURING MACHINES AND
RECURSIVE FUNCTIONS

10.0 INTRODUCTION

In this and the next chapter we explore a number of formulations of
the notion of effective computability—and show that they all define the
same class of computations, or procedures. Historically, many of these
notions arose independently. The fact that they all turned out to be
equivalent is one of our major reasons for confidence in arguments using
Turing’s thesis. And even if Turing computability should not agree
perfectly with everyone’s intuitive ideas about what processes are effective,
this multiple discovery and equivalence makes it certain that this par-
ticular class of processes has an important significance. Its study—the
branch of mathematics called theory of recursive functions—is one of the
most elegant and self-contained mathematical developments of the
twentieth century. It also provides a certain amount of practical insight
in understanding the nature and limitations of computer programs.

This chapter develops the notions of primitive-recursive function and
general-recursive function and shows how the latter notion is at least as
comprehensive as that of a Turing-machine-computable function. The
mathematical method for showing this is a curious one, called ‘“‘arithme-
tization.” Arithmetization is very simple, but there is something artificial
and unnatural about it. While the logic is easy to follow, one feels that
the whole thing is a sort of extended joke or pun, and that there ought to
be a more lucid analysis that yields the same end result but gives more
insight into its nature. Later we will outline some more “natural” meth-
ods, but for now our main concern is to get certain results within the
framework developed up to this point.

169
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10.1 ARITHMETIZATION OF TURING MACHINES

We want first to show that there is a sort of equivalent to Turing
machines within a rather elementary system of arithmetic—that is, to
show that one can build the computable numbers and functions on simple
ideas about numbers rather than about machines. We will use a simple
arithmetical technique to show how a numerical formulation of the notion
of effective computability yields essentially the same theory as that based
on machines.

/

10.1.1 Representation of the Turing-machine
conditions in terms of quadruples of integers

Consider a Turing machine at some time 7 in the course of a computa-
tion: it will be in some state g(f) reading some symbol s(¢) on the tape.
The tape will have a finite number of symbols written on it and will be
otherwise blank. It is convenient to restrict ourselves to the binary Turing
machines and to use ‘0’ for the blanks and ‘1’ for the other symbol. Then
the tape will have the appearance

TR - RERTEE
@

where we find it convenient to think of the tape as composed of two
(infinite) sequences extending in either direction from the location of
the reading head. Now, if we take each of these sequences to represent
the digits of a binary number, then we can regard the tape as represented
by three integers (s, m, n), where s is the digit under the reading head and

o

m = Z b;2f n = Z c;2 each b; and c;
0 0 islor0
For example, if the tape is

...00010111101111000. ..

then (s, m, n) = (0, 47, 15). These “infinite” sums are really finite, since
only a finite number of b;’s and ¢/ s are different from zero. If we further
represent each state g; by the corresponding integer i, then we can repre-
sent the complete state of the Turing machine condition at each moment
by a quadruple of integers [q, s, m, n]."

Each operation cycle of the Turing machine has the effect of trans-
forming the numbers [g(?),s(f), m(?),n(f)] into a new quadruple

“This representation is based on one used by Wang [1957].
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[gt + 1), st + 1), m(t + 1), n(t + 1)]. Since the quadruples are
complete descriptions of the machine conditions, knowing the details of
this transformation is equivalent to knowing the structure of the Turing
machine involved. 1In fact, the transformation is related to the Turing
machine’s quintuples in the following way:

Consider a quintuple (q;, s;, g4, 5, d;;) and suppose for the moment
that d;; = 1; that is, the machine is to move to the right. Then the tape

AN R

& |- R

<———m5—4 —

will become

The new value g* for g is g;;. The new value s* is the old ¢o. The new
value m* of m is found by noticing that all the b;'s have been moved up
one binary position (doubling their values in the binary sum) and s;; fills
in the least significant digit; hence

S,‘j + ZO: b,‘2i+l

s+ 20 b2
0

Sij + 2m

m*

Similarly to find n*, the new value of n, ¢q is removed and the other digits
are moved down one binary position.

©

Z ci2iy

1

a0

1D e = e
0

1

3(n — co)

We can summarize all this by writing

n*

q* = qy
s* = P(n)
* Tright
m = S,‘j + 2m
n* = H(n)



172  TURING MACHINES AND RECURSIVE FUNCTIONS sEC. 10.1.2

where we define H(n) to be the largest integer in n/2, and P(n) to be 0 if n
iseven, 1 if nis odd. Thatis,

PO) =0  H(@O) =0
P()=1 H1)=0
PQ) =0 HQ) =1
PG =1 HG) =1
P(4) =0  H(4) = 2, etc.

and, in general, n = P(n) + 2 H(n). What this shows is that the trans-
formation involves only the simplest arithmetic ideas—addition (by
unity), multiplication (by 2), and the quotient H(n) and remainder P(n) of
division (by 2).

If the direction d;; happens to be ‘0’—“move left”—then we need only
exchange the roles of m and n in the above transformation equations.

10.1.2 The Turing transformation

Now we will complete the representation of the Turing machine in
terms of arithmetic operations. We can represent the quintuple structure
of a given two-symbol Turing machine by redefining the three functions
(see section 6.0)

Q(insj) = {gij STATE
R(qi,s55) = sy SYMBOL
D(gq;,s;) = d DIRECTION

in terms of integer-valued functions of integers. They need be defined
only over the finite set of value pairs

0,0) (1,0) (k-1,0)
O, 1y (1, 1y (k-1,1)

where k is the number of states of the two-symbol Turing machine. D
and R take on only the two values 0 and 1, while Q can assume values
between 0 and & — 1. It will be convenient also to have the function

D(q,s) = 1 - D(q.5)

such that D = 1 for “move left” and D = 0 for “move right”—just the
opposite of D. We need also the division-by-2 functions, just defined:

H(x) = quotient of —:— ElALF
4
. X
remainder of ) PARITY

P(x)
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Suppose, finally, we have the two arithmetic functions
\F+(x,y) =x+4+y ADD:'
P - 5 i |

Now with these we can express our transformation in a uniform way,
without any external statement about the value of d,;:

q* = 0(q,5)

s* = P(m)- D(q,s) + P(n)- D(q,s)

m* = [2m + R(q,s)] - D(q,s) + H(m) - D(q,s)
n* = [2n + R(q,s)] - D(q,s) + H(n) - D(q,s)

Observe the simple-minded trick used here. If the instruction is really
“move right,” then D(q, s) = 1 and D(q, s) = 0. In that case these
equations are exactly the same as those of Tygn. In the “move left” case,
just the appropriate changes are made. While this works, it has a certain
logical opacity (about which we complained in the introduction of this
chapter). The “pun” is that ‘+’ is used as a sort of logical “or” and ‘x’ is
used as a logical “‘and,” somewhat as in Boolean Algebra.

We have expressed the Turing transformation entirely in terms of
simple arithmetic functions. Indeed, (although it may seem a little
tedious) we can write each equation explicitly as, for instance,

m*(q. s, m, n) = F*(F*(F*(F*(2, m), R(q, 9)), D (q. 5)), F*(H(m), D(2.5)))

This is written out, not for clarity, but to demonstrate that we really
can express the transformation equations in terms of the given functions
combined by several applications of the “‘composition” operation.

10.1.3 Reduction to the zero and successor functions

Next we show that by the addition of more equations we can eliminate
many of the basic ingredients of the above system! We do this by starting
with certain very simple functions and defining the required new functions
by induction. In fact, using induction, all we need to start with is the
“zero function”

0x) =0 ZERO FUNCTION }

TComposition is the operation of substituting function names for variables in other
function names. A more formal treatment of this is given in Kleene [1952], but the details
aren’t important here. What is important is to observe how we make new functions by using
composition operations on old, simpler, functions.
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and the “successor function” (for which it is convenient to have two
notations):

S(x) = x + 1 = x" | SUCCESSOR FUNCTION

Then we can define the addition function F *(y, x) by the equations:

P00 = [t

F*(y',x) = (F*(y,x)) = S(F*(y.x)) | INDUCTION FORMULA

Let us be sure to understand these equations by seeing how they give the
value, say, of 3 + 6 = F* (3, 6). We find that

F*(3,6) = (F*(2,6)) or S(F™(2,6))
= ((F7(1,6))") S(S(F*(1,6))
= ((F*(0,6))")")’ S(S(S(F (0, 6))))
= (((®))') S(S(S(6)))

=) =@y =9 S(8(M) = S@) =9

It can be seen that the values of a function so defined are determined—
that the calculation must eventually terminate—because of the constant
decrease of the value of the induction variable.

We can define the multiplication function F*(y, x) similarly:

F*(0,x) =0
{F“(y’,x) = FY(F*(y,x),%)
Of course, we can define any particular constant as a function:
Ca(x) = S(S(S(SO))) = 07" = 4.
It is convenient to define the function N(x), which is a ‘0’-detector:
NO) =1
{N(y’) =0(») =0

because then we can easily obtain P(x) and H(x):
P0) =0 { H() =0
P(y")

N(P(y)) H(y') = F*(H(y), P(y))
10.2  THE PRIMITIVE-RECURSIVE FUNCTIONS

} l NULL FUNCTION

All of our inductive definitions in the previous section have the
same general form. There is one induction variable, y, and perhaps some
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other variables x,,...,x, regarded as parameters, that is, as numbers
fixed throughout the definition. (In each case above there was either no
such parameter or one.) In each inductive definition of a function, there
appear two other functions which are assumed to have been already de-
fined: a base function ¥ and an inductive step function x.!

0,x2,...,x,) = yes Xp
#( X2 ) = ¥(x; Xn) ‘ Eg
¢(y » X2, ..,X,,) = X(d)(yaxh- . -,xm'ay’xl’- . "x'l)
The important thing is that in each step the value of the right-hand side
may be calculated in terms of already defined functional values. In any
particular instance of this form, the parameters may be absent, either from

¢ itself, or as explicit variables in ¢ and .
This introduction form “PR” is called primitive-recursion.

DEFINITION

Any function that can be defined in terms of 0(x),
S(x), composition, and primitive recursion is called
a primitive-recursive function.

We have almost completed the proof that the functions ¢*, s*, m*, and
n* are all primitive-recursive. Only, we have not yet accounted for the
“fixed” functions Q, R, D, and D—that is, to show that they are primitive-
recursive functions. To show how this is done we show first how to define
a fixed finite function of one variable. Suppose, for example, that we want
to define a function W(x) so that

W) =2, W()=10, W) =13, WQ3) =7

and that we don’t care what the other values of W(x) are. Then we can
define a satisfactory function W by (wastefully) defining enough other
functions:

Y(0) =3 X(0) = 10 W) =2
Y(x) =7 X(x') = Y(x) Wi = X(x).

Then we find that W(2) = X(1) = Y(0) = 3 and that W(x) happens to
have value 7 for all values of x greater than 3. Clearly, Y, X, and W are
all primitive-recursive functions. We leave to the reader to show that
functions of two variables like Q(x,y) and D(x,y) can be defined simi-
larly.

"we give here a very general form. ¢ is the function being defined. ¥ is the base func-
tion, which appeared only as a constant or as a single variable in the examples of 10.1.3.
The function x describes some computation that depends on the induction variable y,
already-defined values of the new function ¢, and on whatever parameters x;, ..., x,
may be desired. For instance, in the definition of F*(y, x) above y(x) = 0 and
x@y,x) = F¥a,x) = a + x.
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We can conclude from all this that the Turing transformation functions
are primitive-recursive functions. Warning: we have not yet shown, and it
is false, that any computation is primitive recursive; we will get to this
shortly.

PROBLEM. Sketch the construction of two-variable fixed functions like
0, R, D from primitive-recursive definitions.

PROBLEM. Give primitive-recursive definitions for f(y, x) = x”,f(x) = x!

10.2.1 Turing machine computations and
primitive recyrsion

Although we have been able to represent, by a set of four primitive-
recursive functions, the effect of a single step of a Turing machine, we
have said nothing about the ultimate effect of continued operation of the
machine. We can handle this by introducing a new integer variable 7 to
represent the number of steps the machine has taken—the number of
moments it has been in operation. Next we introduce four new (five-
variable) functions T,, T,, T,,, T,. The function T,(t,q,s,m,n)is to give
the value of g that will result if the machine T is started in condition
(q,s,m,n)and is run for t steps.

To calculate this, we have to iterate 7 times the transformations g*, s*,
m*, n*. Thus,

T7,00,9,s,m,n) = q

T,(1,q,s,m,n) = g*(q,s,m,n)

T(2,q,5,m,n) = q*(g*(q. s, m,n),s*(q, s, m,n), m*(g, s, m,n). n*(g, s, m?
etc.

But, in fact, we can use the primitive-recursion scheme directly to define
T,(t,q,s,m,n) for all values of ¢, and in general

{Tq(O,q,s,m,n) =gq
T,(t',q,5,m,n) T,(t,q9*(q, s, m, n),s*(q, s, m,n),

m*(q, s, m, n), n*(q,s, m, n))

We can define similarly 7, T,,, and T,. It follows that the iterated Turing
Sunctions T,, etc. are also primitive-recursive functions. These defining
equations have a simple intuitive meaning. They state that the effect of
t + 1 operations, in initial situation (gq,s,m,n) is the same as that of
applying 7 such operations to (g*, s*, m*, n*)—that is of applying first
one operation and then ¢ more operations! What could be simpler?
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10.3 THE PROBLEM OF RECURSION WITH
SEVERAL VARIABLES

The proof in the previous paragraph is defective, because the recursive
definition given for T, was not, in fact, an example of primitive recursion
(PR) as defined in section 10.2! The trouble is that the parameters g, s,
m, and n do not stay fixed during the calculation. Nevertheless, it is pos-
sible to define T, using only legitimate forms of PR, and it is the goal of
this section to show how this can be done.

10.3.1 The information-packing functions H, T, C

Let us consider a simpler form of the problem: Suppose we have a
definition

T(n',a,b) = T(n,o(a,b), r(a,b))

where ¢ and 7 are already-defined PR functions. Then I assert that 7 is
also PR, but I cannot find any direct way to force it into the form of the
PR schema. The trouble is that the PR schema seems to provide no way
for two different computations to interact; in this case the dependency
of T(n',a, b) upon both a(a, b) and 7(a, b).

Now this appearance is really false, but it seems that to get around it
requires some sort of machinery for dealing simultaneously with several
sources of information. Suppose, for example, that we were able to find
three PR functions, C(y,z), H(x), T(x), with the properties that, for all
yand z,

H(C(»,2)) = y
and
T(C(y,2)) = z
We will indeed soon find just such a trio of functions:
H = HEAD
T = TAIL

C = CONSTRUCT
Then we could redefine T as follows:
T(n,a,b) = T*(n,C(a,b))
and define T* recursively as

{T*(O, x) = T(0,H(x), T(x))
T*(n', x) = T*(n,C(a(H(x), T(x)), T(H(x), T(x))))
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This may not look any better on the surface, but the next section'will show
that it is indeed PR. We first verify that 7T* has the right properties:
T(n',a,b) = T*(n',C(a,b))

— T*(n,C(a(H(C(a,b)),T(C(a, b)), 7(H(C(a, b)), T(Cla, H)))))
T*(n,C(o(a,b), 7(a, b))

= T(n’ U(av b)7 T(aa b))
Now we want to show that T, as defined above, is a PR function. If we
think of

C(a(H(x), T(x)), T(H(x), T(x)))
as a single primitive-recursive function of x, the following theorem will
apply.

10.3.2 The ¢" theorem.
Consider
#(0,x) = ¥(x)
p(n',x) = ¢(n,o(x))

where ¢ and ¢ are PR. It is not obvious that ¢ is PR, from this definition,
because it does not fit as an instance of the PR schema. But, let us look at
its values:

$(0, x) = ¥(x),

#(1,x) = ¢(0, a(x)) = Y(a(x)),

$(2,x) = ¢(1, a(x)) = ¥(c(a(x))),

63, x) = Y(a(a(a(x))),

and clearly in general
¢(n,x) = Y(a"(x))

where ¢"(x) means applying ¢ to x, n times. Now we can define ¢"(x)
recursively as

{ f0,x) =x
f(n', x) = o(f(n, x))
and clearly f'is PR and

f(n, x) = ¢"(x)
Hence

o(n, x) = Y(f(n, x))
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So ¢ is PR after all—i.e., because it is identical with a PR function de-
fined another way!

PROBLEM 10.3-1. Prove by induction that ¢(n, x) = ¥(f(n, x)). Hint:
Use induction on n, assuming each hypothesis true for ali x. First prove that

f(n,0(x) = o(f(n, x)).

10.3.3 Defining the information-packing functions
H,T,and C

In 10.3.1 we showed that if we could find functions C(y, z), H(x), and
T(x) for which

H(C(»,2)) = y
and
T(C(y,2) = 2

then we could handle a function like Tz, q, s, m, n) except with only two
variables T(, a, b) in addition to ¢. Before we construct H, T, and C, let us
note that, by using them more fully, we really can handle the full T
problem! For we can write
T(t,q,s,m,n) = T*(1, C(C(q, s), C(m, n)))
horrible as this may seem, and then all the information in (g, s, m, n) is
packed into one number
x = C(C(q, ), C(m, n))
Or, alternatively,
x = C(g, C(s, C(m, n)))

In fact, all the information can be extracted again simply by using

g = H(H(x))

s = T(H(x))

m = H(T(x))

n = T(T(x))

or, alternatively,

g = H(x)
s = H(T(x))
m = H(T(T(x)))
n = T(1(T(x)))

which correspond to two different information structures:
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or tree structures:

H T
HAT HAT /
q s m n q

So we can define the real T by the schema

T*(t', x) = T*(t, o(x))

where ¢ is a single monstrous but still PR function; then the ¢" theorem
assures us that T itself, that is, T(t, g, s, m, n) is primitive-recursive.
Now let us construct H, T, and C. We will adopt a simple encoding
scheme by defining
C(y,z) = 2% + 27!

If we think of C(y, z) as a binary number then it will have the simple form
100...00100...00
N

z y
where y and z are now represented by strings of zeros. Now it is easy to
see that this C(y, z) is PR:

C(y,z) =exp(y) +exp(y +z+ 1)

where

exp (0) 1
exp(n’) = 2-exp(n)

So our real problem is to find PR definitions for the H and T for which
HQY + 27 =y
TR + 27 = 2
Now in fact H(x) is the number of times x is evenly divisible by two; and
again with the aid of the ¢" theorem we will be able to prove it is PR.
DivIDING BY 2"
We have already defined (in section 10.1) the function H(x)
H(x) = % if x is even
x -1

H(x) = if x is odd
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Now we would like to make a more drastic distinction between even and
odd numbers: so we define

J(x) = H(x) - N(P(x))
which has the property:

J(x) = % if x is even

J(x) =0 if x is odd

We also define E(x) = N(N(x)) which will be 0 if x is 0, and | otherwise.
Now consider the sequence

E(x), E(J(x)), E(J(J(x)), EJIUx)), et

It is easy to see that if x is divisible by 2, n times, then E(J"(x)) will be 1,
otherwise it will be zero. So, using the ¢” theorem if we define D(n, x) to be

{D(O, x) = E(x)
D(n', x) = D(n, J(x))
so that

D(n, x) = E(J"(x))

we have in D the PR function which tells whether or not 2” divides x.
Next we define

{G(O, x) = E(x)
G(n',x) = D(n',x) + G(n, x)
so that
G(n,x) = E(x) + E(J(x)) + E(J(J(X))) + ...+ E(J"(x))
is the number of powers of 2, up to 2%, that divide x. Finally, if we define
H(x) = G(x, x)

we obtain the function we wanted—because 2 can’t divide x more than x
times!" We have now only to get T(x). We will leave it to the reader to
confirm that if

x =27, 2y+z+]\
"This last observation is really vital. We really defined G(n, x) recursively to be
n
> Dl x)
i=1

and thus showed, incidentally, how this “bounded summation” can be done primitive-
recursively, for any function.
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then
H(x) =y
(as we have shown), and
T(x) = HH"™*(x)) = z

i.e., applying H to x, H(x) + 1 times, and then applying H, and that this
latter function is PR

PROBLEM 10.3-2. Define H and T if C(y, z) = 2’2z + 1). This is
actually simpler. We chose the form in section 10.3.1 so that the reader
could see easy ways to generalize, e.g., to four variables directly: here we can

use
fla,b,c.d) = 2°%1 + 28710 + 29711 + 297Ny

Define the appropriate information-recovery functions for this new form
of C.

PROBLEM 10.3-3. In some sense, if H, T, and C exist, it must be the case
that, on the whole,

C(y,z) > y-z

Discuss this. In the Solutions, for this problem we show that there is a PR
function C, for any ¢ > 0, for which

C(y,z) < yz!'*9

so that in this sense one can get very close. Godel, who originated these
methods, used functions like

fla, b, c,d) = 235577

See chapter 14 for further discussion of some methods of this sort.

PROBLEM 10.3-4. The encoding-decoding method in 10.3.3 uses large
numbers and uses facts about repeated factorizations or divisions. It is
possible to avoid most of that machinery, and we hasten to give an alterna-
tive. Consider using for C(y, z) the quadratic polynomial

C(y.2) =3y + 2+ (y+2)+2x)

which is much smaller than the exponential encodings given above. Prove
(1) that C(y, z) has different values for every pair of positive integers; (2)
that there exist primitive-recursive inverse functions H(x) and T(x) for
which

H(f(y-z)) =Y, T(f(y,z)) =2

and that f is as efficient as possible in that it takes on all integer values.
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10.4 THE (GENERAL) RECURSIVE FUNCTIONS

The primitive-recursive definition schemes have a critically important
property. Any primitive-recursive definition defines uniquely the values of a
Junction for the entire range of its arguments; there can be no ambiguity.
(For a proof of this, if the reader cannot supply it himself, see Davis
{1958, Theorem 3.3, p. 48].) In particular, for any Turing machine 7, the
iterated Turing functions T,, T,, T,,, and T, are defined for all values of
their variables, including all values of . But curiously, this very virtue
makes it difficult (in fact, impossible) to represent by primitive-recursive
functions all the functions defined by the computations of Turing
machines.

The trouble is that we have no representation, in terms of primitive
recursion, of what it could mean for a Turing machine to halt. And this
is much more serious than may seem at first glance.

To examine this more closely, let us make the definitions a little more
precise. A Turing machine 7 will be said to compute a value T(x) if, when
started in some standard condition with some standard representation of
an integer x on the tape, it eventually halts with (a representation of) the
integer T(x) on its tape. To make matters concrete, we will choose for our
standard representation of the input x, the machine configuration®

(g.5,m,n) = (0,0,0,2%)

For a standard representation of the output, we will arrange that the
Turing machine halts after entering state g, and agree that any final con-

fThall is, the machine is given the number x in the form:

x zeros
[0 To
()

The reason for this choice is a little technical: we want it to be simple, but the Turing
machine has to be provided with some kind of punctuation so that it can recognize where
the input data ends. We can’t use the simpler representation (0, 0, 0, x) because then the
machine will never be sure that it has yet seen the most significant digit of x and would
have to keep moving forever to the right. The representation (0, 0, 0, 2%), in effect, uses
aversion of unary notation instead of binary— the machine moves right (counting the 0’s)
until it encounters the 1—then it is certain that it has seen the whole number x. Thus the
number 13 can’t be represented by

in binary because the machine could never be sure there are no more s to the right. The
reason we don’t use unary notation directly is simply that we want to remain consistent with
the definitions of g, s, m, and n in 10.1.1.
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figuration of the form

(¢ = 1,5 = anything,m = anything, n = 27 (1 + 2 - anything))
represents the function value T(x) = y.Y If such a configuration never
occurs, we say that the machine does not compute any value, or better,
that T(x) is undefined.

Now we can easily arrange for halting in an actual machine, or in an
imaginary Turing machine, but we simply cannor do this within the
framework of primitive-recursive functions. (See, for example, how the
function W(x) in 10.2 got defined for all values, whether we wanted it to
or not.y What we need, precisely, for the representation of T(x), is to be
able to find, given x, the value of

T,(t,0,0,0,2%)
for the smallest value of t for which
T,10,0,0,2%) = 1

For this means to run the machine until it enters state g,—our halting
state—and then read what is on its tape. It is customary to represent “the
smallest value of ¢ for which ...” by ‘u/ so that

po [P(t) = K] [MINIMIZATION OPERATOR|

means “the least ¢t for which P(t) = K.” Using this notation, we can de-
fine the function T(x) computed by Turing machine 7" by the expression
T(x) = T,(u,]T,(0,0,0,2%) = 1},0,0,0,2%)
That is, first find out how many steps it will take the Turing machine to
halt (i.e. to enter ¢;), and then calculate the value of n after that many
iterations of the Turing transformation.
DEFINITION OF GENERAL-RECURSIVE FUNCTION
If a function can be defined by the apparatus of
primitive recursion, together with use of the
minimization operator u, then it is a general-
recursive function (or more briefly a recursive
Sfunction).
We have just shown that the functions computable by Turing ma-

chines are general-recursive.! We will prove the converse in the following
chapters.

" That is, y is the number of zeros before the first one to the right of the reading head.
One has to verify that the function E(X) = 2% is primitive-recursive:
E0) |

E(X') = FT(E(X), E(X))
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Note that the minimization operator was used only once, at the very
end of our description of the Turing-machine computation! This is a
general phenomenon; any general-recursive function can be obtained by a
single application of pu to some primitive-recursive function. It will be-
come clear why this is so as we proceed.

Are the general-recursive functions different from the primitive-
recursive functions? They are, because it is impossible to define the
w operator in terms of zero, successor, composition, and primitive
recursion. This will be shown in the next section.

PROBLEM 10.4-1. Prove that if ¢(x) is primitive recursive, then
n

)y = 2. 60) = 6(0) + ¢(1) + 6(2) + ... + ¢(n)

j=0

is primitive recursive. Prove also that

gn) = JI}O ¢() = ¢(0)- (1) 6(2)-... - d(n)
is primitive recursive.

PROBLEM 10.4-2. The “bounded minimization operator’ u( «y) is defined
so that

#(x) = puen [Y() = X(1)]

is ““the smallest value of ¢ less than x for which ¢ (¢) = X (¢), unless there is
no such 7, in which case ¢(x) = 0.” Show that ¢(x) is primitive-recursive
if ¢(¢) and X{(¢) are. Solution in Kleene [1952, p. 228].

PROBLEM 10.4-3. Show that LP(X) = “the largest prime factor of X
is general-recursive. Is it primitive-recursive?

10.5 TOTAL-RECURSIVE FUNCTIONS AND
PARTIAL-RECURSIVE FUNCTIONS:
TERMINOLOGY AND THEOREMS

In this section we explore some of the properties of the general-
recursive functions. Most of the results are on the negative side—showing
that there is no recursive function with such and such a property, or that
some problem concerning a class of functions is effectively unsolvable.
Some results are more positive, showing that while each effectively com-
putable class of functions may have certain limitations, there are effective
methods of extending such classes. In any case, one obtains a beautiful,
relatively self-contained, new structure of mathematics—a theory of the
relations between different classes of computable functions. We have
space only to sketch parts of what is known, but fortunately even the
elementary results are of great interest.
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We must begin by pointing out that the definition, in 10.4, of “‘general-
recursive function’ is much more tricky and subtle than it appears. We
said that a function is general-recursive if it is defined by a certain kind of
set of equations. The trouble is that one cannot usually be sure, from
looking at such a set of equations, that they “define” any function at all.
When we speak of a ““function” we mean, usuaily “a rule that yields, with
each value (or n-tuple of values, if we have a function of n variables) a
resulting value.” But in general a system of equations doesn’t always
yield defined values. For example, consider the system

EW©0) =0
E(x") = E(x)
F(x) = ulE(y) = x]

which satisfies the formal aspect of our definition. Now for x = 0 the
value of F(x) is defined and is 0. But for x = 1, our definition leads
nowhere; the expression u,[E(y) = 1] means: First see if E(0) = 1; if
this isn’t so, see if £(1) = 1;if this isn’t so, see if E(2) = 1; if this isn’t so,
etc., etc. The computation never terminates (because E(x) is always zero)
and no value is ever assigned to F(1).

This is a characteristic phenomenon, and because of it, we must always
hesitate to assume that a system of equations really defines a general-
recursive function. We normally require auxiliary evidence for this, e.g.,
in the form of an inductive proof that, for each argument value, the
computation terminates with a unique value.

Because of this we will talk usually of the partial-recursive function
described by a set of equations involving zero, successor, primitive recurs-
ion, and minimization. When we talk about a partial-recursive function
(or partial function, for short) F(x), it is understood that there may be no
value defined for some (or even any!) values of x. If F(x) happens to be
defined for all values of x, then we call it a total-recursive function or, for
short, a total function. (In the literature “‘total-recursive’ is a synonym of
“general-recursive.”’) Of course any total-recursive function is also con-
sidered still to be a partial-recursive function as well.

One might suggest that matters would be simplified, if we would just
confine our attention to the total-recursive functions. But we will see,
shortly, that this suggestion is highly impractical!

What does the term “‘recursive” mean here? It refers to the recurrence
of the name of the thing-being-defined inside its definition. Thus in

{F*(O, x) X
F*(y',x) = S(F*(y, x))

we find the name of F*, the thing-being-defined, inside an expression on
the right-hand side of an equation, so this is a recursive definition. It

SEC. 10.6 TURING MACHINES AND RECURSIVE FUNCTIONS 187

happens to satisfy the formal condition for being a primitive-recursive
definition, as well.

PROBLEM. Primitive-recursive definitions a/ways define total-recursive
functions, so there is no problem of undefined function-values. Why is this?

The following system of equations defines a certain function A(x)
recursively:

40,y) =y’

A(x',0) = A(x, 1)
A(xl’ y,) = A(x,a(x’s*y))
A(x) = A(x, x)

These equations do not satisfy our formal conditions for either primi-
tive- or general-recursive functions but they do in fact give a unique value
for each argument x of A(x). We could, in fact, have given a much weaker
definition of “general-recursive,” namely: ‘“‘any function defined by any
recursive system of equations.” It was proved by Kleene [1936] that our
present definition comprises the same class of functions!

PROBLEM 10.5-1. Show that the Ackermann equations above really
define a total-recursive function 4(x). Can you calculate A(2)? A(3)? A(4)?
Can you even estimate the size of 4(10)?

REMARK

These equations represent a sort of simultaneous induction on two vari-
ables at once. Functions defined in this way are known as ‘“double-
recursive” and it is known that some of them (including this one) are not
primitive-recursive. In fact, it is known (see Péter [1951] or Robinson
[1948]) that for each n there are n-recursive functions that are not (n — 1)-
recursive. On the other hand, it is also known that the n-recursive functions
are total. Indeed, in section 10.3.1 our proof of the o-theorem shows how
one might start to prove that the double-recursive functions are total.

10.6 EFFECTIVE ENUMERATIONS OF THE
PARTIAL-RECURSIVE FUNCTIONS

For several reasons, we want to be able to think about all the partial-
recursive functions as arranged in a sequence or list

S1(x), fa(x), ..., fa(x),. ..

and, indeed, we would like to have this list arranged in an orderly manner,
so that we can talk about it in terms of effectively defined operations.
The arrangment of a set of objects as a discrete, definite sequence is called
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an enumeration of the set of objects. For our purposes, it is important
that the enumeration of the partial-recursive functions be effective, that is,
that we have an effective, computable way to find which is the nth function
on the list, or at least to find its definition. Strangely enough, it will be
enough for us to be sure that an enumeration exists—we won’t ever need
to know any details about its properties! Therefore, instead of construc-
ting it in detail, it is sufficient to give a convincing argument that it is
possible— that we could construct one if we had to!

Now the requirement that the enumeration be effective is equivalent
to saying that given n and x, we are enabled at least to initiate the compu-
tation of f,(x), that is, the computation of the value of the nth partial-
recursive function for the argument x. (The value of f,(x) may, of course,
be undefined.) This in turn is to say that we need the definition of a
partial-recursive function’

Uln, x) = fu(x)

which is universal in the sense that it is defined exactly when f,(x) is and
has the same value. If we have such a function U(n, x) we will talk of n as
the index number and of f,(x) as the nth function or the function with
index n.

Why should we suppose that there even exists an effective enumeration
of the partial-recursive functions? After all, they are a fantastically rich,
bizarre, disorderly variety of objects; the consequences of all possible
recursive definitions. We give two reasons, one direct and one indirect.

A direct construction involves observing that each partial-recursive
function has a definition that consists of a finite set of equations each in-
volving a finite number of symbols designating zero, successor, primitive
recursion, and minimization, combined in an arrangement of a finite num-
ber of commas, brackets, and parentheses. The exact rules for such ar-

_rangements aren’t important; what is important is that in any such situa-
tion one always can set up some sort of infinite dictionary-ordering for
the composite objects, just as was done in Problem 6.3-2 for the well-
formed parenthesis sequences. In the present situation, even though
things seem more complicated, there is one way in which they are actually
simpler. That is: since most partial-recursive functions (or rather, defini-
tions) don’t define genuine terminating computations at all, we need not
be too concerned, in enumerating the definitions, that all the symbol
strings generated be well-formed. In fact, we can consider any procedure
that eventually produces any and all strings of symbols required for the

"This sentence makes sense only if we identify the notion of (i) ‘‘effectiveness” with
(i) “‘definable in terms of general-recursion.” This is a philosophical rather than a mathe-
matical hypothesis: it will be reinforced soon when we show that (ii) is mathematically
identical with (iii) ““‘computable by a Turing machine.”
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definitions. There is only one technical problem-—that of staying inside a
fixed alphabet—and that is solved by using, say, a binary-number scheme
(just as in section 7.2) for the unlimited numbers of variable- and func-
tion-names that may be required. Then (as in section 9.3.1 which the
reader should now read, though the chapter as a whole is optional) a
simple numerical-order scheme will be an effective enumeration, provided
there is @ mechanism to interpret the nth description correctly. See also
section 12.3 for a similar construction.

[t is not, however, obvious at once that such a mechanism exists. To
construct it is to write down the definition of a general-recursive function
U(n, x) that correctly interprets the number n and computes the ap-
propriate function of x. To construct U directly would involve essentially
the same amount of effort, and essentially the same ideas, as we have in-
vested in constructing the universal Turing machine. It will be equally
satisfactory for our current purpose, and more profitable in the long run,
simply to prove that the computations of partial-recursive functions are
equivalent in all respects to the computations of Turing machines. There-
fore we will assume the existence of the recursive function U(n, x), in
view of the later demonstration that this is equivalent to the existence of a
universal Turing machine.

So we will talk freely of the nth partial-recursive function f,(x).
Warning: Do not assume anything! Some functions f,(x) may not be de-
fined, even for a single value of x. Some differently indexed functions
Ji{x) and f;(x) may be the same: f,(x) = f;(x) for all x. Indeed, some func-
tions may appear infinitely often in the list with different explicit defini-
tions. The only thing we are sure of is that if a function is partial-recur-
sive, then it has at least one index in the enumeration.

We can also effectively enumerate the primitive-recursive functions of
one argument (which are all total functions) and refer to them as
pi(x), pa(x),..., pa(x),.... When we say that a set of functions
is effectively enumerated, the important thing is that we have a method
that, given only a function’s index number, tells us what are its values.

PROBLEM 10.6-1. Describe informally but in more detail, how one might
construct effective enumerations of (1) The primitive-recursive functions,
pi(x). (2) The partial-recursive functions, f;(x).

PROBLEM 10.6-2. Sketch the steps in the definition of a universal
primitive-recursive function V(n, x) = p,(x), and show that it is total
recursive.

PROBLEM 10.6-3. Sketch the steps in the definition of a universal partial-
recursive function U(n, x) = f,(x). That is, try to anticipate the next
few sections!
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THEOREM 1

Not all total-recursive functions are primitive-recursive.

Proof. Consider the function
F(x) = p(x) + 1 = V(x,x) + 1

It is clear (1) that this function is total-recursive because PR functions are
always defined but (2) that it cannot be primitive-recursive, because it
differs for at least one value of its argument, namely F(n) = p.(n), from
each primitive function p,(x)—Cantor’s diagonal argument again! T.he
function is general recursive because the “universal primitive-recursive
function” V(n, x) is; hence, so is

F(x) = S(V(x, x))
THEOREM 2

There is a total-recursive function that grows faster than any primitive-
recursive function!

Proof: Consider the total function M(x) defined by

S@0,b) =0
S(a',b) = S(a,b) + V(a,b)
T(0,a) =0
T(b',a) = S(a,b) + T(b,a)
M(x) = T(x,Xx)
In fact, o
M) =2 2 Vi)
i=1 j=1

PROBLEM 10.6-4. Verify that M(x) has the required property that, for
each n,

M(x) > Pn(x)

for all sufficiently large x. (In fact, this holds whenever x > n.) M(x) itself
therefore cannot be primitive-recursive! What is not primitive-recursive
about the above definition?

THEOREM 3
There is no effective way to decide, for arbitrary n, whether f,(0) is
defined.

Proof: 1f one could, this would solve the haiting problem for blank-
tape Turing machines. To see this, assume that U(n, x) is defined in terms
of a universal Turing machine, and work back from the end of 10.3, filling
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in few details. It follows (with some work) that there is no effective pro-
cedure to tell which of the partial functions are total functions.

REMARK

[t seems a bother to worry about undefined values for functions. Why
not do away with them by some ruthless technique like the following? Let
Jfu(x) be a partial-recursive function. Define g.(x) = f,(x) when f,(x)
is defined, and let g,(x) = 0 when f,(x) is not defined. Now let us confine
our attention only to the g's. For the g’s are now defined everywhere!
The trouble is that not all the g’s so constructed will be computable, i.e.,
general-recursive! In fact the trouble is profound, for:

THEOREM 4

While some of the partial functions are not total because of some trivial
defect in their defining equations, some are incompletably partial, because
they do not agree with any total-recursive function everywhere they are

defined.

Proof. Let F(x) be defined to have value f,(x) + | wherever f,(x) is
defined, and to be undefined elsewhere. Now we cannot then argue that
F(x) is a new function different from all the fi(x). F(x) could be the same
as some f, for which f,(n) is undefined.! But now suppose that F(x) could
be “completed,” by assigning values where it is undefined, to become
some total-recursive function. Then the new total-recursive function
would have some position f, in the enumeration (section 10.4) and, since
fa is a total-recursive function, f,(n) is defined. Hence F(n) must have
been defined in the first place, and F(n) = f,(n), because when we “com-
pleted”” F, we didn’t change already-defined values. But then by definition

F(n) = fu(n) + 1 = fu(n)
which is impossible.

It follows from this that while the partial-recursive functions can be
effectively enumerated, the total-recursive functions can’t! Specifically:

THEOREM 5

There is an effective procedure that, given any effective enumeration of
(some) total-recursive functions, produces a new total-recursive function
that was not in the given enumeration.

Proof. Let T,(x) be the enumeration. Then

F(x) = Ty(x) + 1

*Note thus how Cantor’s diagonal argument would fail! The partial-recursive functions

can all be effectively enumerated. In fact F(x) as defined here is one of the f;’s, and f;(i) is
undefined for that function!
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is a total-recursive function, for T,(x) is always defined, since all the
T-functions are total, and is different from each function 7,(x), at least
when x has the value n.

It is worth emphasizing that Theorem 5 has a positive character. It
says that so far as effective enumerations are concerned, the “diagonaliza-
tion process,” namely computing with both the enumeration process and
the processes being enumerated, has a curiously creative character—one
gets something new. Indeed one can repeat this over and over again,
getting infinitely many new functions. Most “philosophers,” quick to
leap at interpreting unsolvability theorems as evidence that machines have
limitations that men have not, have overlooked this curious, positive,
aspect of the situation.

10.7 CONDITIONAL EXPRESSIONS;
THE McCARTHY FORMALISM

The arithmetization of any practical computation procedure by the
methods of section 10.1 would be a very awkward business because of the
obscure way in which the “flow of control” of the procedure has to be
built into the equations. Consider the device in 10.1.2 by which the
direction function D(g, s) was used there to control which transformation
to apply. We used the expression

m* = 2m + R(q,$)D(q,s) + H(m)D(q, s)

and the “branching” of the process was based on the fact that we could in
effect compute both possible results and then multiply one or the other
by zero. This is both unesthetic and ineflicient. This defect—of poor
process-description ability—is equally apparent in the construction of
Turing machine state diagrams. There, too, while theoretically adequate,
the description of a computation procedure is very awkward. The whole
bag of arithmetic tricks of this chapter, while interesting, are unsatis-
factory, both practically and esthetically.

In the languages used for digital computer programming, we find
much more adequate provisions for selection of different computation
“branches.” But practical computer languages do not lend themselves to
formal mathematical treatment— they are not designed to make it easy to
prove theorems about the procedures they describe. In a paper by
McCarthy [1963], we find a formalism that enhances the practical aspect
of the recursive-function concept, while preserving and improving its
mathematical clarity.

McCarthy introduces ““conditional expressions” of the form

f = (if p, then e, else e,)
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where the e, are expressions and p, is a statement (or equation) that may
be true or false.

This expression means

See ifp. is true; if so the value of £ is given by e,.
If p is false, the value of f'is given by e,.

ﬂ)is conditional expression directly replaces the artificial multiplication
trick. It also does more: it has also the power of the minimization oper-
ator. In fact it can give us the recursive function 7(n) directly from the
Turing transformation equations of 10.1:

T(gq,s,m,n) = (ifq = | thenn else T(g*, s*, m*, n*))

Note that this eliminates entirely the parameter 1 which carries the in-
f\o.m.]ation about the length of the computation, as well as eliminating the
minimization operator. The McCarthy formalism is like the general
recursive (Kleene) system, in being based on some basic functions,
compqsition, and equality, but with the conditional expression alone
replacing both the primitive-recursive scheme and the minimization
operator.

It is different, however, in that it has explicit provisions for self-
reference, so that instead of using tricky arithmetic methods it can de-
scribe computations, enumerations, universal processes, etc. more
directly. (We will not, however, give details of how it uses ‘‘quotation”
for this.)

We will not develop the whole of McCarthy’s system here, but, to get
the flavor of it, we will develop the Turing transformation in a simplified
version of it. Assume that we have available the notions of

Zero

Successor

Equality (of numbers)
Composition
Conditional Expression

We define the predecessor function by

pred (n) pred2 (n, 0)
pred2 (n, m) = (if m' = n then m else pred2 (n, m'))

I

W; wi.ll denote pred (n) by n~. Note that pred (n) is not defined for n = 0;
this will not matter if the function is used properly.
Next we define the useful functions:*

+
Note lhz{t we cannot regard (if p then a else b) as simply a function of three quantities
p.a,and b. For this would make us evaluate them all beforehand. But, often, the computa-

tion pf b will never terminate when p is true; in this case we must evaluate a without even
looking at b.
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P(x) = (ifx = 0 then O else (if x = 1 then 1 else P(x 7))
H(x) = (ifx = 0 then O else (if x = 1 then 0 else H(x™7)"))
x + y = (ifx = Othenyelsex™ + y")
xy = (iffx = OthenOelsey + x~y)

This is enough for us to define the function computed by a Turing ma-
chine T, exactly as in section 10.1.2:
T(n) T*(0,0,0,27)
T*(q,s,m,n) = (ifg = 1 then n else (if D(gq, s) = O then
T*(Q(q, ), P(m),2m + R(q, s), H(n))
else T*(Q(q, s), P(n), H(m),
2n + R(q,5)))
which is both reasonably compact and reasonably expressive. Of course

we have to define the state-transition functions (as in 10.2), but for this it
is easy to use nested conditionals like

R(x,y) = (if x = Othen (if y = O then 3 else (ify =1
then 2 else...)) else (if x = 1 then(ify = 0
then 5 else (if y = 1 then 1 else .. .)) etc.))

and simply specify the function point by point. . ' .
The above formulation for T still involves the binary arithmetization

of the Turing machine and its tape. We can also shqw directly tha‘t general
recursion is within the scope of the present formahsrq by observing that,
given any already defined function f(x), we can obtain ‘the resulf,lof ap-
plying the minimization operator u lf(x) = N] to it by evaluating
1(0, N), where

u(x, N) = (if f(x) = N then x else w(x', N))

while primitive recursion is obtained by definitions like
¢(y, x) = (ify = O then y(x) else x(&(y ", ), 7, X))
EXAMPLE
We can define m/n = the largest x for whichm > nx as:
m/n = divide (m, n, 0, 0)
divide (m, n, x, y) = (if y = n then divide (m, n, x', 0) else

(if m = nx + y then x else divide (m, n, x, y")))

PROBLEM 10.7-1. Define the functions:

(1) Prime(n) = (ifnis prime then 1 else 0).

(2) ged(m, n) = the greatest common divisor of m and n. o

(3) ¢(n) = the number of integers less than n which have no divisors
in common with n. .
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10.8 DESCRIPTION OF COMPUTATIONS USING
LIST-STRUCTURES

In this section we introduce a formalism for representing functions of
“lists” of integers. In the next section we use a more expressive system
that can describe “‘branching” lists, or lists of lists, etc.

DEFINITION
An [ list is a sequence of integers

(X1, X2,.000,X,)

The I list of no integers *{ ) is called NIL.

We define three functions of / lists; if 4 is an integer and B is the list
{xy,...,x,), then we define

C(4,B) ={A, x1,...,x,) CONSTRUCT
H(B) = x, HEAD
T(B) = <x27--‘,xn> TAIL

If B is NIL then H(B) and T(B) are undefined. If B is a list of one integer
(x)then H(B) = x and T(B) = NIL.
We can deduce the relations?
H(C(A, B)) = 4
T(C(4,B)) = B

so that the functions H and T can be used to disassemble an 7 list put to-
gether using C. Now suppose that we adjoin these functions and the
concept of an / list to the notions already available (equality, composition,
conditional expression). Then we can deal directly with the Turing ma-
chine tapes by thinking of the tape as two I lists, m and n. We then define
the four functions, as *“list-processing’” operations:

q*(q.s,m,n) = Q(q,s)
5*(q, s, m, n) = (if D(q,s) = 1 then H(n) else H(im))
m*(q,s,m,ny = (if D(q,s) = 1thenC(R(q, s), m)
else (if T(m) = NIL then <0) else T(m))
n*(q,s, m,n) = (if D(q, s) = 0 then C(R(q, ), n)
else (if T(#) = NIL then <O> else T(n))
These functions express the Turing quintuples in a straightforward way.

For example, r*(q, s, m, n) “reads™ the first element on list n, if the
machine moves right, otherwise the first element of list m. The last clause

"This section is optional.
'Thus the system has as “primitive functions™ right at the start, the C(y. z), H(x), and
T(x) functions which we had to construct in section 10.3".
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in the definitions of m* and n* is a device for making the finite lists m
and 7 act as though they were infinite, by adding an extra zero whenever
the machine reaches a point further out than it has ever reached before.
For {0), which happens to be C(0, NIL), represents adjoining a new blank

square to a tape.

109 LISPT

For the sake of completeness we will now describe a little more of the
full concept of list structure as developed by McCarthy. We want to be
able to handle, not just lists of integers, but lists of lists, lists of lists of
lists, etc. We can do this in an elegant manner, so that the basic functions
H(x) and T(x) come out to be more symmetrical. To do this, we introduce
a new basic notion—a binary combining operation “dot”—and make the
notion of “list” a derived, subsidiary concept. We begin, then, with only
the following basic notions:

Atom: The entity NiL is an atom. The integers 0,
1,2,...are atoms.

Equality: We can tell if two atoms are the same.
Symbolic expressions: Any atom is a symbolic
expression. If 4 and B are symbolic expressions,
sois{4 - B).

Symbolic functions: If A and B are symbolic ex-
pressions then

C(4,B) =(A4-B)
H4 - B) = 4
T4 -B) =B

Then we can deduce the identity
C(H({4 - B)),T({4 - B))) = {4+ B)

Lists will not be fundamental objects but are defined as merely certain
kinds of symbolic expressions; namely ( = NIL is a list; if X' is an atom
then (X ) =<{X - NiL)is a list; and more generally, if X, Y,..., Z, etc. are
atoms or lists then

XY, .., Zy=(X-(Y-{..{Z- NIL)...})}

t . “ ' . . .

Optional. *“Lisp” (List Processor) denotes both the mathematical formalism, part of
which is described here, and the practical computer programming system based on it,
referenced in the notes. "
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is a list. Thus one can make a list that is a list of lists: For example,
(4, B), C.{D, E))

is the list whose members are {4, B), C, and (D, E)and whose symbolic
expression is

({4 (B -NIL))-(C - (D - {E - NIL)) - NILYYY

. O'n'e can verify that the definitions in 10.5.1 are consistent with these
definitions of H, T, C, and lists.

. With this machim?]ry we can represent the Turing transformation as
ollows; Lett = theills;t {(q,s, m, n),where m and n are themselves lists
representing the Turing machine tape halves. Observe that

g =HO  s=HTW) m=HIA(D)  n = HIAE)))

which simply disassembles the list ¢ into its four sublists. Define the
function

list (a, b, ¢,d) = C(a, C(b, C(c, d)))
which is used for reassembly of lists; since
list (4, B, C, D) = (4, B, C, D)
And define

tape (n) = (if n = NiL then C(0, NIL) else n)
to make tape when necessary. Then if we define
T(<q, s,m,ny) = (if D(g,s) = 1 then

l?st (0Q(4q, ), H(n), C(R(q, 5), m), tape (T(n))) else
list (Q(q, ), H(m), tape (T(m)), C(R(q, s), n)))

and
T*(1) = (if H(t) = 1 then H(T(T(T(2)))) else T*(7(1)))
thxeq T* ({0, 0, 0, 2"y) is the partial-recursive function computed by the
Turing machine.
?ROBLEM 10.9-1. Show that this system can be further reduced to one
in which the only primitives are

Atoms: Only NIL
Equality: Only *“if X = NiL then.. . else...”
Functions: H(x), T(x), C(x, y)

and
Composition

That is, that one doesn’t even need the notion of integer or successor.
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NOTE

1. In the LISP programming system, the agtual functions C, T, H, a;lirct f:lallc;d1
cons (A, B), car (4) and cdr (A) for historical reasons. For furt}}er TehflLS[;‘)P
this advanced computer list-processing language see McCarthy et dl.,[SPL e
1.5 Programmer’s Manual [1962) and The Programming Lgnguage L . [ ) er.
See also McCarthy [1963] for some theory of th.e fom.lahsm. A review pr Iihi;
Bobrow and Raphael [1962], gives a general dnsgussxon of languages‘o |
kind. The use of list-structure primitives was .ﬁrst introduced, for practnlc; use
incomplicated computer-programming situations, by.Nf:Yvell, S.hdw, and Simon
[1956]. The recognition that supplementing th:se prlml.thCS with compgsm(:n

produced an alternate formulation for recursive fu‘nctlon tbiory was due t o

McCarthy, who also developed it into a practical ‘‘algebraic”-type computer

language.

MODELS
"I 'I SIMILAR TO
DIGITAL COMPUTERS

11.0 INTRODUCTION

We will now set up some models of effective computation which are
more closely related to what happens in modern digital computers than
the ones we have been considering. Computers have a number of at-
tractive features. The process to be carried out by the machine is de-
scribed by sequences of “‘instructions™ arranged in meaningful blocks.
Control of the process jumps from one block to another as a function of
the results of computations. Partial results are stored away in a memory
where they remain until required again. Each basic step—an elementary
“instruction” —is itself a reasonably meaningful unit. This combination
of features makes it possible to describe very complicated processes with-
out having to manipulate absurdly long and hard-to-understand strings of
symbols. As we have seen, neither the formalism of Turing machines nor
that of general-recursive functions provides a satisfactory vehicle for
handling the kind of procedures that one might really want to use for
practical purposes. To be sure, neither does the system of the present
chapter; adequate systems for this are found only in the computer pro-
rramming languages in actual use. The systems developed here lie in a
middle ground, where we can use the formalism for analysis and under-
standing of basic logical principles but still see fairly clearly how the sys-
tem could be adapted for practical application.

In this chapter we develop an imaginary family of computer-like ma-
chines, and prove that they are logically equivalent to the other formula-
tions of computability that we have examined. The new machines present
a somewhat different version of what is involved in effective processes,
and one that I feel gives a better intuitive picture of what such processes

199
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can do. Of course, what seems natural and intuitive to one person may
not seem so to someone else. Each of the systems has its advocates among
the outstanding theorists, and each has served in the making of significant
discoveries.

The first formulation of Turing-machine theory in terms of computer-
like models appears in the paper of Wang [1957], which contains results
that would have been much more difficult to express in the older formal-
isms. The development in this chapter is adapted for the arithmetic
methods we have been using and incorporates ideas suggested by Wang
and by John Cocke. One can find most of the basic results in Kleene
[1952] but without their formulation as computer programs.

The reader unfamiliar with computers is warned that computers do
not really work as shown here; in particular they don’t have small num-
bers of “registers” each of infinite capacity. Instead they have large
numbers of registers of small capacity!

11.1 PROGRAM MACHINES AND PROGRAMS

If we are to use machines as models for effective computability, we
have somehow to lift the finiteness restriction. For Turing machines this
was done by introducing the infinite memory tape. But there is a great
deal of inconvenience about the Turing-machine computation process.
One should not have to pass through everything in the record in the
course of writing down or retrieving each piece of new or old data.
There is something repellent about all the artifices of marking, copying,
and encoding.

The modern digital computer has a different memory structure—a
large number of separately-accessible, finite-capacity ‘‘registers” or
memory units. Of course, any real computer memory is actually finite,
though the number of such registers may be very large. Our first thought
might be to make our model like this, except with an infinite set of such
registers. The trouble is that this would bring us back to something along
the lines of a tape-like succession of the registers; we would need to have
an infinite set of names or symbols for the registers, and this could not be
handled directly by the finite-state part of the machine.

We will suppose instead that our computer has only a finite number
of registers, but that each of these can hold arbitrarily large numbers—
that is, each register is infinite in capacity. There will also be a finite-state
part of the machine—the central processor or programming unit. Since
this part of the machine is finite, it cannot deal directly with arbitrarily
large numbers. Therefore we will have to give it some way to deal in-
directly with the full contents of the registers.
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.Ou.r solution to this is simple and rather radical. The programming
umF W1ll.be able to inspect any register but can discern only whether that
register 1s empty or not—either that it contains 0 or that it contains a
positive 1.nt.eger, but nothing else. It is quite surprising that even with
th.lS restriction, and with only a finite number of such registers, we can
still realize any effective process—perform any effective computation. To

show this, we will show that for any Turing machine there is an equivalent
program machine, as we will call it.

Each program machine will have a

certain finite number of registers, de-
noted by a, b, ¢, etc.' (See Fig. 11.1- ] ] b~| Lc ] e
11_.) Each machine can perform cer- . |
tain operations which affect or detect & l l
things about the contents of registers.
There will be only three or four dis- Programming unit
tinct kinds of operations in any ma-
chine, and each operation will con- Fig. 11.1-1.
cern only one register at a time. machine.

The process carried out by the pro-
gram machine is determined by its program, which is “built into” the
programming unit of the machine.!

Registers

Structure of a program

Table 11.1-1
Symbol Name Example Meaning i
@ “Zero” 0 .
a Set the contents of register a to zero.
Go on to next instruction.
D “Successor” a' Add 1 to the contents of register a. Go
on to next instruction.
B “Dec.rement B If contents of a is not zero, decrease it
or jump a (n) by 1 and go on to next instruction.

If contents of a is zero, jump to the
nth instruction.

“Halt” H Stop the machine.

TFor precision, we use the symbol a as the name of a register and the symbol a for its
contents—the number stored in it. It is usually clear from the context which is meamL
anyway. ’

These are not, then, “stored-program” computers. It is generally recognized
that the greatt?st advances in modern computers came through the notion that programs
could be kept in the same memory with “data,” and that programs could operate on other
programs, or on themselves, as though they were data. It is perhaps not so widely under-
stood that one can obtain the same theoretical (though not practical) power in machines
whose top level programs cannot be so modified—as in this chapter.
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A program is a numbered sequence of instructions. An instruction is a
statement naming (1) an operation, (2) a register, and (3) the numbers of
one or two other instructions. We can explain these definitions best by
putting down a set of operations and then exhibiting a few sample
programs.

Our first machine is capable of the four operations shown in table
11.1-1. The letter a in these examples could be replaced by the name of
any other register, and then the corresponding operation would affect the
register so designated. We now describe a simple program machine.
Suppose that a machine has three registers, a, b, and w, and has the
program:

Instruction

number Instruction
1 b°
2 a—-(7)
3 b'
4 b’
5 w’
6 w—(2)
7 H

If the machine begins with instruction number 1 and at that time there is
a certain number in a, the machine will eventually halt with twice that num-
ber in b (and with 0 in a). To see this, trace the operation, starting with 2
in a and anything in b and w:

Instruction Register contents
number Effect a b w

1 sethto 0 0 -
2 a is not 0 so subtract 1 from it and

go on 1 0 -
3 add 1 tod 1 1 -
4 add 1 to b. (bisnow 2,ais1.) 1 2 -
5 set wto 0. 1 2 0
6 w is 0 so go back to 2 1 2 0
2 subtract 1 from a. 0 2 0
3 add 1 to b. 0 3 0
4 add 1to b. 0 4 0
5 set wto 0. (It was O already, but no

harm is done.) 0 4 0
6 wisOsogoto2 0 4 0
2 NowaisOsogoto? 0 4 0
7 Halt.
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Each time around, a was reduced by 1 and b was increased by 2. When
a is at last 0, the process halts, so that b now contains twice the original
contents of a.

We are using the register w in a wasteful manner—it serves only as a
device for getting the program to go back to an earlier instruction. We
could have simply defined a special operation for this, but we wanted to
keep the number of different operations to a minimum. From now on, we

will use the instruction @ , €.8., ‘go(n),” for this purpose—understanding
that it could be replaced by a w°, w™ (n) sequence.

Evidently the instruction numbers—1, 2, 3,...—have no intrinsic
significance; they serve only to indicate the relative position of instructions
in the sequence. We will omit them from now on, and indicate the
“jump” or *“‘transfer” of the process by arrows (just as we omitted state

names in the diagrams of chapters 2-5). Our program is now represented
by the diagram

Start > b°

a-
b!
bl
g0

u<

The process usually goes from each instruction to the one below, but
when the exceptional condition is met, the process follows the arrow.
Here this happens only when a register is empty and a E] operation is
executed.

The following program will be very useful to us, for it computes the
two functions H(a) and P(a) of chapter 10.

Start ——» #°
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The first part of the program puts H(a) in b, and puts P(a) in ¢. Note
how ¢ is alternately set to 0 and I, and how b is increased each time the
program succeeds in subtracting 2 from a. The last three instructions
simply transfer the contents of b into a so that we end up with H(a) in
register a. We indicate by boxes the basic repetitive “loops™ of the pro-
gram— the parts that really do the work.

11.2 PROGRAM FOR A TURING MACHINE

We now take an important step. We show that, given any Turing
machine 7, we can construct a program machine M r which is equivalent
to T. The machine M ;will have four registers named s, m, n, and z. The
registers s, m, and n correspond to the numbers s, m, and n which, in
chapter 10, describe the tape of the machine 7. The machine M will
transform these three quantities in precisely the same manner as they
were transformed by the Turing transformation T*(q, s, m, n). To each
state g, of T there will correspond a block of program, and the event of T
entering state ¢; will be represented by M executing the corresponding
program. Each state g, is associated with two' quintuples (g, 0, g0,
Sios dig)and (g, 1, gi1, S din).

Figure 11.2-1 is the complete program corresponding to state g; of the
Turing machine. We illustrate the case in which d,o happens to be “left”
and d,, happens to be “right.” The diagram has a comment explaining
the function of each block of program. When the machine is started, at
the top of the appropriate state program, one must have the proper initial
value of s, m, and n in registers s, m, and n. The z register is used only for
temporary storage during the calculation of the Turing transformation;
we assume w and z contain zero at the start.

11.3 THE NOTIONS OF PROGRAMMING
LANGUAGES AND COMPILERS

Observe that the program of Fig. 11.2-1 is composed essentially of
copies of the programs of our three previous examples. We use them, in
effect, as “‘subroutines”— meaningful units of program larger than the
basic machine operations.

If we wish, we can be more formal about this use of subroutines. We
could define formally the expressions that we used informally as com-

+ . . . . S
We assume T is a two-symbol machine, to be consistent with the formulation in
chapter 10.
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Start
(Assuming djo="left") 1_ (Assuming d;y="right”)
e \_

()EZ =1 C

go

Z2—~z+$5;0 I: Z=—7+5;, l
ra -
(/7' E_‘_ py
q0 n Z [ m—e—2 90

,57;,7 E—H(m) I [ z~—H(n) 2?
™ E-—P{m) I:t—/’(n) "
go go
NET=1 =1

Exit to 90 Exit to g,

Fig. 11.2-1.  Program for a Turing-machine state g;.

ments in the figure, so that , for example, would be understood to
mean precisely

and similarly for the other comments. (The details of this could become

very complex}.) Then we could write our program as follows, in a rather
more expressive language:
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Start: if s = O goto 1, else go to 2.

(1) z < 2n (2) z« 2m
z< Z + 80 z<— 2z + 8i
"<« z m< z
z < H(m) z < H(n)
s < P(m) s < P(n)
m<— z n<-2z
Gotogio Gotogi

One can rather easily imagine another machine (which we won’t de-
velop) which could take this “‘program’ and produce as output the pro-
gram of Fig. 11.2-1. Such a machine would be called a “compiler” for the
translation from the more sophisticated language into the simple oper-
ation language of the basic program machine. As we are not attempting
a detailed exposition of what is involved in modern computer program-
ming, there are many loose ends in this brief sketch, but it should serve
to show something of what is involved. Today, most computers have

basic operations not really very much more complicated than our @,
E], EJ, and the like, and most programs are written in other languages
and then translated by compilers. The compilers are not actually separate
machines but are usuaily programs that run inside the same computer that
will finally execute the resulting basic machine-language program.

11.4 A SIMPLE UNIVERSAL BASE FOR A
PROGRAM COMPUTER

If we choose T to be a universal Turing machine, the method of sec-
tion 11.2 gives us a program computer equivalent to a universal Turing
machine. Therefore, in some sense, any computation can be carried out
by a computer which has only operations of the three types

[g] set a register to 0
[:] add 1 to a register

[5] subtract | or transfer if already 0

If we begin with a certain register w already empty, we can even do
without the operation [0]. For if the contents of w is zero, we can “‘clear”
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any other register a by executing the loop program

|
@ - |G

so that in this sense we need only operation types [ "] and [=].
Instead of B, we could use a slightly different operation type

“% ©
Decrement a (n) If contents of a is not zero,
and jump subtract 1 and go to the nth
instruction.

If contents of a is zero, just |
g0 on to the next instruction. i

To see that D and [@ form a sufficient base, observe that with them
alone we can write programs (subroutines) which have the effect of [E

and [-].

B 3

a
al
ae—*——-)fora =0

[o]

2]
L]

fora = 0

How many registers does the universal program computer need? We
can see from 11.1 that we need only the five registers s, m, n, w, and z. A
good deal of thought about the way the machine works will show that the
register s can be eliminated by encoding the information it contains into
the program structure.

PROBLEM. Show how the program can be rewritten to eliminate the
register s

The register w is a nearly total waste, and could be eliminated at the

cost of a simple “jump’ operation, e.g., [go]—"Jump to the nth instruc-

tion.”” We can conclude that there exists a universal program computer



208 COMPUTER MODELS SEC. 11.5

with a few simple operation types and with only three registers.' ‘T.his is
quite a remarkable fact, and we add it to our collection of the varlctlez§ of
simple systems which are capable of unlimited effective compulatlon.
Later on (in chapter 14) we will show that actually only two registers are
really necessary: this involves some non-trivial analysis!

11.5 THE EQUIVALENCE OF PROGRAM MACHINES
WITH GENERAL-RECURSIVE FUNCTIONS

We will now show that any general-recursive function can be com-
puted by a program machine using the operations defined in 11.4. To do
this, it is convenient to define two new instruction types; and to make sure
nothing new is involved here, we will define them as programs (sub-
routines) made up of the previously defined operations. They are:

Make the contents of b the same as the
contents of a without changing a.

= Start —— 7°

a
z

Cb’ } Puta in b and z (destroying a).
a
zZ

} Put z back into a.

and:

“Jump unless equal” a # b(n) If the contents of a and b
differ, jump to nth instruction.
If they agree, go on to next

instruction.

"Most of today’s widely available general-purpose scientific computers have at least three

“index registers,” and have also operations like @ . E and for changing them.

Programmers of these machines will be amused to learn that these computers are thus
universal even without using their main memory for data storage! Of course this is true
only in principle, since the registers of real machines are far from infinite, and the main
memory is needed for program storage.
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= Start ——a — ¢

b—d

Cyo
d® fora = b
d- — to instruction n

d®—]
1

fora = b

We have defined [] in terms of [=].[e]. and [7]. As an exercise one
might work back to write a program for [] directly in terms of ['] and

Next we show how to program the primitive-recursion scheme.

Suppose that we know already how to calculate the values of two func-
tions

Y(x) and x(z,y,x)

That is, suppose we already have two blocks of program that, when
started with values of z, y, and x in certain registers, will end up with the
proper values of ¢ and x in other registers. We wish to write a program
which will end up with the proper value, in a new register ¢, of the func-
tion defined by the primitive recursion scheme:

{ #(0, x)
By, x)

¥ (x)
x(¢(y, x), y, x)

Now one ordinarily evaluates such a function by beginning with

¢(0,x) = ¢¥(x)

One then proceeds to calculate successively

¢(1,x) = x(¢(0,x),0,x)
$(2,x) = x(¢(1,x),1,x)

$(3.x) = x(8(2,x),2,x)

until one obtains the value of ¢(y,x). To write a program to do this,
suppose that we begin with the values of x and y in registers x and y.
Let @ be a program which calculates the value of ¥ (x), by making use of
register x, and leaves the value in register ¢. Similarly, let ® be a pro-
gram which uses registers ¢, u, and x, and leaves the value of x (¢, u, x) in
register ¢. Note carefully the names of the registers involved. Then the
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program

n

- @

u
u;éy———————)@
u’ u'7
U=y — u;léy

VIR 2

computes the value of ¢(y, x), as the reader will verify, by proceeding
through precisely the steps given above. We have written the program in a

slightly awkward fashion to show that only operation types @ E] and

need be involved here.

Observe that the computation proceeds forward, with u running from
0 to y directly, rather than backwards as suggested in 10.1.3. This makes
it unnecessary to keep a record of the number of postponed operations.

The operation a = b(n) gives us primitive recursion because it allows
the machine to repeat the iteration until the yth step. In primitive re-
cursion the number, y, of iterations is known at the start of the computa-
tion. But the same resources also give us full general recursion. To see
this, consider the minimization operator—‘‘the least ! for which
é(1) = 0,”

mle() = 0]

and suppose that ¢(#) is primitive-recursive or, more generally, that we
already have a program which computes ¢. Let @ be a program which
takes a number ¢ from register t and leaves the value ¢(7) in register ¢.
Then, “the least ¢ for which ¢(¢) = 0” is computed by the program

= —— w?
0
t

@
( t,

¢ = W
and this is all we need to show that we can compute any general-recursive
function." It follows from all this that if @ function is general-recursive then

it can be computed by a program computer using only operation types D
and [-].

TFor wdep(r) = k], simply arrange for & to be in w.
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We now have a welter of scattered results concerning the relations be-
tween different notions of computability. We know (from section 10.3)
that, ff a function is Turing-computable, then it is general-recursive. We
have just demonstrated in this section that, if it is general-recursive, it is
Program-comp}lter computable. It follows (and has already been shown
in 11.3) that, if it is Turing-computable, then it is program-computer
computable. It remains to be shown that, if a function is program-
computer computable, then it is Turing-computable; this will close the
loop and prove that all the notions are equivalent. This will drop out of
the results of chapter 14, although I think the reader should be able to

construct a direct proof at this point. (See the diagram in Fig. 11.8-1
the end of this chapter.) g ig. 11.8-1 at

11.6 REPLACEMENT OF THE PREDECESSOR BY
SUCCESSOR AND EQUALITY

It was hinted in 11.5 that the set of operations @, D, and [E]
might be sufficient for any computation. We know that @, [j, and [3
are sufficient. The program below shows that with @, [I], and we
can obtain B, so that these three also form a sufficient set.

X #u —~—ifxis 0

ifx # O

11.7 PRIMITIVE AND GENERAL RECURSION
BASED ON REPETITION

In. 11.6 we saw that we could obtain all primitive-recursive functions
by using only the “‘zero,” “‘successor,” and “equality” operations. We
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also obtained the general-recursive functions. This means we cannot dis-
tinguish between these lesser and greater classes of functions merely in
terms of the computer operations involved in the computation. We have
to look, not just at the instructions, but also at how they are strung to-
gether, and it is there that we will find the distinction.

The outstanding feature that distinguishes primitive recursion is that
one knows in advance (by the value of y) how many times the iteration (of a
primitive-recursive scheme) will have to be done. For general recursion,
with the u operator, one doesn’t usually know this until after the work is
done and the computation terminated.” We see this foreknowledge in the
program of 11.5 for primitive recursion. In the non-trivial case (for which
y = 0) the computation enters the loop

u’ ——
1

u

u =y
|
3

Since the terminating condition is that u = y, since y does not change,
and since u begins at 0, we know that the procedure () will be applied
precisely y times. Since we know this at the start, we could have expressed
it more directly by defining a new operation type.

“Repeat” RPT a:[m,n| Repeat the sequence of instructions,
from m to n, a times, where a is the
number in register a. If a = 0, go di-
rectly to instruction n + 1.

It is understood that the number of repetitions is fixed at the start of this
operation, so that it will not matter if the contents of a is changed in

executing the @ﬂ operation.! We will represent diagrammatically the
range of a operation by a bracket connected to the instruction, so

that instruction numbers won’t be necessary. Now we can rewrite the

"Otherwise it would suffice to have the bounded minimization operator, but we know
(by problem 10.4-2) this won't do. And in the general case we can’t have a decision pro-
cedure to tell whether the iteration will ever stop, let alone how long it will take.

' But see the remark at the end of this section.
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primitive-recursive program of section 11.5 as

The reader can verify that this does exactly what it should and leaves
the value of the defined function in register ¢ under the same conditions
onyand x as in L1.5. Thus we can obtain any primitive-recursive function

using only the operations @, II], and , where the range of the @]
does not include itself.

We emphasized the last clause, for if the can include itself, we

get full general recursion. To show this, we write a program to realize
the minimization operator

mlo(1) = 0]
This is computed by the following tricky program:

(=]
—_ e
R~

u

RPIT/ ]u) )

RPT u

o

'Th'e program begins by setting 1 = 0 and computing ¢ = ¢(0). The trick
lsom the next part: a register u is set to zero and then the program RPT ¢:
[u°,u'] is applied to it. If ¢ is zero, this will be skipped, with no effect on u
SO thgt we will have u = 0. Then, because ¥ = 0 the next two RPT’s will
be skipped and the computation finished. But if ¢ is not zero, the RPT ¢:
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[u°,u'] program will end up with u = 1, no matter how large the value
of ¢. Then 7 will be increased by exactly 1 (by the RPT u:[t'] program) and
finally the whole process will repeat because of the final RPTu program.
Thus ¢ will be increased until finally we find a ¢ for which ¢(z) = 0. Re-
sult: Any general recursive function can be computed by a program com-

puter using only operations @, E], and if we permit a RPT operation
to lie in its own range. In fact there need be only one such RPT operation; it
(necessarily) occurs at the end of its range, and it is required to repeat only
0to 1 times.

It should be mentioned that we have overstepped our bounds now,
concerning what the RPT has to do, because in general a RPT operation
could not be an instruction in the finite-state part of the machine. The
reason is that the program computer has to have some way to keep track
of how many RPT’s remain to be done, and this might exhaust any par-
ticular amount of storage allowed in the finite part of the computer. RPT
operations require infinite registers of their own, in general, and they must
be treated differently from the other kinds of operations we have con-
sidered. Under the tight restrictions of the example above, one could get
away with a finite register associated with each RpT. But if u is allowed
to be greater than 1, in a self-containing RPTu range, this won’t do, in
general.

PROBLEM 11.7-1. Many other combinations of operation types @, D,

E,,, E], and form universal bases. Find some of these

bases. Which combinations of three operations are not universal bases?
Invent some other operations which form universal bases with some of ours.

PROBLEM 11.7-2. Recursively defined functions can grow large very
quickly. Consider the sequence of functions Po(a), Py(a), ... defined by
RPT and successor operation programs:

Poa) = a’ Pia) = RPT a
a’]t/
Pya) = RPT a Pi(a) = RPT a
RPT a) RPT a —v
a’]/] RPT a>
7]
etc.

Show that Po(a) = a + 1, Pi(a) = 2a, Py(a) = a-2° Can you express
P3(a) in ordinary functional form? First verify, for example, that

Py(2) = 2.27.2@ = 2" = 2,048
Which is larger: P4(5) or Ps(4)?
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PROBLEM 11.7-3. The function F(n) defined so that
F(n) = Pu(2)

is a total-recursive function. It is not primitive-recursive. This can be
demo.nstrated by showing that it grows faster than any primitive-recursive
function. Can you show this by using arguments about programs for

program computers using @, D and ? Consider the program for
any fixed primitive-recursive function and argue that when # is larger than
the length of that program, F(n) must in some sense be growing faster than
that program. A complete, precise proof would be difficult, but it is worth
some effort to get the general idea. F(n) really does grow fast; the known
universe would not hold a microfilm copy of the decimal for F(5). For, while

22
F(4) has only about 2*° decimal digits, F(5) has about

decimal digits!

PROBLEM 11.7-4. Try to write programs to replace operations,
using the earlier types of operations. Analyze the difficulties.

1PROI;LEM 11.7-5. Relate the function F(n) to the function 4 (x) in prob-
em 10.5-1.

11.8 SURVEY OF OUR EQUIVALENCE PROOFS

At. this point, one is likely to have lost track of precisely what we have
established. Consider the diagram of Fig. 11.8-1. We have shown in sec-

Turing-machine '~\

computable \ \
Inclusicn Section 14.6 Section 10.4
/ & Section 14.8 \
Three —~ones machine Post tag-system General —recursive
computable computable computable
\ Section 1.2
Section 4.4 Section II.5
Two—redi : Section :
wo -register machine 14,1 — Program-machine
computable : computable

Fig. 11.8-1. Logical inclusions of computability concepts.
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tion 10.4 that any Turing-machine computation can be replaced by a
general-recursive function and in 11.5 that any general-recursive function
can be computed by a program machine. The construction in section 11.2
shows directly that Turing-machine computations can be done by pro-
gram machines. In chapter 14 we will complete the circle as indicated in
the diagram. Completion of the circle will show that all the kinds of
computability discussed here are equivalent—identical in theoretical scope
despite their apparent differences in concept.

PART I | I

SYMBOL-MANIPULATION SYSTEMS
AND COMPUTABILITY



'I 2 THE SYMBOL-MANIPULATION
SYSTEMS OF POST

12.0 INTRODUCTION

In chapter 5 we examined the idea of effective procedure and identified
it with the idea of rule-obeying. We agreed that the notion of effective
procedure could be identified with a system that includes

(1) A language for describing rules of behavior, and
(2) A machine that obeys statements in the language.

Up to now, we have concentrated primarily on the machine part of such
systems, in studying Turing machines, program machines, and other
instruction-obeying mechanisms. We now turn our attention toward the
language in which rules can be expressed. Our methods will be based on
the idea of Emil Post [1943] that the “expressions” or “‘enunciations” of a
logical system or language, whatever else they may seem to be, are in the
last analysis nothing but strings of symbols written in some finite alphabet.
Even the most powerful mathematical or logical system is ultimately, in
effect, nothing but a set of rules that tell how some strings of symbols may
be transformed into other strings of symbols.

This viewpoint, in itself, appears to be an obvious but probably un-
profitable truism. But, just as Turing was able to show the equivalence of
his broadest notion of a computing machine with the very sharply re-
stricted idea of a Turing machine, Post was able to reduce his broadest
concept of a string-transformation system to a family of astoundingly
special and simple symbol-manipulation operations. We can summarize
Post’s view by paraphrasing our statement, in section 5.2, of Turing’s
thesis:

Any system for manipulation of symbols which
could naturally be called a formal or logical (or

219
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mathematical) system can be realized in the form
of one of Post’s ““canonical systems.”

When we see how simple are the canonical systems, this view might
seem rash; but this and the following chapters will support it by showing
the equivalence of these with our other formulations of effective comput-
ability.

In studying Post’s systems, we will deal with rules, called “produc-
tions,” which specify how one can get new strings of symbols from old
ones. These productions are not, on the surface, anything like the kinds
of rules we imagined for machines or for effective processes. For they are
not imperative statements at all but are permissive statements. A produc-
tion says how, from one statement, string, or “enunciation,” of such and
such a form, one may derive another string of a specified form. A canon-
ical system, which is a set of such productions and some initially given
statements, does not even describe a process; instead it specifies the extent
of a set of strings by (recursively) specifying how to find things in that set.
The interesting thing is how far we can proceed in our exploration without
needing the idea of a machine or procedure at all. While eventually we
show that the notion of a machine or process can be derived from this idea
of canonical system (under certain special circumstances), the weaker,
more general, idea of ser can give us some valuable insights that are
harder to see within the framework of machines and processes.

12.0.1 Plan of Part lll

In this chapter we develop the idea of canonical systems, mainly by
example. The formulation is oriented, as we have said, toward examining
what happens to the symbols during a computation; the idea of a machine
does not appear explicitly. But, by using a few technical tricks we con-
vert what are, to begin with, hardly more than “rules of grammar” into
representations of the behaviors of machines. And by a circuit of reason-
ing that encompasses the whole of several chapters (10-14) we finally close
the loop and show that all our formulations of effectiveness are equivalent.
Chapter 13 proves the beautiful theorems of Post about the equivalence of
canonical systems in general with his very simple “normal-form’ systems.
Chapter 14 ties up a number of loose ends required to show the equiva-
lence of Post systems with Turing machines. As by-products, we obtain a
simple proof of the unsolvability of Post’s famous ‘“‘correspondence
problem,” and also a state-transition table that describes the smallest
(but not simplest) universal Turing machine presently known.
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12.1 AXIOMATIC SYSTEMS AND THE
LOGISTIC METHOD

The axiomatic method is familiar to all of us from the study of Euclid’s
geometry. In the axiomatic method we begin with a set of “‘axioms”—
assertions we are willing to accept, either because we believe them to be
true or merely because we want to study them. Along with the axioms, we
assume the validity of some “rules of inference”; these tell us precisely
how we can obtain new assertions—called “‘theorems’” — from the axioms
and/or from previously deduced theorems.

Actually, Euclid paid more attention to the problem of formulating
the axioms than to the problem of making perfectly clear what were the
rules of inference, in geometry. Until the twentieth century, the logical
structure of Euclidean geometry (as well as other axiomatic systems in
mathematics) was somewhat confused because

(1) The rules-of-inference were informal and de-
pended on common sense,’ and

(2) the somewhat arbitrary or hypothetical na-
ture of the axioms themselves was not clear until
the discovery of the non-Euclidean geometries
late in the nineteenth century.

Until the non-Euclidean geometries were discovered, there had always
secemed to be a possibility that some of the axioms might be possibly
derivable from some more absolute sort of reasoning process, so that it
was difficult to think of geometry as a closed logical system.

Over the last hundred years the study of the foundations of mathematics
has become more intense. It was discovered that ‘“common-sense reason-
ing” —ordinary logical “intuition” —was not always a sufficiently reliable
tool for examining the finer details of the foundations. The study of the
notion of infinity by Cantor and others led to results that were self-
consistent but very surprising, and even counter-intuitive. A number of
other seemingly reasonable and innocuous notions led to genuinely para-
doxical results; this happened to the reasonable supposition that one could
discuss relations between classes of things in terms of common-sense
descriptions of the classes. (See chapter 9.) The notion of effective pro-

*Euclid’s “postulates” are what we would today call axioms; some of his “axioms” we
might consider to be rules of inference. Thus Euclid’s axioms concerning the interchange-
ability of equal things might be considered to be rules of inference concerning permissible
substitutions in expressions. Euclid saw, of course, that the statements concerning equal

things were more general than the statements with specifically geometric content, and tried
to separate these out from the “‘postulates.”
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cedure was old in mathematics, in an informal way, but the possibility of
effective unsolvability, which plays so large a role in our preceding chapters,
is new to mathematics; when Godel announced his results in the 1930’s,
their possibility had been suspected only by a very few thinkers.! It became
necessary to examine more closely the idea of a mathematical proof—to
formalize all the steps of deduction—even more closely than was necessi-
tated in the early 1900’s after the discovery of Russell’s paradox. The
resulting theories— of the nature of “proof” itself-—became more and more
formal, and indeed became a new branch of mathematics. Since it is, in ef-
fect, a mathematical theory of mathematics itself, we call this study
“metamathematics.”

12.2 EFFECTIVE COMPUTABILITY AS A
PREREQUISITE FOR PROOF

Before going into detail, we ought to explain how this apparent digres-
sion will lead back to the theory of machines and effective processes. The
key point is this: We have to be sure, in accepting a logical system, that it
is really ““all there”—that the methods for deriving theorems have no
dubious “‘intuitive” steps. Accordingly, we need to have an effective
procedure to test whether an alleged proof of a statement is really entirely
composed of deductive steps permitted by the logical system in question.
Now “theorems” are obtained by applying rules of inference to previously
deduced theorems, and axioms. Our requirement must then be that there
is an effective way to verify that an alleged chain of inferences is entirely
supported by correct applications of the rules.

To make this more precise, we will agree on a few definitions:

A logistic system L is a set of axioms and a set of rules of inference, as
defined below.

An alphabet is a finite set of symbols. In the following definitions it is
assumed that all “strings” are strings of symbols taken from some fixed
alphabet 4 = (a,,4a,,...,a,)

An axiom is a finite string of symbols. We will consider here only sys-
tems with finite sets of axioms.

A rule of inference is an effectively computable function R(s; sy, ..., $)
of n + 1strings. An R function can have only two values; 1 (for “‘true”)
and O (for “false™). If R(s; sy, ..., s,) = 1 we say that *‘s is immediately

TlNolably Post. See his autobiographical remarks in Davis [1965].
There are several ‘“‘branches” of metamathematics, of which the theory of proofs is
one. Others are concerned with theories of sets, descriptions, relations between different

formal systems and their decidability properties, independence and consistency of axiom
systems, models, etc.
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derivable from sy, ..., and s, by the rule R.”” Alternatively we may write

SlseveySp—> 8 (R)
R

We will consider only finite sets of rules of inference. Often, in a logistic
sys.tem, we will say simply that “s is immediately derivable from s,,...s,”
(without mentioning an R) if there is an R that can justify it. Since each

R-test is effective, so is the test to see if any R will do, since there are only a
finite set of R’s.

A proof, in L, of a string s, is a finite sequence of strings
S1,82,...,8k .

such that

(1) each string s; is either an axiom of L or else is
immediately derivable from some set of strings
all of which precede s, in the sequence, and

(2) sis sk, the last string in the sequence.

A theorem of L is any string for which there is a proof in L. (Show that
every axiom of L is a theorem of L.)

Now our goal was to define “proof” in such a way that there is an
effective way to tell whether an alleged proof is legitimate. This will be the
case for the definitions given above. To see this, consider an alleged proof
S1,...,8¢of astring s. First see if s is sx. (If not, this is not a proof of s
in L) Next see if sx is an axiom. This test is effective, since once has to
look at only a finite number of axioms, and each axiom is only a finite
string of letters.

If s is 5, but is not an axiom, we have to see if s is immediately deriv-
able from some subset of earlier s;’s. There are a finite number of such
subsets. For each we have to test a finite number of R’s. Each R test is,
by definition, effective. If s4 passes these tests, we go on to sx_, and do
the same thing (except that we don’t require that s be s¢_,.). Clearly a
finite number (namely, K) of iterations of this process will confirm or
reject the proof, and clearly the whole procedure is effective, since it is
composed of a finite set of finite procedures.

REMARK

Our definition of logistic system has a number of restrictions. One
might want to consider infinite sets of axioms. We can do this, if we
require that there be an effective test of whether an arbitrary string is an
axiom; then the above argument still works, and the notion of proof is
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still effective. This is often done in logic, where one may use an ‘“axiom
schema’—a rule which says that “any string of such and such a form is
an axiom.” One might also want to allow an infinite set of rules of
inference. (Again one could get an effective proof-test if one had an ef-
fective schema to determine whether there is an appropriate rule of in-
ference at each step.) For our purposes, the finite-based systems are ade-
quate. Shortly we shall show that any finite-based system can be reduced,
without any real loss of generality, to a system with just one axiom and a
rule of inference of a kind that operates on just one previous theorem al a
time! At that point, we will have the symbolic equivalent of a machine—
a step-by-step process.

12.3 PROOF-FINDING PROCEDURES

The proof-checking process just described is certainly effective; given
an alleged proof it gives us a perfectly methodical, unambiguous pro-
cedure to decide whether the alleged proof is valid. Now let us consider
a slightly different question; given an alleged theorem, can we decide
whether it is really a theorem—that is, whether there is a proof, in the
system, for it. The answer is that, while there are some logistic systems
for which such procedures exist, in general there are no such procedures.
In any logistic system it is always possible to devise a procedure that will
search through all possible proofs—so that if the alleged theorem is really
a theorem, this fact will be confirmed. But, in general, if the alleged
theorem is not really a theorem, there is no way to find this out.

To elaborate on this a little, let us see how one can, effectively, gener-
ate all proofs—and thus all theorems—mechanically. To do this, one can
use a procedure that generates all sequences of strings, treats each as an
alleged proof, and tests each by the proof-testing procedure described
above. How does one generate all sequences of strings? One begins with
a procedure that generates all strings, separately. How does one do that?
First generate all one-letter strings; that is, go through the alphabet.
Next, generate all two-letter strings. How? Take each string generated at
the previous state (i.e., one-letter strings) and append to each, in turn,
every letter of the alphabet. Next we can generate all three-letier strings
by taking each two-letter string and appending to each, in turn, every
letter of the alphabet. Clearly, one gets any finite string, eventually, this
way.

PROBLEM 12.3-1. Design a Turing machine that writes out on its tape
all finite strings in the three-letter alphabet (a, b, ¢) with these strings
separated by some special punctuation letter X. The machine should be

subject to a constraint (see, for example, section 9.2) that the machine never —— -
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moves to the left of an X, so that one can distinguish the strings the ma-
chine has enumerated from those it is currently working on.

PROBLEM 12.3-2. Before reading on, design a Turing machine that
enumerates all finite sequences of finite strings in (a, b, c).

Now to enumerate all finite sequences of finite strings, one can modify
the above procedure for generating all strings. After each step of the
above procedure, one has obtained a new n-letter string. Now let us cut
the string S into two parts, in all ways. (There are n — 1 ways to do this.)
If we do this, after each string-generating act of the main procedure, then
we have obtained all sequences of pairs of strings! In fact, we have done
it 50 that each pair of strings is generated in exactly one way. So this
gives us all possible alleged proofs of length two. (The original procedure
gives us all of length one.) But now, suppose that after each pair of strings
1s generated, we again cut the first string of each pair into two parts, in all
ways. (There is a variable number of ways, now, depending on where the
original string was cut.) This gives us (verify this) all possible sequences
of three strings. Indeed, suppose that each time a string is cut into two
parts, we (recursively) then perform all possible cuts of the first part into
two more parts. It is clear that for each originally generated string, this
process, while lengthy and tedious, will be finite. In fact for an original

string of length n, there are exactly 2"~ sequences of strings that can be
made of it.

PROBLEM 12.3-3. Prove that each string of length n can be cut into
sequences of strings in exactly 2"~! ways. Hint: There is a trivial proof.

So, finally, we have an effective process that generates all finite se-
quences of finite strings in the given alphabet. There are many other
procedures to do this besides the one we have given; ours has the unim-
portant technical advantage that each sequence is generated exactly once.
The order of generation of the sequences can serve as a Godel numbering
(see section 14.3) for (alleged) proofs. In any case, as each sequence of
strings is generated, one can apply our effective test to see whether it is a
proof of some previously given theorem-candidate. If the string is really a
theorem, this process will, in some finite time, yield a proof of it! Bur if
the string is not a theorem, the process will never terminate. Hence we have

2 “proof procedure” for theorems, but we do not have a “theoremhood
decision procedure” for strings. We will see, shortly, that in general there

is no possibility of such a decision procedure.
REMARK

Some branches of mathematics actually do have decision procedures.
For example, Tarski [1951] showed that a certain formulation of Euclid-
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ean geometry has this property. The propositional calculus—i.e., the
logic of deduction for simple sentences or for Boolean algebra—has a
decision procedure; in fact the well known method of *“‘truth tables” can
be made into a decision procedure. But “elementary logic”—proposi-
tional logic with the quantifiers or qualification clauses “for all x...”
and “there exists an x such that...” and symbols for functions or re-
lations—is not, in general, decidable. See Ackermann [1954] for a study
of cases where the decision problem is solvable, and Kahr, Moore, and
Wang [1962] for some of the best results to date on showing which prob-
lems are not decidable. The reader who has read only this book is not
quite prepared to study these papers and may have first to read a text like
Rogers [1966]. Of course, even showing that a decision procedure exists,
and presenting one, as in the case of Tarski’s decision procedure for
Euclidean geometry, does not necessarily mean that one gets a practical
method for proving theorems! The methods obtained by logical analysis
of a decision problem usually lead to incredibly lengthy computations in
cases of practical interest.

12.4 POST'S PRODUCTIONS. CANONICAL FORMS
FOR RULES OF INFERENCE

In 12.2 we defined a rule of inference to be an effective test to decide
whether a string s can be deduced from a set of strings sy,..., s,. We
required the test to be effective so that we could require the test of a proof
to be effective. But we did not really tie things down securely enough, for
one might still make a rule of inference depend (in some effective way)
upon some understanding of what the strings “mean.” That is, one might
have some rule of inference depend upon a certain “interpretation” of the
strings as asserting things about some well-understood subject matter; the
strings might, for example, be sentences in English. (For example, the
strings in chapter 4—the ‘“‘regular expressions”—were understood to
represent the “regular sets,” and our proofs about regular expressions
used references to these understood meanings.)

To avoid such dangerous questions, we propose to restrict ourselves to
rules of inference that concern themselves entirely with the arrangement
of symbols within strings—i.e., to the visible form of the strings as
printed on a page— and we rule out reference to meanings. This will force
us, for the present, to direct our attention toward what is often called the
domain of “syntax’—questions of how expressions are assembled and
analysed—rather than the domain of ‘“semantics”—questions of the
meanings of expressions.

To make it plausible that this can actually be done with any prospect
of success, we will paraphrase the arguments of Turing (as recounted in

e
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chgpter 5) as he might have applied them to the situation of an imaginary
finite rr}athcmatician who has to manipulate symbolic mathematical
expressions.

At all times our mathematician must work with finite strings of
symbols using a finite alphabet, a finite set of axioms, and a finite set of
rules of inference. Imagine that he is verifying the validity of an alleged
proof of an alleged theorem. At each step, then, he will be confronted
with some assertion—that is, a string of symbols

s = a,-l...a,~n

and also with a sequence of assertions whose proofs he has already verified

S =4an an...an,,
§r = Ay (122...a2,,2
S, = a, arZ---armr

where n; is the number of letters in the jth string. He must use one of the
rules of inference, and he may, for example, try to apply each rule system-
atically to each subset of the established strings.

Now, paraphrasing Turing’s argument, we will further suppose that
the mathematician’s resources are limited to a certain set of talents:

He can “scan” a string of symbols and recog-
nize therein certain fixed subsequences.’

He can dissect these out of the string, and
keep track of the remaining parts.

He can rearrange the parts, inserting certain
fixed strings in certain positions, and deleting
parts he does not want.

We shall see that these abilities are all that are needed to verify proofs
or to perform any other effective procedure!

A rule telling precisely how to dissect a string and rearrange its parts
(perhaps deleting some and adding others) is called a “production.”” Rather
than begin with a precise definition, we will start with a few examples of
simple but complete and useful systems based on productions. Then,

when we formalize the definition, it will be perfectly clear what is meant
and why it is done that way.

T . .
. Lat;r (in chapters 13 and 14) we will see that all that is really necessary is the ability
to identify a single symbol—the first of a string--and act accordingly. This parallels

Turing’s observation that it is enough for a Turing machine to examine one square of its
tape at a time.
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EXAMPLE 1: THE EVEN NUMBERS

Alphabet: The single symbol 1.

Axiom: Thestring I1.

Production: If any string $ is a theorem, then so
is the string $11. [t is convenient to write this

rule of inference simply as
$ — 81l

It is evident that the theorems of this system are precisely the strings
11, 1111, 11111, 11tinntd,  ete.

that is, the even numbers expressed in the unary number system.

EXAMPLE 2: THE ODD NUMBERS
Alphabet: 1
Axiom: 1
Production: $ — $11

EXAMPLE 3: THE PALINDROMES
Alphabet: a, b, c.
Axioms: a, b, ¢, aa, bb, cc.
Productions: $ — a$a
$ — bsh
$ — c$¢

The “palindromes™ are the strings that read the same backwards and
forwards, like cabac or abcbbcba. Clearly, if we have a string $ that is
already a palindrome, it will remain so if we add the same letter to }he
beginning and end. Also clearly, we can obtain all palindromes by build-
ing in this way out from the middle.

PROBLEM 12.4-1. Prove that this gives all the palindromes. (It obviously
gives nothing else.) )
PROBLEM 12.4-2. This example, while quite trivial, is interesting because

this is a set of strings that cannot be *‘recognized™ (in the sense of chapter 4)
by a finite-state machine. Prove this. Show that if we remove the last three

axioms but append the production
$ — 8%

we still obtain the same set of theorems.
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EXAMPLE 4: SIMPLE ARITHMETIC EQUATIONS

Suppose that we want a system whose theorems are all true statements
about adding positive integers—that is, all sentences like

3J+5 =8
21 + 35 = 56, etc.

For simplicity, we use unary notation, so that the theorems will resemble
ITL + 11111 = 11118111

Alphabet: 1, +, =

Axiom: | + 1 = 11

Productions: $, + $, = $;— $,1 + $,
$,+ 8%, = $3— %, + $,1

$;l (1)
$3] (772)
Here the first production means: If there is a theorem that consists of
some string $,, followed by a ‘+°, then another string $,, then an ‘=", and
finally another string $5; we can make a new theorem that consists of the
first segment $,, then a ‘1’, then ‘+°, then $,, then ‘=", then $,, and finally

another ‘1’. To see how this works, we derive the theorem that means
“24+3 =735

1 +1=11 axiom
11+ 1 =111 by 7,
Il + 11 = 1111 by 7,
11 + 111 = 11111 by m,
Another proof of the same theorem is
I+1=11 axiom
I+ 11 = 111 by =,
1+ 111 = 1111 by 7,
I + 11t = 11111 by m,

There can be many proofs for the same theorem, in such a system.

PROBLEM 12.4-3, chlacc ) by $)+ 8%, =8%3— $,+ % = $; and
prove the same theorem in the new system.

One can do much the same for multiplication:

Alphabet: 1, x, =

Axiom: 1 x 1 = 1

Productions: $; x $; = $3 — $;1 x $, = $3%,
$1x $; = 83— %, x $ = %3

Prove that3 x 4 = 12 in this system.
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PROBLEM 12.4-4. Design a system whose theorems include arithmetic
statements involving both addition and multiplication. This may be
difficult at this point but will be easier after further examples.

EXAMPLE 5: WELL-FORMED STRINGS OF PARENTHESES

In 4.2.2 we defined the set of “well-formed strings of parentheses,”
namely the strings like

O, (O (OO (MO, OO

in which each left parenthesis has a matching right-hand mate. We can
obtain all and only such strings as theorems of the system:

Alphabet: ()

Axiom: ()

Productions: $ — ($) (m1)
$— 3% (m2)
$.0)$: — $.:$%2 (m3)

For example, to derive the string OON:
@) axiom
) by 7
(OO by 7,
(OO by 7,
(OO by s

PROBLEM 12.4-5. Prove (() ()({()()))) in this system.

PROBLEM 12.4-6. Consider the same alphabet and axiom with the single
production:

$,%, > $1()$2

Prove that this system generates all and only the well-formed parenthesis
strings. Note: a $ is allowed to represent an empty, or “null” string, so that
() — ()()is permitted, for example.

12.5 DEFINITIONS OF PRODUCTION AND
CANONICAL SYSTEM

Now let us define “production” more precisely. In each example of
12.4, every production could be written as a special case of the general
form

ANTECEDENT CONSEQUENT (m)
g0$|g|$2.. .$,,g,,‘> h0$;h|$é $,’,,h,n
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with the qualifications:

Each g; and h; is a certain fixed string; go and g,
are often null, and some of the 4’s can be null.
Each $; is an “arbitrary” or ‘“‘variable” string,
which can be null.
Each $] is to be replaced by a certain one of the
$;.

Take for example the production

$ . x$,=%:—>8%,1 x $, = $:%5,

from example 4 of 12.4. We can represent it in the form above by making
the assignments:

go = null g3 = null hy = ‘=’
g = ‘%’ hy = null hy = null
gy ==’ hy = ‘1x’ h4 = null

and

$i=$l’ $£:$2
$§=$3, $¢’1=$z

Note that two (or more) of the $/-s can be the same $;, as in the produc-
tion above, where $; = $; = $,. This breaks up, diagrammatically, as:

ANTECEDENT CONSEQUENT
PYeTp o piers s
809181 %282 %383 = ho$1 hy $:2hy $3h38,0,

REMARKS

Post’s most general formulation allowed each production to have several
antecedents. This is discussed in 13.2, and we prefer not to introduce this
complication here; in 13.2 we show that the more general form is equivalent,
in a sense, to the special single-antecedent forms used here.

Also in Post’s most general formulations, he allowed two of the $’s in
the antecedent to be the same. This meant that the rule of inference would
apply only to a string (theorem) in which there was an exact repetition of
some (variable) sub-string in two places in the antecedent. We prefer to
prohibit antecedents of this form, not because we want to restrict the
generality of the systems, but because it would run counter to our intuitive
picture of what ought to be permitted as elementary, unitary actions. The
recognition of the identity of two arbitrarily long strings ought to have to
be done by an iterative process; otherwise it violates Turing’s dictum

(see 5.3) about what can be ‘“‘seen at a glance” and what requires a multi-
stage process.l
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DEFINITIONS

A production is a string-transforming rule of the general form of =«
above, or (more generally) of 7 in 13.2.

A canonical system is a logistic system specified by

(1) an alphabet A
(2) some axioms (strings in 4)
(3) some productions whose constant strings are strings in A.

12.6 CANONICAL SYSTEMS FOR REPRESENTATION
OF TURING MACHINES

Now we can show how a formal system, with only axioms and pro-
ductions, can be arranged to model a process! On the surface, a formal
system seems permissive rather than imperative; there would seem to be
nothing that corresponds to the process control in a machine, nothing like
an obvious mechanism that dictates “what is to be done next.”” Indeed,
there is no notion of time or sequence, except, perhaps, the sequence of
steps in a proof of a theorem. Because, in general, there are many different
proofs of a theorem, one would not expect to be able to use the proof-step
sequence as a process-control mechanism. But one can. By using some
tricks—mainly the use of special punctuation symbols in various ways—
we can, indeed, embed the notion of a machine within the concept of a
formal system with only axioms and productions. We will show this by
constructing a formal system which, in a very straightforward way,
“simulates” the activity of a Turing machine.

EXAMPLE 6: PRODUCTIONS FOR TURING-MACHINE COMPLETE-STATE
CHANGES

Let (s,,52,...,5,) be the alphabet, and (g1,9>, . - - ,q.) the states, of a
certain Turing machine 7. Atany time ¢, T’s tape will contain some finite
sequence of symbols

Sin’siz""’si(nl) (S)

where n, is the length of the written part of the tape at time ¢. To show
the complete state of the Turing machine at time ¢, we have also to specify
(1) the current internal state of the machine and (2) where the rachine
is located on the tape. We can incorporate all of these facts, in a single
tape-representing string, by including the machine’s state-symbol at the
appropriate place, e.g., by writing

S,'l,Siz,...,S,'k_l, s sika--"si,,’
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T.his string is interpreted as follows: the machine is in state g;; it is scan-
ning the kth written square of its tape; the tape has on it the letter se-
quence (S); it is understood that the g, is nor written on the machine’s tape.

Now we can represent the machine’s operation by a set of Post pro-
ductions! Let the quintuples of 7 be

(q:, Sisqij, Sij, dij)

If d;; is “Right,” then the machine ought to proceed from any complete
state represented by

NI TR

to that represented by

o SkSi G-

while if d;;is ““ Left,” the machine ought to proceed to that represented by
-GiiSkSij. ..

This suggests using a set of productions, one for each (i, /, k) triple:

$1Skq,'sj'$2 - $|Sks,~jq,-j$2 ‘(ifd;j is nght)
$15kf1i5,'$z - $1q,'j5k5,'j$2 (ifd,'j is Left)

These rules cannot work when the machine—that is, when the symbol
g:—comes to an end of the written part of the tape. But we can make the

system automatically extend the representation by adjoining the produc-
tions

q:%$ — 0g;% (all i)

These serve to add blank squares whenever the machine comes to an end
of the tape. We can thus think of the Turing machine’s computation as
al\yays represented by a finite string of symbols, with provision for length-
ening this string when necessary. We now make the following assertion.

ASSERTION

Given the above productions, and given a string containing one q; symbol
for an axiom, the theorems of this canonical system will be precisely the
sequence of all future complete states of the Turing machine, if started in
the complete state represented by the axiom. Each theorem of the system
will have a single, unique, proof, and the steps of the proof will be exactly
those of the steps in that computation. (We include the tape—extendin;g
operations as steps in the Turing machine’s operation.)

The proof of the assertion is simply that, if a string contains only one
g symbol, then only one production can apply to it (Verify this!), and the
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result produces a string that represents the next step of the Turing ma-
chine’s computation because of the way the quintuples are realized in
the system of productions.

PROBLEM 12.6-1. Why would the assertion be false if the s;’s were left
out of the first (right) productions?

PROBLEM 12.6-2. Carry out this construction for the Turing machine
of 6.1.1 (p. 120).

PROBLEM 12.6-3. Suppose that a certain Post canonical system has the
single production
$1xy$2 > $1$2

that it is known to have a single axiom, and that it is known that the string
xy is a theorem of the system. What can you say about the unknown axiom?
More precisely, describe the class of all axioms from which the string xy
can be derived, using only this production. Prove your statement.

EXAMPLE 7: A CANONICAL SYSTEM FOR GENERATING THE SQUARE
NUMBERS

For our next example, we want to generate the sequence of numbers
1,4,9,16,25,...

(in the form of unary strings: 1,1111,111111111,...). Observing that
(n + 1)* = n? + (2n + 1)—that is, that we get from one square number
to the next by adding the corresponding odd number—we use the system:

Alphabet: 1, P

Axiom: 1 4

Production: $, 4 $, — $,11 4 $,$,;

This generates, in sequence, the strings

1P = 1'P1°
111 P1 = 1°P1!
11111 P1111 = 1’p1*
1111111 PILLL1L11 =1"pP1°

11111 PLITIIT b LLLLLl = 1PPLYS

In a sense, the square numbers are being generated. The symbol P is
used to separate two quantities; on the left is computed the next odd
number to be used; on the right is the sum of the odd numbers of earlier
stages (which is also the desired square number). Generalizing, we see
that one could use more punctuators like P to keep track of more different

auxiliary quantities that one might want to keep, during a computation.

In the next example, we will keep track of three quantities in this way.
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PRQBLEM 12.6-4. See if you can sketch, at this point, how one could
realize the computations of a program machine, of the kind described in
11.1, by a system of productions, using one punctuation letter for each

rr'1acl.1in§ register. How many auxiliary letters are really needed? The solu-
tion is given in section 12.8.

PRQBLEM 12.6-5. (Fairly difficult.) Prove that there is no system of pro-
ductions whose theorems are the square numbers (in unary notation) which

uses.only the symbol ‘1" in its alphabet—that is, which has no extra punc-
tuation letters.

12.7 CANONICAL EXTENSIONS. AUXILIARY
ALPHABETS

There is a serious defect in example 7 of the previous section. We
would really like to find a canonical system whose only theorems are the
strings 1, 1111, 111111111, etc. Instead, we found a system which gener-
ates, inside its theorems, the desired information but does not produce it
in the desired form. If we adjoin one more production

$1P$2 g $2

then we obtain, in addition to the theorems already found, also the
theorems

L ITTL, I, LRI T LT LR ], ete.

We now have the theorems we want, but we also have the “working
results”

1P, 111 P1, 11111 PI1111,etc.
which we do not want. Now we can easily distinguish between the desired

theorems and the working results because the latter all contain the symbol
P while the former do not. So we can say that

The square numbers are those theorems of the
canonical system

Alphabet: 1, P
Axiom: 1P
Productions: $,P$, — $,11P$,$,
$,P$, — $,
which are also strings in the smaller alphabet con-
taining only 1.

It turns out, in general, that auxiliary letters, like the P above, are neces-
sary when canonical systems are used to produce sets of theorems of
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theoretical interest. Let us make a general definition, to recognize and
deal with this fact.

Suppose that we are interested in a certain system M, whose theorems
are expressed in a certain alphabet 4. (M is not necessarily a canonical
system.) Suppose that M’ is another system, with a larger alphabet 4.
Some theorems of M' may use only letters in A, other theorems will use
additional letters.

DEFINITION

If the theorems of M are precisely those theorems of M' that use only the
letters of A, then we say that M' is an extension of M over A. If M"is a
Post canonical system, then we say M’ is a canonical extension of M
over A.

In example 7 of section 12.6, the system is a canonical extension of any
system whose theorems are the square numbers. The first production does
the work, while the second production is used as a sort of output device;
it converts a string with a P to one without a P. In doing this, it serves
to release the result—a square number—which cannot be further modified
(because it contains no P). In this way we can use an “auxiliary letter”—
one in the extension alphabet but not in the original—to control what is
transformed and to protect already-derived theorems from being incor-
rectly transformed. The next section gives a more elaborate example of
such a computation.

PROBLEM 12.7-1. Construct a Post canonical extension for the set of
repeated strings, e.g., those that have the form $$. The palindromes of
section 12.4, example 3, were realized without using any extension letters.
Can this be done here? If not, prove it. The alphabet should have two
original letters.

EXAMPLE 8: A CANONICAL EXTENSION FOR THE PRIME NUMBERS

This example shows how a few productions can lead to quite com-
plicated behavior. It is an extension of the (unary) prime integers over the
alphabet ‘I’. We have added the string ‘117 as an axiom because the
system otherwise generates only the primes from *11 1’ on.

Alphabet: 1,4,B,C,D
Axioms: A111,11

Productions: 4% — A$1 (m1)

A$1 — CSDB$I1 (m2)

$,1D$,1 — 1$,D1$, (m3)

$,CD$,1 — C$,D$,1 (m4)

$,C$,1D$;B — C$,$,DBS; (ms)
[ICD$B1 — $1 (re)
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Table 12.7-1
-~ » ¢\)A ..... _— etc
C DB C...DB C v DB. . . ..
C.D.B.. C..D.B C D.B
CcD B —/= C.D B C D B
c..D. B.andE] CD...B C.D...B
C.D. B C .D. CcD . B
C.DB. . C..D. B C . D. B
CD.B. C. .DB. C .D. .. B
C.D.B C.D.B C DB . . .
cD. . B cD. . B c..D.B.. . .
C.D B C..D. . B C.D B
CD B C.D. B CD B
END CD. B C D B.
3 is prime END -¢..D....B.
..C.D. .. .. B
C..DB. .. ..
C.D.B
CD. .B
CcC..D..B
C.D. B
CD. B

5 is prime

The diagram in Table 12.7-1 traces out all the strings generated by the
system. We use a dot instead of ‘1’ for typographical clarity.

12.8 CANONICAL SYSTEMS FOR
PROGRAM-MACHINES

By using a rich variety of auxiliary letters, one can design canonical
systems to simulate the steps of a complicated process. We have already
done this (section 12.6, example 6) by using a new auxiliary letter for each
state of a Turing machine. We can do the same for each of the instruc-
tions of a program machine (chapter 11). Let the instructions of a pro-
gram machine P be numbered 7,,...,I, and let the registers of the ma-

chine be 1?" ..., R,. Let us consider a machine whose instructions are of
the two kinds: Each /; is either

add 1 to R and goto I,
or
if R, contains zero then go to I, else subtract
landgoto [;,,.
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By section 11.4, this is a universal base for program machines. We can
simulate this program machine with a canonical system constructed as
follows:

Alphabet: 11,...,[,,,Rl,...,R,,RH_],]
Axiom: [{Ry11...11R,11...11R;... R, 11... 11 R,

which is understood to mean that the machine starts with I, and has the
given unary numbers in its registers at the start.

Productions: If [;is “Add 1 to R, and go to
Ij,1,” use:

L;$ RS, = 1,181 R, 18,

If I;is “If Ry = O then subtract 1 and go to I;,,,
else go to I;;,” use the pair:

IjiskRk+l$2 - Ij’$leARk+l$2
Li$\R¢18, — I, R,$,

This system is truly “monogenic” (see 14.6). That is, given a string S, it is
never possible for more than one production to be applicable to S. For, in
the case of an addition instruction I;, there is only one production that
begins with the letter ;. In the case of a subtraction instruction I;, there
are two productions beginning with [;, but since, in any string, Ry is
followed either by a ‘1’ or by R, only one of these two productions can
apply. To release the final result as a number, suppose that /, is a halt
instruction and the answer is to be found in R,. Then we adjoin the pro-
duction

Inisrisr+l - 5;2

which will release the unary string contained in register R,. For an im-
proved form of this theorem, see the remark at the end of section 14.1.

PROBLEM 12.8-1. Show how to make a canonical extension for the set of
strings represented by a regular expression.

PROBLEM 12.8-2. Show how to construct a set of productions that gives
the set of strings (as an extension) recognized by a finite-state machine,
directly from the state-transition table of the machine, without reference to
the regular-expression analysis.

PROBLEM 12.8-3. Show, given a system of Post productions and axioms
—i.e., given a canonical system—how to make a Turing machine that will
generate all the theorems of this system.

«
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NOTE

1. SeYeral recent advances in computer programming languages are based on
strmg-dlssef:ting operations that resemble closely Post productions. In particu-
lar they Qerlve their power, in part, from unrestricted use of occurrences of the
same string variable. The first such language was comit, developed by Victor
Yngve [1962] for use in research on linguistic analysis. Following this came
SNOBOL (see Farber [1964]) and a series of related languages embedded in the

H;g;}ystem, described in Bobrow [1964], Guzman [1966], and Teitelman



POST’S

'I 3 NORMAL-FORM
THEOREM

13.0 INTRODUCTION

The theorem proved in this chapter is the normal-forrq theorem of
Post’s [1943] paper. 1 feel that it is one of the most beautiful theore?ms
in mathematics: Any formal system can be reduced to a Post canonical
system with a single axiom and only productions of the simple form

g% — $h (*“Normal” production)

Post’s proof of the theorem is quite lengthy. Qur proof seems to us
considerably simpler, because it is less concerned with the gfder in which
things happen. Some clarity is gained because of fewer gux]llary symbols;
some is perhaps lost because of the simultaneous operatlc?n of many rules.
To make up for this, we illustrate the proof with a dgtalled example that
should help the reader see intuitively why the theorem is true. » .

We will state and prove the theorem in a series of forms of increasing
strength, then give some new results using the same ger}cral methogls used
in the proofs. In the subsequent chapter we will examine the relation be-
tween these and the results of earlier chapters.

13.1 THE NORMAL-FORM THEOREM FOR
SINGLE-ANTECEDENT PRODUCTIONS

THEOREM 13.1

Given a Post canonical system P with alphabet A and productions of
the form

240

20312182 ... 8,8, — ho$ihi 83, .. $1hn (M ]

SEC. 13.1.1 POST’S NORMAL-FORM THEREM 241

we can construct a new “normal’’ canonical system P* whose productions all
have the simple form

g% — $h

and which is a canonical extension of P over A. That is, those theorems of
P* which contain only letters from the original alphabet 4 of P will be
precisely all the thecrems of P.

Recalling the meaning of the production () we can foresee the follow-
ing difficulties. We will have to overcome the apparent limitation of
normal productions to “look™ only at the initial letters of a theorem.
They can tell when a string begins with gy, but how can they check
whether a string contains, for example, a copy of g, preceded by a copy of
8?7 More precisely, in spite of this limitation, we have to (1) determine
when a string has the antecedent form of (x)—that is, when a string con-
tains non-overlapping occurrences of gq,g,,...,g, in that order, and
(2) separate out the $ strings that come between the discovered g,’s and
insert copies of them into the proper positions of the consequent form—
that is, between copies of the constant strings ko, h,,...,h,. Further-
more, we must (3) provide that if the antecedent form is satisfied in
several different ways, then all corresponding consequent forms for these
are generated.

The construction turns around a technique of ‘“rotating” strings so
that each part of the string eventually comes around to the front.

In all constructions we will use upper-case letters for the auxiliary
symbols introduced for the new system P*. We will begin by supposing
that the letter T (for “Theorem of P”’) is available and that theorems of P
are represented in P* by their form in P preceded by the single letter 7.

We proceed first by illustrating the construction of P* for a particular
example.

13.1.1 Antecedent form recognition

Suppose (for example) that our production is actually

Tab$,cb$,b$: — Taa$,bb$,aal$;c (w-example)
so that we have
g = Tab hy = Taa
gl = (‘b hl = bb
&g = b h2 = aa
gy = null hy = ¢
and we want to apply this to the string S
Tabefcbgbdc (S)



L1311
242 POST'S NORMAL-FORM THEOREM secC. 13.1

(which does fit the antecedent form, with $, = ef, $, = g, and $; = do).
The result should be

Taadcbbefaadcc.

We begin by providing normal productions to check whether a string has
this antecedent form. We will use the following system:

Alphabet: lettersof 4,and 7,7y, T,,..., T,
Productions: Tab$ — $T,
Tichb$ — $T,
T,b$ — $T;
x$ — $x (for all x in A4)
T;x$ — $T, (forallxin 4,and alli = 1,...,n)
This system of productions has the recognition property: {fa string has
the form Tab $,cb$,b$;, then, and only then, this system will produce the

string T,. To see why this is so, let us apply these productions to the
string. The following strings are produced in order:

|Tab‘efcbgbdc —

elfcbgbdcT —
flecbgbdcT e—
clbgbdcT ef—
blgbdcT efc—
glbdeT efcb—
bidcTyefchbg—
dicT,efcbghb—
clTyefcbghbd—

1
Tyelfcbgbdc

so that the T symbol has rotated around to the front of the string. Now
(only) the production T;e$ — $T, applies, yielding

T, elfcbgbdc—
ficbgbdcT —
C&gdeTlf—}

T, flebgbdc—

clbgbdcT —

-.'chgbd—»
T

1

L cbgbdc
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At this point, for the first time, two different productions can apply,
generating two families of strings: that is, both

T\cb$ — 8T,
and
Tic$ — $T,
apply, yielding
(Ticblgebdc and [T clbgbde
glbdc T, T ElebdeT
bld e Tr g glbdceT b .
c T, g b bldc T, bg Doomed strings,
c|lT,gbd dcT bgb can never produce T,.
T, glbdc cllybgbd
T, bigbdc
glbdeT
etc.
and c T, -
d elr, 4 i)oor:ned strings,
an never
T djc T: dc produce Tj.
c|Ty c|T,
Ty ¢ T, ¢

So the system produced the string 75. Observe that, to produce Tj the
system must produce T, and T, along the way, in order, and that each
advance—in the index of the T symbol—requires that the T symbol en-
counter g;, the required substring of the antecedent form. Thus, for in-
stance, the string to the upper right, bgbdcT, is ““doomed” in that its 7,
will never encounter the substring cb it needs to become upgraded to T,.
Clearly, then, if the string has the antecedent form, there is a route which
produces 73, and if the string has not the required form, production of
T;is impossible. The example thus illustrates a perfectly general method:
The system of productions:

x$ — $x (all x in 4)
T;x$ — 8T, (all x in 4, all j)
Tg$ — $T,,,  (all))

produces the string T,,, from a string S if and only if the string S contains
the non-overlapping substrings g,, &gi,...,8,in that order.
We have now solved most of our problem: we know how to get around
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the apparent limitations of the normal-form production (namely, by the
rotation trick), and we know how to recognize that a string has a given
antecedent form. We still have to show how to generate the appropriate
consequent form.

REMARK

If the input string has the antecedent form in different ways, then our
system will produce T by different routes. For example

Tabcbcbba

will have three interpretations:

Tabcbebba, Tabcbebba, and  Tabcbcbba
$t 0% $ $ $ 9

These should eventually result in three different consequent strings.

The only trouble with the present system is that, while it recognizes
antecedents, it destroys the information about what the $’s are, and this
information is needed to construct the consequent. To save this informa-
tion, we will use the more complicated system of productions below. We
introduce an array of new upper-case letters:

G=1...,n

A’
(allxin A4)

and a new (and final) system of productions:

x$ — $x
AL$ — $4/,
Tix$ — $ALT, (allxin A4) (P*)
T,g;$ — $T;., (G=1,...,n
T,A%.$ — $04/,

This system is like the previous system except that it preserves the $ infor-
mation instead of deleting it. For example, on the string

Tabbcbaab

we obtain, following only the main path and ignoring doomed strings,
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bcbaab

bcbaabT

cbaa‘b

cbaab A T

Ay Tycbaab

aabA T,
Y
ab A, A2 T,
b A, A2 A2 T,
[T b]a} 42 4
A, A7 A2 T,
7, )42 4
A; A; Q A,
Q A, A A;
asserting that $; = band $, = aa. Similarly the string
. Tabefcbgbdc
yields T
QAlA}A2A) A} s

while the string

Tabcbeh
yields /%%#x\

AIT 3 2742743 3
QA AyAsT QAIA}AL, and QA42A4}A3

13.1.2  Consequent form construction

’ To construct the consequent, we have to make copies of the $ strings
into the proper positions in the consequent form. That form itself will be
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set up by the production

0% — S$hoV, h V... V., hnZY (P*—continued)

in which the A’s are the constant strings of the consequent and the V"’g are
new letters indicating where the corresponding $’s are to go—that is, a
copy of $; is to be inserted at each occurrence of }ts V;. The new letters Z
and Y will be used later. When this production is added to the system of
the last section and applied to the string Tabefcbgbdc we obtain (using the
k’s of our original example)

AlA} A2A}AlaaVibbViaaVicZY )

Our trick will be to cause the A’s to “trickle” across _the string, wi,Fhout
changing their order. Whenever an A’ passes a V; with the same index
(i), it will leave behind a copy of its subscript letter x. Thus when all the
A’s have passed all the Vs there will be a copy of $; next to each V!

The productions to do the trickling are:

ALy — $pAL (all xin 4, y in 4)
(alli = 1,...,n)

which lets the A’s pass over lower-case letters,
ALV;$ — $V AL @ifi = j)
so that the 4’s can skip over non-matching V’s, and (P*—continued)
ALVS — $VixA; (allxin4,i = 1,...,n)
which leaves a copy of x to the right of the ;. We also will need
Y$ — $Y
zZ$ — $Z

to allow strings to rotate around. A o '
Applying these productions to our example string S" yields a great

many routes and paths of generated strings, but there is only one final

result. Typical strings in the process, as the 4’s migrate to the right, are:

YALA} A A}AlaaVibbViaaVicZ
YA'A} AlaA}aVicAlbbViaaVicZ
YAlA}aaVidcbA}bV,aa VidccAYAXZ
YaaVidcbbAlV, faaA} A VidccAJALZ
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and eventually,

YaaV,[dd bbV; @aal@ CAYA}A}AJALZ

where we have marked where the $ strings have been copied in. Now our
work is done, except for removing the scaffolding—the A4’s and V’s and
Y and Z used in the construction. We use a trick based on the following
observations: We can eliminate an 4 when it reaches Z, for then its work
is done. We can eliminate a ¥ once all the 4’s have passed it, for then its
work is done. We will use the Y to inform the Vs that all the 4’s have
passed through. We will not permit Y to pass an A, but once all the 4’s

have passed a V, Y can come up and eliminate the ¥. Thus the pro-
ductions

Yx$ — $xY (xin A4)
YV$ — $Y @@lli = 1,...,n) (P*-continued)
ALZS — $Z xind,i +1,...,n

will destroy the A’s on contact with Z and the ¥’s on contact with Y.
Only when all the A’s and V’s are gone can Y come to stand just to the
left of Z, and we celebrate this completion of the whole process with the
final production of our system:

YZ$ — $T (P*-completed)

Applying all this to our example, string S results finally in

Taadcbbefaadcc

PROBLEM 13.1-1. Reconstruct this proof using productions g& — $4 in
which neither g nor 4 have more than two letters.

PROBLEM 13.1-2. Show that only two auxiliary letters are needed in
proving theorem 13.1-1. In fact, only one is needed(!) but this is very much
harder to prove and requires a different method for proving the theorem.

13.1.3 Completing the proof

There remain a few loose ends in the proof. First, note that we
haven’t really produced a legitimate extension P* of P because P*, so far,
does not produce any strings with only lower-case letters. (Proof of this:
The axioms of P contain the upper-case letter 7. Every production with
an upper-case letter in its antecedent also has one in its consequent. So,
by induction, every produced string has an upper-case letter.) Now the
strings we want to “detach’ are those that begin with 7, because any
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string T$ is an assertion that $ is a theorem of the'system P. It woplq pe
tempting to introduce the production ?"$ — 3 tg simply remove an 1n}tlal
T, but this won’t work. The reason is that this woulq !ead to spurious
lower-case theorems, namely, rotated versions of lcgmm_ate theorems,
because the present system already contains th(f. productions x$ — $x.
In fact, we have to conclude that there is no way, in the present system, to
avoid this. The cure: begin all over again with a new alphabet, supposing
that B = b,,b,,...,b, is the real alphabet of P and that 4 = a,,

a,,...,a, were really new letters of P*. Now we can detach the theorems
of P by the productions
Ta;$ — $Rb;
aj$ - $bj
R$ — ¢

which do not allow the b’s to rotate. Of course, in this system, a’s.max
be converted to b’s prematurely, but this leads only to ““doomed strings
and not to spurious pure b strings.

PROBLEM. Prove this.

What if the original system P has more than one production? .We
simply carry out the whole construction again for each P—pro@ucnon,
using entirely new sets of auxiliary letters. Only the key ‘symbol T is com-
mon. Then the P-productions operate independently, linked only by the
common T that allows any P-production to operate on the final results of
the operation of other P-productions. '

We need one more theorem to complete the proof that the canonical
systems of Post, in their full generality, can be replaced by normal.ex-
tensions. We have to account for those more powerful prOdECthHS
whose antecedent concerns several strings rather than just one. For ex-
ample, in logic one often has rules of inference like: “From a the(!irem R
and another theorem of the form R implies Q we can deduce Q.” This
says, in the language of productions, that something like

RAND(R=> Q)— O

should be a production of the system, where AND is not a stritng but a way
of saying that the production has two separate antecedents.” In the next
section we will prove a more general theorem about such systems. The

T There is a serious difficulty in representing logical systems directly as system“s of pro-
ductions, unless one introduces auxiliary symbols for making sure that parenthesis sets are
not erroneously broken.'
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method of proof there is of interest in itself, as we shall see later, because
it shows another connection between logistic systems and machines.

13.2 THE NORMAL FORM THEOREM FOR
MULTIPLE-ANTECEDENT PRODUCTIONS.
REDUCTION TO SINGLE-AXIOM SYSTEM

We now consider a more general form of a Post system, in which a
production can combine several strings (theorems) to form a new theo-
rem. In this most general system a typical production has the form

g10%18u%...%1,21,, and

$ $2...%2:,80m,
£20921821 922 20,820, and — ho$IhSL. . S h, ()

&po $plgpl $2. .. $pnxg1mp

where all the g’s and h’s are given constant strings and all the $’s are vari-
ables and where each $; is some one of the $;’s. The meaning is that, if
there are already p theorems that satisfy the p antecedent conditions, then
a new theorem is produced according to the consequent form, which may
use parts from all the antecedent strings. Post argued that any operation
performed by a mathematician could be accounted for by some such pro-
duction. We want to show that any system of this form can be replaced
by a normal canonical extension. We will show, incidentally, that this
can be done in such a way that only one axiom is required. As you will
observe, however, this refinement is pretty much forced upon us.

THEOREM 13.2-1

Given a Post canonical system P of the general muiti-antecedent kind, we
can construct a new canonical system P* that has only single-antecedent
productions, has a single axiom, and is a canonical extension of P. (Then
by the Theorem of 13.1 we can further construct a normal extension P**
of P, still with a single axiom.)

Let 4 be the alphabet of P (assumed as before to be lower-case) and let
®,,...,®d, be the axioms of P. The one axiom of the new system P*
will be

BB® BB¥,BB... BB®,BB

There would be little point in having several axioms now, anyway, since
with single-antecedent productions there could be no possibility of their
interacting to produce theorems. Corresponding to each production of
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the form = belonging to the original system P, we will introduce the fol-
lowing monstrously complicated production:

B$’(')‘B g10$11 e $1,,,g1,,‘ B$TB e e .B$:_1ngo$p1 . $,,,pg,,,pB$:B
H

|B$‘6B .. (exactly the same as antecedent). .B%‘,‘,lilho $ihi$:hs. ..

R 10 0 ¢ TTY TN THE SYF TP SUDE. PR TR P "$p"'pX

What does this do? The antecedent attempts to analyze a string to see
if it contains, sandwiched between B’s, substrings that fit the antecedent

forms
g10%11 - - - $in, &1n

gp0$pl s $pnpgpnp’

that is, to see if the proper ingredients for the production are to be found
somewhere among a string of theorems of the form

BB$SBB$BB ... BB$BB$BB

If this happens, the proper consequent will be assembled, eventually, and
adjoined to the string:

BB$BB$BB ... BB$BB$BBS:BB

so that in the future the new theorem $. will have the same status as an
iom; after all, is what a theorem is. .

ax‘(zl"r?l,athi:t{he plan, anyway. Two difficulties ari§e. The first is that our
monstrous production requires the antecedent strings to occur in a given
order_—an undesirable restriction we will lift shortly. The other difficulty
is more serious. We have to check that the analyses of the antecedents are
correct in that the strings assigned to the $;’s are proper parts of old
theorems and axioms. The danger is that a $;; may contain too’ much—
it may run from the beginning of one P string, through some B’s, .to the
end of a different P string. Now this will be the case if, and only 1f:, a $,j
contains one or more B’s in its interior. Our monstrous prqduc:tlon is
designed to make it easy to test for this contingency. That.ls wby tl}:c
production appends the concatenation of all the variable strings, in the
form X$i...8... 8 X

(Observe also that the consequent does not c:r.xd in a B; so the monstrous
production cannot operate on it again, immedlat—ely.) We can now test to
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see that this appendage contains no B’s by using the productions

$|XX$2X - $1X$2X (all x in A)
$XX — $BB

The result is that the inner X moves to the right, erasing lower-case letters.
If it ever encounters a B, the string is doomed. If the inner X gets across
to the final X, there were no B’s in the appendage, and the system reverts
to the axiom form, but with the new theorem appended to the theorem
list!

We must now lift the restriction that the antecedent components occur
in some fixed order. One method might be to introduce a distinct pro-
duction system for each permutation of the antecedents—this would
mean p! forms for each original production. A more elegant solution is
simply to adjoin the single production

B$,BB$;BB$;B — B$,BB$,BB$,BB$,B

PROBLEM. Why doe¢s this eliminate the need for permuted productions?

As usual, we must finish by providing a mechanism by which P strings
can be released without any auxiliary letters (namely, B’s and X’s). To do

this, we use the same trick we used in checking for B’s, by adding the
productions

B$ B$,B$;:B — Y$,Y
$,Yx$,Y — $,xY$,Y (all x in A4)
$YY — §

which releases any lower-case string that is enclosed by B’s.

13.3 A UNIVERSAL CANONICAL SYSTEM

It is possible to construct a canonical system that is a sort of analogue
to a universal Turing machine. We will do this by using the methods de-
veloped in the previous section. The innovation is that instead of applying
the technique to the theorems of another system we will apply it to the
productions of the other system, regarding the productions themselves as
strings of symbols. A “universal” system is one which works with the
description of another system to compute what that other system does.
Here, as we shall see, it is so easy to work with descriptions of Post Sys-
tems that no arithmetic tricks, or the equivalent, are needed.
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THEOREM 13.3-1

There exists a certain system U of Post productions with the property:
Given any other canonical system Q, then we can construct a.single czxi?m
Ag for U such that the system U with the axiom Ay is a canonical extension
of Q in the following sense. Let (a,...,q,) be the alphabet of Q. Let a
and b be new letters, and encode (a,...,a,) into the alphabet (a, b)' by
representing a; by j a’s followed by a b. Then the strings of U, With axiom
Ag, that have only letters a and b will be exactly this encoding of the
theorems of Q.

To prove this, we have to exhibit the productions of U and show how
to construct the axiom Ay. .

By the theorems proved earlier in the chapter, the arbltrary.syst;em 0
has a normal extension P. Suppose that this system P has axioms
®,,...,®%, and productions g,;$ — $h;. Let(ay,... ,a,) be the alphabetiof
Pand let 4, C, S, and T be new letters. Our system U will be supplied
with the axiom

Ap = ACAg]ChlAgZCth . Ag,,Ch,,ASCPISCDZS .. Sd)SSTT’T

Observe that this axiom is a complete description of P since from it one
can reconstruct all the axioms and productions of P.
Next, consider the production

$, A%, C$cA$, 88888, TTT
g (my)

$,A4$,C8cA%$,5%$535%:$8cST$,$3cT$588cT$3¢

This production looks (in the first, or production, part of a theore’r’n) for a
“production” of the form 4$,C$c4 that matches a “theorerp of the
form S$5$S and attempts to adjoin to the theorem list the string .$.$C in
accord with the “production” $,$ — $$c. This would be a le.gmm.ate
thing to do only (1) if it is the case that the strings $z and $, are identical
and (2) if none of the strings concerned (namely, $, $5, $4, and $‘.C) con-
tain any upper-case letters. For in that case we can be sure tha.t $$c1s a
theorem of the system P and that it is appropriate to add it to the
theorem- (or axiom-) list represented by the strings between the S’s. The
following productions check.both these conditions:

(x in(a;,...,a,)) ()

$, Tx$,Tx$; T8y — $,T$,T$:T%,

The trick is this: These productions remove, one at a time, identical

lower-case letters from $,$$¢c and from $5$$¢. If, and only if, both &

!
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strings are identical and entirely lower-case, both strings will vanish,
leaving a string of the form $, TTT$,. So we adjoin also the production

$ 7TTT$, — $, TTT (mr)

which restores the string to its original form, except with the new theo-
rem $$¢ inserted in the theorem list. To release the new theorem into
the pure lower-case alphabet, we appended an extra copy of it at the end
of the intermediate string, and it can be released by the production

$TTTS, — 8, (72)

We put the initial ACA into the main production just so that the
axioms themselves could be produced as theorems of the system, just in
case the production $ — $ was not included among the productions
of P.

The system has the defect that the productions used above depend
on the alphabet of P. If we use the binary encoding mentioned in the
statement of the theorems, then the system of test productions is re-
placed by two fixed productions:

$.Ta$,Tas$;T$, — $,T$,7$;T$, (m4)
$,Tb$,Tb$; 78, — $,7$,T$:T$, (my)
and our whole system U has only five productions: 7y, 77, g, 7., and !
PROBLEM 13.3-1. The production 7
$TTTS$, — S, TTT

can be eliminated by making a trivial addition to the antecedent of the main
production 7y, What is this change? This reduces the universal system to
just four productions. I can see no way to reduce the number of productions
further because it would seem that we need one to ““do the work,” two to
check the binary alphabet conditions, and one more to release the pure
strings. Such reasoning, however, often turns out to be unsound.

PROBLEM 13.3-2. Construct a version of U that has only one upper-case
letter, and only the lower case letters a and b. Can you do it with still only
four productions? The resulting system is probably minimal, in some sense,
with three symbols and four productions.

PROBLEM 13.3-3. Construct a version of U with only normal produc-
tions. Do not try to minimize the numbers of letters or productions.

PROBLEM 13.3-4. Using the analogy with a universal Turing machine,
construct an unsolvable decision problem about the strings produced by U
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as a function of the given axiom. Consider the prospect of developing a
theory of computability on this basis as compared with the Turing or
recursive-function basis.

PROBLEM 13.3-5. We have not quite proved everything claimed in 'Fheo-
rem 13.3-1. We have proved it for any normal system P. Now prove it for
the original, general system Q. The present system, as described, w1l’l release
the theorems of P (which include those of Q but also some others). To com-
plete the proof requires a slightly more complicated release system.

PROBLEM 13.3-6. We have never allowed an antecedent with a double
occurrence of a $;. As noted in the remarks of section 12.5, Post allowed
this, but we feel that it is not entirely in the spirit of the finite-state approa;h.
In any case, show that for any system with this more general. pI‘OFlUCthl'l
permitted, there are canonical extensions of our more conservative kind. In
particular, begin by showing that we can simulate the effect of the pro-
duction
$,0%,11$ — $,0%

by an extension that does not use double $,’s in its antecedent. Use the
T method, as in section 13.1.2

NOTES

1. For example, there is no canonical system for the theorems of the propositional
calculus, in its conventional form, that does not use at least one exte1n§1on let-
ter. Or so I believe, but I have not been able to reconstruct what I think was
a proof of this.

2. See note 1 of chapter 12.

.
3
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VERY SIMPLE BASES
FOR COMPUTABILITY

14

14.1 UNIVERSAL PROGRAM MACHINES
WITH TWO REGISTERS

In section 11.1 we introduced “‘program machines” which could
compute any recursive function by executing programs, made up of the

two operations below, on the contents of registers—number-containing
cells.

Add unity to the number in register a, and go
to next instruction.

If the number in a is not zero, then subtract 1

from a and go to the next instruction, other-
wise go to the nth instruction.

We showed, in 11.2, that these operations working on just five registers
were enough to construct an equivalent of any Turing machine, and we
remarked in 11.4 that this could be done with just two registers; we will
now prove this. But our purpose is not merely to reduce the concept of

program machine to a minimum, but to also use this result to obtain a
number of otherwise obscure theorems.

We recall (from 11.4) that the operation , Le., put zero in register a,
can be simulated if we have a register w already containing zero; then we
can also use w *(n) as a [go(n)] instruction.

For our purposes here it is more convenient to assume that we have

255
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= ( t the start. Then
[a], [a=()], and [go()] at the .

Co
%

will serve as a®, and we can assume that we have

a’ a~(n) a’ go(n)

These are the only operations that appear in the diairlam of 11.2, so they
be all we need to simulate any Turing macnine. .

v i"hoozve’;iloce the machine of Fig. 11.2-1 to one with ju.st two rcg1§tcrs r
and s, we will “simulate” a larger number of virtual r.eglsters by' using ar}
elementary fact about arithmetic—namely that the prlme-factorlza'tvlor;alc:e
an integer is unique. Suppose, for cxafnplc, that. we want tob S“;Byy
three registers X, y, and z. We will begl'n by placmg the.: num Fr o
in register r and zero in register s. The important thing is that _rorrll ;
single number 2*3¥57 one can recover the numbers X, ¥, and 22 51;np yd 351
determining how many times the number can be divided b2y , d, an— :
respectively. For example, if r = 1440, then x = 5, y =2 :;n {;e(; 01:
For our purposes, we have only to show how we can obtain the e
the operations x’ and x*, y'and y ",and z" and z".

INCREMENTING

Suppose we want to increment X, that is, add Xunitzy to x. Th'IS rpca:gz
that we want to replace 2*3’57 by 2**!3”5% = 2. 2°3’5%. But this is th
same as doubling the number in r! Similarly, incrementing y_arvlddz is
trebling and quintupling (respectively) the contents of r. And this usun?sni
by the programs of Fig. 14.1-1. The first 10(?p in each progréth() .
down while counting s up twice (or three or five times) as fast; the secon
loop transfers the contents of s back intor.

|
| I

*_ - r*'——>5' jT_P_Sz—
) S (0 : G
s’ (go s, © ) ¢ ’

go ° v

( go 5’

go

R @ 1

Fig. 14.1-1
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DECREMENTING

Subtracting unity from x is a little more tricky, since we have to
determine whether x is zero; if x is zero, we want to leave it unchanged and
doa jgo] . Ifxis not zero, then we want to change 273”57 into 23757

that is, divide the contents of r by two. Similarly, decrementing y and z is
(conditional on not being zero) equivalent to dividing by three and five.
We illustrate in Fig. 14.1-2 a program for the 5-case.

f:‘ r'
— =
r -~ r’
ro WV; r
r- A -’
s’ 5 5™
go (r’ go/ —>(if z was zero)
go

Fig. 14.1-2

The loop to the left does the division, by repeated subtraction. If the
division comes out exact—that is, has no remainder——then the lower loop
copies the quotient back into r. If the division was inexact (ie., if z was
zero), the loop to the right first restores the remainder (which at that
moment is stored in the state of the machine-—i.e., the location in the
program) and then multiplies the quotient by the divisor, putting the
result (which is the original contents) back into r.

This is all we have to show, for clearly we can do the same for the five
registers mentioned in 11.2. We simply put in r the number 273759721 ¥
and use the same techniques given just above. To build a program ma-
chine equivalent to that of Fig. 11.2-1, we take that diagram and replace
each of its individual instructions by a copy of the equivalent program
structure we have just developed. This proves:

THEOREM 14.1-]
For any Turing machine T there exists a program machine My with

Just two registers that behaves the same as T (in the sense described in
sections 10.1 and 11.2) when started with zero in one register and 2°3"5"

in the other. This machine uses only the operations D and E]
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REMARK

Now that we know there are universal program machines that lv.]xse (r)l;l;ihtitz
registers, we can improve the resulF of Se(:,flon 12.8. Fo‘x: ‘s‘u;d a1 naching
there are just four kinds of instructions: “add 1 to 1.2_,, 1a1 1o Rz,”
“subtract (conditional) 1 from R, “subtract (fzondltlona )1’ tr )ar;.te
In such a machine, we can omit the R letters gnd just use the sh o :Elcmne
the two registers, so that we can have a canonical system for such a me

with simple productions like

$11;$2 — $ |1j+l$2

for addition, and
$1118; — $11;11%2
$1j - $1j'

for the conditional subtraction.

14.2 UNIVERSAL PROGRAM-MACHINE WITH
ONE REGISTER

We can get an even stronger result if.we admiF mgltipllcagon afnci
division operations (by constants) as possnl?le machine mstructlo;lms, c:n
then we can do everything with a single reglste'r! The proof of t e.orfh
14.1-1 shows that we need only a single register 1f'w.e can perform osn 71t 1 le):
operations “multiply by 2 (or 3, 5,7, 11)’.’ and “d’1’v1de by 2 (olr 3, b ,rva_
conditionally upon whether the division is exact.” Now one ait‘ ol'rset' -
tion. The proof of theorem 14.1-1 shows that the effects of mu tlpzz%ay 1aore
by 2 (or by 3) and division by 2 (or by 3) on a number of the i:jorm o
precisely the same as the effects of incrementing x (o’r y) a?d ecdremething
x (or y). Furthermore, by theorem 14.?-.1, we doqt really neeb any t(g;
but these four operations, if we are w.lllmg to raise our num elrj lu[; °
another exponent level. Thus, by applying the result of theorem 14.1-
its own proof (!) we obtain:

THEOREM 14.2-1

For any Turing machine T there exists a program machz}rlle M7 WIZI jutsli
j when started wi
one register that behaves the same as T (in the usual sense) ' oo
227" .3 in its register. This machine uses only the operations of mu
plication and (conditional) division by integers 2and3.

PROBLEM 14.2-1. Verify the correctness of this fast-talking proof for
Theorem 14.2-1.

PROBLEM 14.2-2. In both theorems 14.1-1 and 14.2-1, the final result was

i i ere two __—
a program machine with four instruction types. In one case there wer

operations that could each be applied to each of two registers; in the other
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case, there were four operations on one register. Show that in each case we
can reduce the number to three, by replacing two of them with one that af-
fects both numbers or registers. For example, in the machine My w~ ~an
eliminate s~ and s’ if we keep ™ and 7’ and adjoin excuange (r, s). In M*%
we can use multiply by 6, divide by 3, and divide by 2. We can even reduce

the basis to two instructions: Show that for machine My it is sufficient to
have:

Add 1 to r and exchange r and s.

If r is not zero, subtract 1 from r and exchange;
otherwise exchange and go(n).

A slight change in input form is required.
Discussion

Theorem 14.2-1 looks, superficially, like a better result than theorem
14.1-1, since one register is less than two. However, from the point of
view of Turing’s argument (chapter 5), we prefer theorem 14.1-1 because
we can think of m’', m~, n', and n as unitary, basic, finite actions. On the
other hand, the operation of multiplying the contents of a register by two
cannot be regarded as a fixed, finite action, because the amount of work
involved must grow with the size of the number in the register, beyond
any fixed bound. (The same objection could be held against theorem

14.1-1 if the number in the register is represented as a binary string. It
must be unary. Why?)

14.3 GODZIL NUMBERS

The methods of section 14.1 draw their surprising power from the
basic fact that one can represent any amount of information by selecting a
single integer—or, more precisely, that one can effectively compute such
an integer and effectively recover the information from it. Thus, in the
proof of theorem 14.1-1 we take an arbitrary quadruple (m, n, a, z) of
integers and encode them into the single integer 273”577, There is nothing
new here, for in our original arithmetization of Turing machines (section
10.1) we use the numbers m and n themselves to represent arbitrary
sequences of 1's and 0’s, and in our discussion (10.3) of enumeration of
the partial-recursive functions we envisioned an even more complex en-
coding of information into single integers. In 12.3 we showed that a single
integer could represent an arbitrary list of lists of letters from an alphabet.
More generally, as was apparently first pointed out by Godel [1931], a
single integer representation can represent an arbitrary list structure (see
also 10.7). Let us define such a correspondence, inductively:

If Kis a number, then K* = 2%
IfKisalist(a, b, c,d,...), then K* = 39°55*7¢" 11 4*
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For example, 3% _ 23

2 4 6
(2,4,6)* _ 32 .52 .72

,1 52
(1,(2,3),4* = 3° -5
(0,(0,0)* = 3-5°°
PROBLEM 14.3-1. Show that any two different list structures of integers

yield different *-numbers, and describe an effective procedure to recover
the list structure from the *-number.

PROBLEM 14.3-2. Which of the following definitions have the progerty
that the list structure can be unambiguously recovered from the number?

(1)

K* = K (if K is a number)
tH {K* = 29730757 (ifK = (a,b,c,d,...))
K* = 2K (K a number)
@ {K* — 39750t et dT (K alist)
x = 3K (K a number)
(3) at bt C’ 2d* .
¢ =32 52 77 1% L. (K alist)

The ideal of a Gdel numbering was important in math'ematlchl logcl)([:‘
because while that subject is, on the surffice‘,.concerned with notn;)r;iore
number and the foundations of mathematlc§, it ha.s come morf1 an:lmber-
to be a theory of mathematical theories. 1t is possible to use the nS mber
theoretic formalisms, as Godel showed, to tall.< about the sentence ol the
theory (and sentences are not numbers)‘by assigning nun;bers rt:)icsuellar o
and properly interpreting corresponding nu.mbers. n p\a:vn seﬁtences
makes it possible to interpret a theory as.talkmg abouthlts o senten thé
without paradoxes; and Godel proved his celebra.te.d t eorem,f anout L
impossibility of a non-comradictoryN;heory c:o:ttla;lr;:nfaz grecéﬁ of s sot

i sing this technique. ore rece as be d |
Zizsézt:nlfsy; rlnlumiering schemes much simpler thgn Godel’s .fc?r.th.e iﬁn(l:
effect, avoiding number-theory facts like the L}nlque-factorlz‘i.tloln ”e -
rem. The methods of Smullyan [1961] are particularly §Iegant, Srnu ya‘
was strongly influenced by Post’s inclination to d'eal directly wnt’l; S)\/ers
bolic expressions rather than numerical representations c?f them. h(k d0~ v
I, for example, in the proof of theorem 13.3-1). But I believe met 0 s 1
those of section 10.7, or those of 13.3, that step 'faround arithmetic en-
tirely, are ultimately the clearest and most illum_inatmg,
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14.4 TWO-TAPE NON-WRITING
TURING MACHINES

It is easy enough to generalize the idea of a Turing machine to a ma-
chine with two or more tapes. One way to do this is to specify, with each
state of the Turing machine, what it is to do with each tape (what to write,
and which way to move) for each combination of symbols seen at the set of
reading heads. In this formulation one would use, instead of the quintuple

(91, 5, 945, 54j, d;y) of the ordinary machine, a specification like the follow-
ing—for K tapes, a 2K + 3-tuple:

(g Siyecigs Qisiyeigs Siyy- iKl---iKK)
Another, more convenient, way to describe a multi-tape machine would
be in terms of a program machine whose instructions include:

cirgr s Sigy ik D"u.u"lx’ < D

Move tape; in direction d.
Write symbol s; on tape j.
If head j reads s,, go to instruction . . . .

As we know, it is very hard to construct Turing machines to do tasks of
any significant complexity, even for theoretical purposes, and no one
would consider using one for a practical purpose. It is much easier to
sketch out the organization of a multi-tape Turing machine for a complex
computation if one simply assigns different tapes to different memory
functions; then it is not necessary to resort to tricky punctuation devices.
For example, it is very easy to describe a universal Turing machine using
two tapes—one for simulating the tape of, and one for holding the
description of, the (one-tape) machine being imitated.

PROBLEM. Show how to construct a simple universal machine using two
tapes.

It should come as no surprise that, in spite of the greater apparent
power of multi-tape machines, their ultimate computation range is the
same as usual, namely, the computation of any partial-recursive function.
This can be shown by describing how to make a conventional, one-tape,
Turing machine that imitates K-tape machines.

In our original, heavy-handed construction of a universal Turing
machine (section 7.3), we reserved two regions of a machine’s tape for
different purposes. One of these—the description region—was finite, but
it could just as well have been infinite. The same method won’t work for
more than two tapes, of course, since a tape has only two directions; but
one can get the effect of K tapes simply by assigning every Kth square of

the tape to be used for imitating a given tape. We leave the construction
as an exercise.
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PROBLEM. Show that any K-tape machine can be simulated by a one-tape
machine.

Although K-tape machines, in general, are equivalent to one-tape
machines, this conceivably might not be so if we impose restrictions on
what can be done with the tapes. It comes, therefore, as something of a
surprise that:

THEOREM 14.4-1

Any computation that can be done by a Turing machine can be simulated
by a machine with two semi-infinite (single-ended) tapes which can neither
read nor write on its tapes, but can only sense when a tape has come 1o its
end.

In view of theorem 14.1-1, the proof is hardly worth writing down.
We use the length from the reading heads to the ends of the two tapes as
our representation of m and #; the operations m' and n’ move the heads
away from the ends, and m~ and n~ move the heads towards the ends,
conditional on reaching an end of tape.

Another consequence of the same situation is this corollary:

COROLLARY 14.4-1

Any Turing-machine computation can be simulated by a Turing machine
whose tape is always entirely blank, save for at most three 1’s.

For one can construct a Turing machine, equivalent in the (m, n) sense
to the given machine, which works with a tape of the form

000...010...(mzeros)...0 I 0...(nzeros)...0 1 0

PROBLEM. Show how to construct the machine for the proof of the
corollary.

14.5 UNIVERSAL NON-ERASING
TURING MACHINES

We can now demonstrate the remarkable fact, first shown by Wang
[1957], that for any Turing machine T there is an equivalent Turing ma-
chine Ty that never changes a once-written symbol! In fact, we will con-
struct a two-symbol machine Ty that can only change blank squares on its
tape to. 1’s but can not change a 1 back to a blank.

Our proof will have two parts. First we will show, given T, how to
make an equivalent machine Ty that uses four symbols 0, A, B, C and is
subject to the symbol-changing restriction that the only changes permitted
are

0—>4,0—>B0—>CA>BA~>CB—+C |

SEC. 14.5
VERY SIMPLE BASES FOR COMPUTABILITY 263

T .
T]}C};] we v|:'1“ show how to make the non-erasing machine Ty out of this
b'N y making the two-symbol Ty work with its tape-squares grouped into
inary triplets, so that we can make the identification:
Ty symbols T y symbols

o~  [o[o]

A~ [

B - [1ilo]

¢~ [

The point is that the permitted symbol-changes in T correspond to

changes for Ty that only tr: > v )
oo N y transform 0’s to 1’s; no 1’s need ever be changed

THEOREM 14.5-1

For any Turing machine T there is an equivalent two-symbol machine

& y
which can onl p’”lt ls on bla”k Squa’es bul can never erase a l, ONnce

y iroqf;l First we construct the machine T mentioned above. Ty will
ork with our standard two-integer (m, n) representation for the content

of a Turing-machine tape, and we wi
) e will > , .
the form P represent the state of 7”s tape of

...CCCC...CCCBB...BBAA...AA4000...000. ..

whlere there are m B’s, n A’s, and any number of C’s to the left. We have
only to show that we can make state diagrams that will perform the basic

n |- —— % 2 2
[ 7%5—»®—— A —;:To next instruction

B "

— c 0
n = _’©_
[ ] —»@-—,4 -»To next instruction

—»-T0 next instruction

»To zero—-branch
instruction

C—

A
—~— .
[:l’f _ D LB A__ g —=———aTo next instruction
Q ¢ ®o<

B e
—> To zero= bronch
instruction

Fig. 14.5-1
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operations of theorem 14.1-1, namely,m’, n', m~, and n~; the latte; l::elr;g
conditional on whether m and n are allteady zero. That is, wed a\ eth
show that we can increment and (conditlona}lly) decreme.nt m an n——b 1?
numbers of B’s and A’s on Tj-s tape, without v1olat1.ng the syang
changing restrictions. Now consider the four state dlagramshmql ;g-
14.5-1. These do exactly what is wanted. For\ example, apply t ¢ sta e_
diagram for n~ to the strings for (m, n) = (2, 1) and (2, 0), starting some
where to the right in each case:

(m,m) = 2, 1) (m,n) = (2,0)
,CCCBBAﬁoo... ...CCCBBQOO . ..
.CCCBBA000O . .. ...CCCBB00O. ..

0

.CCCBBAOOGO . .. ...CCCBB0OOO . ..
.CCCBBAO0O0O . .. ...CCCBB0OOGO . ..
.CCCCBA4000 . .. ...CCCCBOOO . ..
.CCCCBAOCGO . .. ...CCcCcCcBOOO . ..
.CCCCBBQO0OO . .. ...CCCCBBOO . ..

: N
“to next instruction” ““to zero-branch instruction

In each case the machine first runs to the left until it encounters the‘blocl;
of C’s. (It will never move left of the rightmost C) It thgn sta_lr}t]s.. bzi

to the right to perform the desired operatxofl‘. On,l’y opcragfox;ln has ne))f
subtlety at all; the machine is supposed to erase an A (if t erg lsito e:
it can only do this by changing that 4 to a hlggher lc.:tter—'B ohr .'t p;ts
pares for this by removing the leftmost B (?f there is one); w en 1' rx(;er s
an A, it will change this to a B, thus reducing the number of'A S d]{n e_
storing the number of B’s. The reader can verlfx that we hd:VC also ta;

counted for the exceptional case in which there is no B; finally, 'mh. e
case that there is no 4 (that is, if # = 0), B is unchanged but t'he mac }nc
takes a different exit from the state-diagram. Note also that in each case
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the machine ends somewhere to the right of the block of C’s, so that we
can safely link the output of one diagram to the input of another.

To obtain the machine Ty we now simply find a program machine
equivalent to T by using theorem 14.1-1. Then we take each instruction of
the program machine and replace it by the appropriate one of the four
state-diagram machines just exhibited. Last, we realize the “jump” or
“control” structure of the program machine by making corresponding
connections of the inputs and outputs of our set of little state diagrams.
Since none of the state diagrams violate the symbol-changing restriction,
we have constructed 7j, as required.

To complete the proof of theorem 14.5-1, we have only to show how to
convert T, into a two-symbol non-erasing machine 7). To do this, we
have to provide the mechanism, mentioned earlier, through which 7',
will work with its tape as though it were formed of triplets of squares. We
will do this by replacing each state of T, by a state network that operates
on triplets of squares in accord with

0« JOP[OE, 4 « ZHPRE, B« FLPE, ¢ « TR

For example, the state of @-C>, which means “move left (by triplets)

until encountering the triplet [1[11], is realized in Ty by the network of

Fig. 14.5-2, where the loop-structure is used to make sure that the system
always moves three squares. The right-moving states of T, are replaced
by similar structures; for example, the right side of Fig. 14.5-3 would re-
place the left side, and the right side of Fig. 14.5-4 would replace the left
side. The latter example shows again how a searching state keeps moving

along by repeating triplets until it finds one of the symbols it is searching
for.

Fig. 14.5-2
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0

/®—O—>100=A
o~

*&é: /'(R)o/ /@9—1—>111=c
Do .

o (\c/ Q O—> 110=8

"(’;1/ :\@1 :Lﬁ1 1M =c¢

Fig. 14.5-3

PROBLEM. The machine T just described wipes out all prior records of
its computation, by changing all old symbols to C’s. It is possible to rngke
a machine similar in operation except that a permanent record.of all prior
steps in the computation (that is, all steps of the origlrial n}achme T, being
simulated) is retained. Construct such a machine T with the pr.O])erty
that, if (m,, n,) are the (m, n)-representation of T’s tape at. time ¢,
then T}f,’s tape at time ¢ has the form mnyman,...mmn, . ..1n some

w e
straightforward sense. For example, one can use a five-level “non-erase

encoding
m n m, m n m n
_EEE...EEED ‘¢ 'D ?...D "'C "'B '4'000...000...

First make a state diagram that will *‘copy” mn, by converting the above
string into
m n m m _ n _1 m’ 'l’ m‘ nl
EEE.. EEED 'C'D*...D *'C "'D 'C'B '4'000...
and then show how to modify the “‘copy” structure to realize e'ach of the
operations m', n', m~, n”, without violating the symbol-changing restric-

tions. Compare this system with the universal Post system of theorem
13.3-1, which also keeps a record of all previous work.

0
/@——o——» 10=8
P
0 0
*@%B—' 0— 110=8
A ~B— .
1

Fig. 14.54
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14.6 THE PROBLEM OF “TAG’ AND
MONOGENIC CANONICAL SYSTEMS

While a graduate student at Princeton in 1921, Post [1965] studied a

class of apparently simple but curiously frustrating problems of which the
following is an example:

Given a finite string S of 0’s and 1’s, examine the first letter of S. Ifit
is 0, delete the first three letters of S and append 00 to the result. If
the first letter is 1, delete the first three letters and append 1101. Per-
form the same operation on the resulting string, and repeat the process
so long as the resulting string has three or more letters.

For example, if the initial string is 10010, we get

10010
101101
1011101
11011101
111011101
0111011101
101110100
1101001101
10011011101
110111011101
1110111011101
Q1110111011101
1011101110100
1101110100101
111010011011101
010011011101110t
»011011101110100
0111011100000
1011101000000
repeats 11010000001101
10000001 1011101

0000110111011101
——————«011011101110100

The string has grown, but it has just repeated itself (and hence will con-
tinue to repeat the last six iterations forever). Suppose that we start with
a different string S’. The reader might try, for example, (100)’, that is,
100100100100100100100, but he will almost certainly give up without
answering the question: “Does this string, too, become repetitive?” In
fact, the answer to the more general question *“Is there an effective way
to decide, for any string S, whether this process will ever repeat when
started with S?” is still unknown. Post found this (00, 1101) problem
“intractable,” and so did I, even with the help of a computer. Of course,
unless one has a theory, one cannot expect much help from a computer
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(unless it has a theory) except for clerical aid in studying examples; but if
the reader tries to study the behavior of 100100100100100100 without
such aid, he will be sorry.

Post mentions the (00, 1101) problem, in passing, in his [1943] paper—
the one that announces the normal-form theorem—and says that “‘the
little progress made in the solution ... of such problems make them candi-
dates for unsolvability.” As it turns out he was right. While the solva-
bility of the (00, 1101) problem is still unsettled (some partial results are
discussed by Watanabe [1963]), it is now known that some problems of
the same general character are unsolvable. Even more interesting is the
fact that there are systems of this class that are universal in the sense of
theorem 14.1-1; namely, there is a way to simulate an arbitrary Turing-
machine computation within a “tag” system.

DEFINITION
A tag system is a Post normal canonical system that satisfies the condi-
tions: If 4 = (ay,...,a,)is the alphabet of the system, and
g:$ — $h; (i=1i...,n)
are its productions, then

(1) All the antecedent constant strings g; have
the same length P.

(2) The consequent string h; depends only on the
first letter of the associated g;.

For example, in the (00, 1101) problem just mentioned, there are really
eight productions, forming the system with P = 3:

000$ — $00 100$ — $1101
001% — $00 101$ — $1101
010$ — $00 110$ — $1101
011%$ — $00 111$ — $1101

Because of the fact that the consequent A; is determined by the first letter
only of g;, and that the number of letters in the g’s is a constant P, the tag
systems all have the character of the (00, 1101) problem; namely, to oper-
ate a tag system, one has to:

Read the first letter a;.

Erase P letters from the front of the string.
Append the associated consequent string k; to the
end of the string.

It is very important to observe that the very definition of a tag system

gives it a property not found, generally, in normal or other canonical sys-—

tems; namely, a tag system is monogenic.
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DEFINITION

A P(_)st canonic'a]”system (or any other logical string-manipulation
s?/,stem) 1s monogenic if, for any string S, there is at most one new string
' that can be produced from it (in one step).

_Clear]y a tag system is monogenic since, for any string, what happens
to it c?epends only on its first letter; two different strings can be produced
only 1{ a string has two different first letters, which would be absurd
Wha't is the importance of the monogenic property? It is that, if a strin; i
manipulation system is monogenic, then it is like a machiné in all ini—
portant respects, for it defines a definite process or sequence of things
that happen—and these can be regarded as happening in real time rath;r
than as mere theorems about an unchanging mathematical wc’>rld (;r
space.

In fact, one can imagine a special machine associated with a tag sys-

tem. (See Fig. 14.6-1.) This machine is a little lik ' :
except that tke a Turing machine

(1) There are two heads, one for reading and one for
writing.

(2). Thc tape begins at a source, runs through the
writing head, has an arbitrarily long piece of “slack,”

Slack
loop

Fig. 14.6-1
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then runs through the reading head, and finally dis-
appears forever into a “‘sink.” It can move only in one
direction.

(3) The finite-state part of the machine must be able to
read a symbol, advance the tape P squares, and write
the appropriate h; with the write head. But otherwise,
the machine has no internal states!

Note that the tag machine cannot erase a symbol. It would do it no
good to erase a symbol, since it can only read a symbol at most once!

The name “tag” comes from the children’s game—Post was interested in
the decidability of the question: Does the reading head, which is advancing
at the constant rate of P squares per unit time, ever catch up with the write
head, which is advancing irregularly. (We do not require the A;'s to have the
same lengths.) Note, in the (00, 1101) problem, that the read head advances
three units at each step, while the write head advances by two or four units.
Statistically, one can see, the latter has the same average speed as the former.
Therefore, one would expect the string to vanish, or become periodic. One
would suppose this for most initial strings, because if the chances are equal
of getting longer or shorter, then it is almost certain to get short, from time
to time. Each time the string gets short, there is a significant chance of
repeating a previously written string, and repeating once means repeating
forever, in a monogenic process. Is there an initial string that grows forever,
in spite of this statistical obstacle? No one knows. All the strings 1 have
studied (by computer) either became periodic or vanished, but some only
after many millions of iterations!

THEOREM 14.6-1 (Cocke [1964])

For any Turing machine T there exists a tag system Tr that behaves
like T, in the (m, n) sense of 11.2, when given an axiom that encodes T's tape
as Aa aa aa...aa Bb bb bb...bb withmaa's and n bb’s. The tag
system T has deletion number P = 2.

COROLLARY 14.6-1

Computability with monogenic normal systems is equivalent to comput-
ability with general-recursive functions, Turing machines, general canonical
systems, etc.

Proof: We will construct separate tag systems for each of the states
of the machine T. Then we will link these together (by identifying certain
letters of the different alphabets) to form a single tag system that behaves
like the whole machine 7. We will begin by constructing a tag system that
behaves like the right-hand side of Fig. 11.2-1.

We have been accustomed to thinking of a Turing machine as operat-
ing according to the scheme of Fig. 14.6-2. It is equivalent, more con-
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Qo
Write Move| [Go to 0 y| Write i_. .o andd
TS0 [ Lo Qo [TT7|Read )
tape M
Read *[ i |.
10pe 1 Write |s o o s_\
1 [Write Move Go to i
S ™00 ™ Qn > Read :)/'@”'e oot ———"
. ' P B
Q ape ‘I\s@me ;_. v ———
G
Fig. 14.6-2

venient here, and actually fundamentally simpler to think of the Turing
machine as rpade up of states according to the scheme of Fig. 14 6-n3§>
Looked at this way, a Turing machine will have twice as many siltes ‘ bu£
1n some sense these were concealed in it already, for it must have h,ad a

secret pal[ ()t states to .le]l!elllbel Wlla‘ it had Iead Whl ng
le 1t was writi £>

f:)RS(t)al:LEM{hOblvdioutsly states in the new system do not correspond exactly

es in the o i

tosta system. The new states are also quintuples, but of the
(State Write Move Read: ifOgoto

if 1 goto
oF S; D; Oio & )

Qi
efmd therc? is only one quintuple for each state, rather than two. Use this
ormulation of Turing machines to simplify the development of section 11.3

Now to real.ize such a state by a tag system, we will exhibit a set of pro-
dgctlons that will have the effect of a move-right state. In such a case, we
will want to change m and n so that T

m—2m + §;

n/2 ifni
0 Hn) = { / is even,
(n — 1)/2 ifnis odd.
0k a ; —_—
/Oi‘iGo to O’OI > VE’:”e P
Write| | Move [, |Read ~i0 -
li ; fape |
Q; \D-IGO to Q; 1 Jwrite —_—
Si1 frmnli- ¢ 8 8
—_—

Fig. 14.6-3
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and we must prepare the system so that it will next go to state Qupifnis

even, and to Q if n is odd. .
Let us begin with the string

Aa(aa)” Bb(bb)"
where @" means to repeat the string @ n times. Our first productions will
be

A — Ce A — Ccce
or
a — cccee a — ccce

depending on whether S;is supposed to be 0 or 1. .(This depends qnly on
what state we are in.) For brevity, we will abbreviate tag produ.amn; by
showing only the antecedent first letter and the consequent string, ’smtclze
writing the a;x $ — $h; form is so redundant. In.every case P, the
number of letters deleted, is 2. Applying the productions .above leads to
Bb(bb)"Cc(cc)m’ where m' is either 2m or 2m + 1 depending on whet'he.r
or not the state required the machine to write 1 or 0 on thc squar«.: it is
leaving. The key problem is now to determine whethgr n is even or odd.
The procedure for doing this is initiated by the productions

B—>sS| Bx$ — $S
ie.,

b — s bx$ — $s

which result in the string

Ce(cc)™Ss"

and

C — DD,
c —> dldO

which lead to
Ss"D 1D0(d|d0)m’

Now the oddness or evenness of 7 is, at last, to have an effect; for

S— T\T,

s — Ll

yields either
D\ Do(d\do)™ T\ To(t110)"""* or Do(d1do)™ T\ To(t110)"*

depending on whether n was odd or even, respectively. This has a pro-

found effect, because in the first case the system will see only subscript ‘I’ ~
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symbols from now on, while in the other case it will see only subscript “0’

symbols! Hence, we can control what happens now with two distinct sets
of productions:

n odd neven
D]ﬂAlal DQ"> a[)Aoao
dl__’alal do — apa,

which yields
T\ Toty10)" 4 1ai(a,a)™  or To(1119)"asA 0aol@oag)™

where we have written n’ for (n — 1)/2 or n/2 as the case may be. Finally,

n odd neven
’—iﬁ Blbl T() e Bobo
i bib, to = boby

produce the desired final strings

A ,al(alal)m/B,b1(b,b,)"'=("‘”/2 or A(]‘a0((10[10)m'B()bo(bobo)"En/z

The important thing about these two possible final results is that they
are in entirely separate alphabets. This means that we can now write dif-
ferent productions to determine what will next become of the string in the
case that n was even and in the case that #» was odd. Thus we are, in effect,
able to lay out the structure of a program. What should we do, in fact?
We write a set of productions like the ones above for each state Q; of the
Turing machine, using entirely different alphabets for each. Then we link
them; whenever an exit state Q.1 is the state Q;, we make the output letters
Ay, ay, By, and b, of Q, the same as the input letters A4, a, B, and b of 0;.
Similarly we identify the output letters 4o, ag, By and by of Q.o with
the input letters of whatever state is Q. Thus, we can simulate the inter-
connections of states of an arbitrary Turing machine by combining in one

large tag system, all tag productions described above. This completes the
proof of theorem 14.6-1,

14.7 UNSOLVABILITY OF POST'S
“'CORRESPONDENCE PROBLEM’

In 1947 Post showed that there is no effective procedure to answer
questions of the following kind:

THE CORRESPONDENCE PROBLEM

Given an alphabet 4 and a finite set of pairs of words (g, h) in the
alphabet A4, is there a sequence i,i,...iy of selections such that the
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strings
g,‘lgiz...g,‘N and hi]hiZ"'hiN
formed by concatenating— writing down in order—corresponding g’s and
’s are i ical? '
e i’rv?hli(li:nl:ost’s original proof of the unsolval?ility of such problems is
complicated, the result of 14.6—that monogenic normal systems can be
universal—makes it very simple to prove; for we can show that any
procedure that could effectively answer all correspondence lque:suor?s
co qually well be used to tell whether any tag, or'ot.her m'oncigemc
norm.  system will ever reach a halting symbpl, ar?d this is equivalent to
telling whether any Turing machine computation will ha}t. . ;
Proof: Let M be a monogenic normal system with axiom f‘l an

productions g;$ — $4;. Now suppose that this system hap.pens. to termi-
nate by eventually producing a string Z which does not begin with any of
the g/s. Define G;and H, as follows:

ifg, = aa,...a,letG;be XaanqX...@

and

ifh, = a,a,...a, let H be[a, Xa,X ...a.X]|

Now consider the correspondence system:

Go G, 7ZXY
4 b 4
XAH, H; Y

where X’s are placed after each letter of 4 and before each letter of Z to
form A and Z. Y is a new letter.

ASSERTION

This system will have a matching pair of identical strings if and orzly if
the monogenic normal system (g:$ — $h,), wheq started with A, terminates
with the string Z. In fact, if there is any solqtlon to the ’correspondence
question, there is just one, and that solution is (for the G’s) the sequence
of antecedents and (for the H’s) the sequence of consequents encountered
in producing Z from 4.

If we can establish the truth of the assertion, then the unsolval?ility of
the general correspondence follows, for one can adapt. any .l'unpg-
machine halting problem to a question of whether the machine in question
reaches a certain special state with a blank tape; then, in the normal

system, we can reduce this to the question of terminating in a particular__—

1
i

4%/
o
)
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string Z. (Or, we can simply equate this to the unsolvable halting prob-
lem for tag systems.)

Why is the assertion true? Let us first note what the X’s and ¥’s are
for. The X’s are to make sure that if a matching pair exists at all, it must
begin with the transcription X4 of the axiom A. This is assured by the fact
that the only way an H string can start with an X is by starting with XAH .
And since all G strings must start with an X, we can be sure that any match-
ing set starts with XA. Similarly, any matching pair of strings must end
with a transcription of Z—more precisely, must end with ZX Y—because
a G string can’t end in X and an H string can end only with X or Y. It
follows that if there is any solution at all to this correspondence problem,

then the solution must be a string which can be resolved into the two
forms:

GoGi\, Giy...GiyZXY
XAHoH; H,, .. .H, Y

But if this is the case, then it follows that the sequence of G,-j’s 1s exactly
the sequence that would be followed by the original monogenic normal
system (g, h;)! We can see this inductively: we have already established
that the H string must begin with X4. Then the G string must begin
with Go. Why? Because the system is monogenic! That means that the
beginning of axiom 4 can be matched only by go. Then g determines
ho—the string to be added to 4-—and let us remove Gy from the front.
Then there is only one G, that can match the beginning of the remaining
string; this corresponds to the gi, that the normal system would apply at
the next step. Then G, determines H; —the string that is to be added to
what is left after deleting G;, from the front. Again, G, is determined,
because the system is monogenic and it, too, must be precisely the pro-
duction antecedent the normal system would use at its second stage.

Thus the sequence of G;’s must be the same as that of the g/’s under-
lying the monogenic normal system (and hence must represent the steps
on the computation of the still-further underlying Turing-machine compu-
tation). If the process terminates, then the last G that was used will be
followed in the string by Z—by definition that which will remain after no
more productions can be applied.

Therefore, if the strings match, then they must both be the sequence
mentioned in the assertion.

So far, the only monogenic normal systems we have are the tag sys-
tems. We could, however, have used theorem 14.1-1 more directly to
show that monogenic normal systems are universal: Consider an arbitrary
two-register machine, and represent its state by a word of the form

L 110 K, 11
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Then, using the same methods as we used in 12.6, we can realize the in-
struction types of theorem 14.1-1 as follows.

Conditional subtract from first register:

1,K;$ — $1;K; (i.e., go to I if register is empty)

1$ — $1 or
;18 — 81, (subtract 1 and go to /;,1)
K;$ - $K;i
Conditional subtract from second register:
1;$ — $IF (rotate to examine second register)
K;I¥$ — $K¥1,  (goto I if register is empty)
KF$ — $K;
Kil$ — $K;,y (subtract 1 and go to {;,1)
I¥$ — 81,
Add to first:

[ — 8,1, K;$—$K;

Add to second:
L;$ — 81, Ki$— $K;l

PROBLEM. Can you make a similar construction for three or more

registers?

14.8 “SMALL" UNIVERSAL TURING MACHINES

The existence of universal machines is s;grpr?sing e?nough, an)d 1(1)15
startling to find that such machines can be quite smple in strucziur:,. har\llz
may ask just how small they can be: but to answer this, one needs to
some measure of size, or complexity, of a machmp. Sever.al measuresdcan
be defended: Shannon [1956] suggests that one might copmder the pr](1) uct
of the number of symbols and the number of states, since, as h'e Z ows_,
this product has a certain invariance. One can exchange s;ates dnbesryn(:f
bols without greatly changing this product. To count the num

i almost the same. ‘ ‘
qmr;;u%l]eiz v::;lii:ewe describe the universal Turing machine with the

smallest known state-symbol product. This machine is the mosti r'e(fen(;
competition beginning with lkeno [1958] who exhibite

entry in a sort of {19601 (6. . Minsky

a six-symbol, ten-state (6. 10)” machine, Watanabe

[1960] (6, 7), Watanable [1961] (5, 8), Minsky [1961] (6, 6), and finally the
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{4, 7) machine of this section (described in Minsky [1961]). The reader is
welcome to enter the competition (I believe that a certain one of the 3, 6)
machines might be universal, but can’t prove it)—although the reader
should understand clearly that the question is an intensely tricky puzzie
and has essentially no serious mathematical interest. To see how tricky
things can become, the reader can refer to my 1961 paper describing the
(6, 6) machine; it is much more complicated than the machine of this
section.

14.8.1 The four-symbol seven-state
universal machine

The very notion of a universal Turing machine entails the notion of
description; the machine to be simulated has to be described, on the tape
of the universal machine, in the form of some code. So, also, must the
initial tape or data for the simulated machine be described. One way to
do this encoding is to write, almost literally, the quintuples for the simu-
lated machine on the tape of the universal machine; this is what we did for
the machine of chapter 7. On the other hand, there is no particular virtue
in the quintuple formulation, and one might be able to get a simpler uni-
versal machine with some other representation. Nevertheless, we must
not go too far, for if one is permitted an arbitrary partial-recursive
computation to do the encoding and is permitted to let the code depend
on the initial data, then one could use as the code the result of the Turing-
machine computation itself, and this would surely be considered a cheat!
(It would give us a (2, 0) machine, since the answer could be written in
unary on a tape, and no computer would be necessary.) We have to make
some rule, e.g., that nothing like full computation power may be spent on
the encoding. Informally, this will be guaranteed if the encodings for the
machine structure and for the data are done separately. Then we can be
sure that the machine was not applied to the data during the encoding
process. This condition, we claim, justifies what we do below. More
technically, one might require, for example, that the encoding process be a
primitive-recursive, symbol-manipulation operation on the input; this,
too, would guarantee that if the resulting machine is universal, this is not
due to some power concealed in the encoding process. Davis [1956] dis-
cusses this question. We will present first the encoding for our machine
and then its state-symbol transition table.

The four-symbol, seven-state machine will work by simulating an
arbitrary P = 2 tag system. We know, by theorem 14.6-1, that if a
machine can do this, it must be universal. We know, by the proof of
theorem 14.6-1, that representing the quintuples of an arbitrary Turing
machine in the form of a P = 2 tag system is a tedious but trivial pro-
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cedure. Since one can see in advance for any such representation how
much work will be involved, the conversion is a primitive-recursive oper-
ation. In fact, it involves only writing down sixteen productions for each
quintuple. . .
Suppose, then, that the tag system is:
Alphabet: a,a,,...,a,
Productions: a, — ayayp...a 1
dz —>dxadz...d2,

Am > AmQm2 . . . Apmn,,

where n; is the number of letters in the consequent of a;. For each letter
a; we will need a number N; computed as follows:

N, =1
Nisi= Ni+n;

sothat N; =1 + ny + n, + ---+ n;_;. Note that this is just one more
than the number of letters in the production consequents preceding that
of a;. We shall see the reason for this definition shortly.

We will represent any string (e.g., an axiom) a,a,...a, on U’s tape by
a string of the form

S =yYayMa. . Ayt
so that N;, used as the length of a string of y’s, is used to represent a; to

the machine. The A4’s are spacers.
The productions will be represented as follows. Define

P, = 110""01...010"%) o™

so that the representation of the consequent of a; begins with 11 and then
has representations of the consequent’s letters—in reverse ordel:—
separated by 01’s. (We use strings of 0’s here instead of strings of y’s.)
Now, finally, we can describe the whole of U’s tape; it is:

«e e 000{2,|B_ |eee|P|Al11|S[000 e0s

The secret of the encoding is this: The pairs 11 and 01 are used as punctua-
tion marks; 11 marks the beginning of a production and 0l marks
spaces between letters in a production consequent. There are exactl}.’ n;
punctuation marks in the ith production P;, and there is one extra 11 just
to the left of S. Hence, there are exactly N; punctuation marks betweer{ S
and the beginning of P;. So the code y"i chosen to represent a; contains _
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exactly the information needed to locate the production corresponding to
that letter!

The machine will use only the letters already introduced: 0, 1, y, and 4.
It is understood that ‘0’ is also the blank symbol on the remainder of the
infinite tape. Table 14.8-1 is the state-symbol table for the machine; it is
understood that if no new state is given, the machine remains in its present
state.

Table 14.8-1
q1 92 q3 q4 qs 96 97
¥ 0L 0 L/1 y L y L Yy R Yy R 0 R
0 0L y R HALT y R/S y L/3 A L/3 y R/6
I 1 L2 A R AL 1 L/7 AR AR 1 R
A 1L y R/6 1 L/4 1 L 1 R 1 R 0 R/2

The machine starts in q, at the first symbol in S. It seems useless to try
to explain the machine, except by following it through an example, be-
cause its various functions are all mixed up. Generally, states ¢, and g,
read the first symbol in 8, locate and mark the corresponding production
P;, and erase the first symbol in S. States q3, 44, g5, and g¢ then
copy the production consequent at the end of §. (The copying works from
inside to out; this is why the productions were written backwards.) When
the end of the production is detected (by g4 and g5 finding the 11), then
g7 restores the tape, removing the marking of the production region and,
incidentally, erasing another symbol from S. Since two symbols were
erased from S, and the appropriate production is copied, we have a
P=2 tag process.

The problem in making a “small” machine is to avoid use of new
letters for marking. All marking of working places for this machine is
done by interchanging 0’s and y’s and 1’s and 4’s.

If g5 meets a 0, the machine halts. It turns out that this can happen
only under special conditions; but these conditions will come about,
eventually, if the special string Py = 110101 is used as a production and
this production is referenced. So if any of the letters of the tag system are
supposed to cause a halt, we assign to them the production Py. The
number ny assigned to the halt symbal Py is 3.

Constructing and following an example is tedious. Here is a simple
one.

AN EXAMPLE

We will code the machine for the simple tag system

a,—a
a; > aas
a, — halt
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For this system,

110

11 0000 01 00

11 01 Ol (the hait production)

nl= 1 AN|= 1 P|
Hy =2 ‘N2=2 P2
N; =4 P,

I

If we start with axiom a@,a,a,, this is encoded as yy4yyAdyyA and the
tape is:

Wm o1l11 0000 01 00|11 O|tt|y y|4|yy 4 yy}
(@)

The machine marks symbols to the left, finding two punctuation groups,
and then goes to the right in state ¢4, writing an A at the end. The tape
is then

t 110 Ol“ll 0000 01 OO\AAyIAAI yy y yy 1\ yy A
L)

Note that two deletions have been made from the front of the tag string!
Now the production is copied (backwards) at the end; two 0’s, and 4 and
four more 0’s, forming yy 1 yyyy:

i 10 011” yyyy yA J/}"AAJ/IAAl vy y vy Vo Yyt yyyy §

@)

On the next trip to the left, the machine encounters the 11, meaning that
copying is to stop; the machine enters g7 and restores the tape to the form’

00 O OO O |yy Alyy Ayyyy

@

This is, in effect, like the starting state (g, has the same effect as q.)
except that the string a,a,a, has been replaced, as it should be, by
a,a,as.

If you trace the operation through to the end, you will see how the
string next becomes asa,a;. Following that, after some curious struggles,
the symbol a; will cause the machine to halt; it first writes 44 and this
sequence eventually causes state ¢; to encounter a zero.

F o1 01‘11 0000 O1 0011 o1
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14.8.2  Structure of universal machines

One might suppose, or hope, that the property that a Turing machine
is universal should imply some interesting conclusion about its state dia-
gram. But it seems there is nothing much to say about this, in general,
because there are universal machines with structures so trivial that one
can draw no interesting conclusions. Suppose, for example, we make a
straightforward machine for a P=2 tag system. Let the axiom .S be
written out on the tape

f000...5...000}

and start the machine at the beginning of S with the state diagram shown
in Fig. 14.8-1. Now we can make such a tag machine for any Turing ma-
chine, by section 14.6; so we can also do it for some universal Turing
machine; hence there is a machine with this structure that is universal.

Start ‘ /®0_011—4>®9— 0|2—>®9—01n1

(/3 Q=ree

(/8 Oe=ooe

\®O— Om1 -|—®Q-— Im2 -»@O— Oming,
J

Fig. 14.8-1

There simply doesn’t seem to be any structure required that is any
more complicated than one needs to make a multiplication machine. Per-
haps this is not surprising in view of theorems like theorem 14.2-1 and the
difficulty of excluding full recursion, e.g., minimization, in any machine
that has any iterative (loop) ability. In any case, the demonstration by
Shannon (1956) that, allowed enough symbols, one can replace any Turing
machine by a two-state machine shows that the structure of the state
diagram can be hidden in the details of operation and not clearly repre-
sented in the topology of the interstate connections.

PROBLEM. Choose any two-symbol, two-state machine and show that it is
not universal. Hint: Show that its halting problem is decidable by describ-
ing a procedure that decides whether or not it will stop on any given tape.
D. G. Bobrow and the author did this for all (2, 2) machines [1961, un-
published] by a tedious reduction to thirty-odd cases (unpublishable).
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SOLUTIONS TO
SELECTED PROBLEMS

Chapter 2

2.7-2.

The output 0 indicates that up to the present, 0’s and 1’s have always oc-
curred in pairs. Note that the lower-right-hand state is “dead” in the sense
that the machine can never leave it, once entered. In the notation of chap-
ter 4, the output 0 corresponds to the equivalence class of histories:
(00 v 11)*.

_If the machine has k states, and it got to the point of printing the k + 1

zerosin ...0%*'1 ... it would have repeated a state and could never print
the ‘1’ and continue the “counting.”

. The outputs do not contain any information not already contained in the

history that can affect later outputs.

. The basic idea is to propagate two kinds of waves down the line, one going

three times as fast as the other. When the fast wave is reflected, it meets
the slow wave in the middle of the chain. The chain can then be divided into
two equal parts (it is a mere detail to account for odd and even chain
lengths) and the process duplicated in each half-chain, with new “fire when
ready” commands starting at the center. A soldier actually fires at the
moment he finds himself an isolated chain of length I.

This solution takes 37 moments, for a chain of n soldiers. One might
conjecture that there might be a solution of the order of 2n. (Show there
can be no faster solution.) In fact it is not hard to construct solutions, for
any small number ¢ > 0, of the order of (2 + €)n. It is quite a bit more
difficuit to see that there is an exactly 2n solution; this was first shown by
E. Goto and one was found by Robert Balzer, of Carnegie Institute of
Technology, using only 8 states for each soldier, and 8 kinds of signals

flowing in either direction—equivalent to 64 inputs. -

282

T
|

3.2-1.

3.24.

2x
x —C:lBinory adder }—C:lBlnory adder
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A pl{blishcd solution, with some further related theory and results
appears in a paper by Patrick C. Fischer [1965]. ’

Chapter 3

Thc. key f;act is that the spurious numbers produced by a binary counter
chain during carries represent smaller numbers than the current count.

We show an example of how to do it; the reader will be able to see the
general method. To multiply a number x by 20, use the net shown here.

X 8 x 16 x
Binary adder 1—C:18inory odderj1 >

20x
Binary adder

3.6-1. The key idea is shown in this net.
A B 123
. g °
- ol > 02 2
= - :
—
>3
Chapter 4
4.2-1. (1) (0*10%10%1)*0*

Start m—

(2) (Ov1111%)x = (Ox1111+)=
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(3) ({0 v 1HOOD(O v 1)0)*

(4) [0%1(11)«0*01(11)«0*0]* (I 1)+
4.3-2. R\ (ae v abg v dg)(h v fg)*
433 Ruless Ev F = FvE (EvF)s= (ExFyxEx (EF)xE = E(FE)x
4.3-4. True, False, False, True, True,
45-4, E = (01 vOOLl*0 v 11«0}
E® = (10 v01%00 v Olx1)*

The two states cannot be merged because 0011 is accepted after 01 but not
after the 000, so they cannot represent equivalent histories.

4.5-5. (1) Yes: (0 v )x. (2) Yes: 10+. (3) No: finite-state machine must lose
count. (4) No: must lose count. Note that an infinite machine like that in
section 4.2.3 can do it. (5 No. (6) Yes: (0 v I)*E. (7) Yes:
(O v D*EQ© v 1)+. (8) No! This is not solved by EE. A machine can
recognize E = 0«1, but no machine can recognize

{0"10"1} = 0101,001001, 00010001, . . .

4.5-6. (axb*)«*, (a*(bb)*(ba)+)=, (ax((bb)*(ab)x)*). This works in general, if
one operates from the outside-in.

Chapter 6

6.1-1. The left-going state is a complete binary-counter in itself! (One can further
omit the symbol B and use 1 for it throughout.)

A B A B o
Qo
Ll

6.1-2. (1) Make a machine that first recopies the number; then acts like the unary _

multiplier of section 6.1.4.
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(2) Naturally, there are many ways to do this, so your solution won’t be
the same as this one. The sum ends up to the left of B. Why do we use
two A’s?

—» Stop

" Subtract one"

"Add one"

A, Prime
> L ,‘) > L E

Y N Not prime

6.3-1.
<S?0rf>o y
0

<
~

Q\

N

®

y

-
>

Copy Add one
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6.3-3. (1)

x O~ Accept

0 0
X )
X ——{ L X x—pReject

(2), (3) Just use the given finite state machine functions

F(q:5;) G(q:sy)

to make quintuples
{qf,sj, G(q,’Sj),O, 1} for SI = 0» 1

and {qi, X, HALT, ¢ (i), 1}

where ¢ (i) = 0if g;is an acceptable final state and ¢(i) = X ifgot. '
(4) 'Obviously, the only difference between a general right-moving machme
and the machines above concerns the s;; entries; and since the machine
can’t go back to look at them, they might as well be 0’s! ‘ .

(5) No. Because of (2) and the fact that a finite-state machme can’t do it.
(6) No, not unless you are as clever as Turing. But you will be able to after
reading chapter 8.

Chapter 7

7.4-1. 1tis easy to describe the key idea; think of a new tape that represents T7s

doubly-infinite tape as folded over, as in the accompanying figure. Then
all the information is “‘mapped,” in a one-to-one fashion, onto thc.r{cw
singly-infinite tape. To use this would, of course, require a d_rastic revision
of the details in figs. 7.2-5 and 7.2-7. A more elegant solution is obtained by
solving problem 7.4-2, for the machine so derived works on a doubly-
infinite tape immediately.
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7.4-3. Begin by designing a machine T which, given any sequence of symbols from
a fixed alphabet {s5,,5,,...,s,}:

S$iSi, ... Siy,

converts this to a sequence

(qo)’ Oa (41)151‘,, 15 Xs (QI)» Os (qZ)s Siz, lv A/, ..
o (gn)0,(Gn 1), iy L X, S0, Sy, 85

-
where (g;) is a representation of the integer i. Then consider the machine T
and let the sequence s;,5;, . . .5, be a representation of the machine 7 itself,
where the description of T starts with state gn+1- The long sequence of
quintuples then describes the desired machine!

Chapter 8

8.3-1. The machine T2 is essentially the machine T, plus machinery for erasing
all information on 7s initially given tape. T begins by writing 4 0 B and
starts to compute at the location of this 0. When it needs more “blank”
space, it pushes the 4 and B apart, sweeping away whatever might origi-
nally have been written on the tape.

8.3-3. This is simply a special case of the problem of section 8.3.4 because, for
the kinds of machines used there, it is quite irrelevant whether the initial
tape is finitely or infinitely inscribed.

8.8-1. (1) Thereis a decision procedure for this. For given the length L of the
non-blank part of 7, and the number of states NV of 7, one can calculate the
bound B(L, N) = L-N% The machine T cannot go more than L - N steps
without either repeating a state-tape configuration, or erasing a 1, or getting
into a repeating pattern moving forever down the infinite blank part of the
tape. And there are at most N 1’s to erase. So if T has not written a 1 in
LN? steps, it never will.

(2) The answer is No, by Theorem 14.5.

8.8-2. (1) No, for the same reason as in 8.3.4.
(2) No, same reason, essentially.
(3) Design machines like those of 8.3.4 which, when their prototypes halt,
then erase everything between 4 and B. Let T be a machine that halts
under the conditions of 8.3.4. Then this problem is equivalent to the halt-
ing problem for 7.
(4) This is decidable! Calculate a bound as in problem 8.8-1(1) and
modify to keep count and check to see if T'is in a cyclic loop at that time.

Chapter 9

9.2-1. If the rational number is defined as p/q, we design a Turing machine T,
that first prints out the integer part of p/g (by recording its digits in the
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9.2-2.

9.3-1.

9.6-3.
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first few states of Tp4). Then we have to print the possibly infinite decimal
sequence for the remainder. But this sequence is always eventually periodic,
e.g., like

22 — 3.142857 142857 142857 ...

so this cycle can be built directly into T, ,. Incidentally, can you use a
finite-state argument to prove that the sequence of digits of a rational
number is periodic?

Given the machine T, which gives a, = the nth digit of a when n is written
on the tape, we build a new machine T}, whose tape has (at the end of each
digit computation) the form

... XaoXa Xa, X ... Xa,X(n)Y

The new machine T, reads the number between X and Y, does what T,
would do, using methods like those of 8.3.4 modified and extended to keep
the T, calculation from overlapping the already-printed material preceding
the last X. When finished, the tape should have the form

XaoXa1 X ... Xa Xap X(n+1)Y

The machine will have had to maintain a copy of n throughout the compu-
tation, but this is easy to arrange. To show the other direction of equiva-
lence is easy: given a machine like T,, build a T, that, given n, allows
T, to run until n X’s are printed; then erase everything on either side of
the number to the left of the last X

The key idea is simple but fruitful. Begin by supplying M with some
representation of the nth tape which it can interpret as the integer N. It
puts a variant of the machine Tg, into “supervised operation.” It waits
until Tg , has printed exactly # X’s (as in problem 9.2-2). It then stops
simulating Tgy, and inspects the digit to the left of the last X that was
printed. This digit determines the answer.

The number § = .33333 ... is obviously computable, so f(3), if computable,
must be defined. But there is no way to decide its value at any finite point
of inspecting the input tape. For at any finite point, the machine will have
seen nothing but 3’s. So it must check the next input digit. It can decide
safely only when it first encounters a digit below 3 (in which case f(x) = 0)
or one above 3 (in which case f(x) = 1). If thereis no such digit, and that
is the case here, it can never halt!

Chapter 10

10.3-3. If y and z are represented as binary numbers, but we write, in base three;

Sy =y 2
then we waste 3 of each digit as well as one whole digit. Then

Sz ~ 3yt

10.3-4.

10.4-1.
10.4-2.

10.5-1.
10.6-1.

10.6-2.
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In general, by using base r, we get

f(y,z) — r(yz)l+l/r

and 1/r can be as small as we like. One can do a little better by using more
complicated codes and can keep

C(y,z) < yz(1 + ¢
(for any € and large enough y and z). One can’t do better than
C(y,2) ~y-z
because for any yg, zg there are y¢ + zg pairs ( y, z) for which
y <yo and z < zg

To find y, given C(y, 2), find the largest n for which

2
n (
L N

C(.y7z) - 2 Z

Then this difference will have the value of y; and there is a similar pro-
cedure for z.

The summation was done in 10.3.2; the product is similar.

Define
E(x,y) = 1

E(x,y) = 0

ifx =y
ifx =y
Define

x k
o0 =2 1T EQG). xU)
k=1 j=1
This is the desired ¢ function. Verify that the definition above can be put
in primitive-recursive form, using problem 10.4-1.

2!6

A©) = 1,4(1) = 3,4(2) = 7,4(3) = 61,4(4) = 222 - 3.

I.don’t know any especially neat ways to do these, though there is no par-
ticular conceptudl difficulty. What I would do, if I had to describe
enumerations, is to describe (1) a procedure for enumerating, say, lexico-
graphically, all strings of permitted symbols and (2) a procedure for
testing the strings to see whether they are well-formed sets of equations
satisfying the definitions of primitive (or general) recursion. These
procedures would take only a few lines to describe, using one of the
modern ‘“*string manipulation’” computer programming languages men-
tioned in the note to chapter 12.

Assuming an effective procedure for evaluating the definitions found in
10.6-1, simply evaluate the nth definition found for the argument value x.

If one goes into details, one will have to worry about functions of more
than one variable.
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10.6-3. If one remembers that the u operator is needed only once, this problem
isn’t very different from 10.6-2.

10.6-4. The function V(a, b) isn’t primitive-recursive.

10.7-1. (1)
Prime (n) = P(n,2)
P(n, k) = (ifn = kthenlelse(ifn = k - (n/k) then0
else Pr(n, k + 1))).
(2) Define
R(m,n) = m — n- M _ the remainder when m is divided by n
n
Then
ged(m, n) = (if m > nthen gcd(n, m) else
(if R(n,m) = 0 then m else gcd (R(n, m), m)))
€)] ¢(n) = Y(n,n - 1)

Y(n, k) = (ifn = lthenOelse(Y(n, k — 1) + N(ged(n, k))))
10.9-1. Define integer equivalents to be

0 1 2
$ $ } etc.

NIL <NIL « NIL> <NIL + <NIL + NIL>>

That is, we let NIL represent O and, if n represents an integer, we let
C(NIL, n) represent its successor. Then, for integers x and y, we can define

equal (x,y) = (if x = NIL then
(if y = NIL then NIL else C(NIL, NIL))
else (if y = NIL then C(NIL, NIL)
else equal (T(x), (T(»))))

Then ““equal (x, ) = NIL” will be true only if x and y are equal integers.

Chapter 12

12.3-1. The trick is to consider a, b, and ¢ to be the 0, 1, 2 digits Qf a ternary
number system and construct a machine like that of the solution of prob-
lem 6.3-1 but with ternary addition.

12.3-2. Use exactly the same trick as in 12.3-1, except using base-4 numbers, with
the extra digit playing the role of string-separator, i.e., ““comma.’

12.3-3. A string of length n can be cut in any or allof n — 1 places. At each plz'ifﬁ
there are two possibilities—divided or not. So altogether there are 2
possibilities.
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12.4-1. Prove this by induction. BAsE: all palindromes of length 1 and 2 are in-
cluded (as axioms). Any palindrome of length n > 2 has the form xpPy
where P is a palindrome of length n — 2. Use two induction hypotheses
for odd and even lengths.

12.4-2. If N is the number of states of the machine, it must accept the palindrome

aaba’a
but in so doing it must have repeated a state during the first sequence

ofa’s. If L is the length of the cycle of states thus encountered, the same
machine must also accept

aa™**pa¥a
which is not a palindrome.

12.4-6. Any parenthesis nest can be regarded as built up from the outside. Thus
we can obtain the nest of problem 12.4-5 by

[0}

Q)
(0O0)
(000)
(00N
(OO
(00«00

To get, say () () from (), we let $; be () and $, be the nuli string. To prove
the system generates the well-formed strings, use methods like those of
section 4.2.3.

12.6-1. If the s4’s were left out, we would have both the productions
$1qisj$ - 5151‘;“].‘,‘52
and
q,~$ g 0q,~$

Then for a string that begins with g;, two productions would apply to the
same string, and we could get two different proofs, eventually, of some
theorem.

12.6-2. A simple set of productions that will suffice here are:
$1900%; — $,90%;
$190182 — $19.19:
$190B%2 — qoH
$19.108; — $,4:$%;
$191182 — $190%;
$19:18%; — g1 H

where the process stops by proving qoH or g H. Because of the character
of this problem, we don’t need the tape-supplying productions.
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12.6-3.

12.6-5.

12.7-1.
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The axiom must have the form of a well-formed parenthesis nest, with x

for *(" and y for Y.

It is possible to make a system that produces only square numbers, €.8.:
Alphabet: 1
Axiom: 1
Production: $ — $$$$

but this doesn’t produce all the square numbers.

Now any production on the alphabet with just ‘1’ can be put in the

form ok .
$15,...8,1™ — $,'855...8,"17

(Why?) Now either the k’s are all equal or not. If not, then there is some
k; = k;. Then consider any number x produced by the system, and any
number r < x:
x=(.x—m—r)+r+m—>k,v(x—m—r)+kjr+1
= k,-X + (kj - k,')" + 1 - kim
If k; = 0, thenthis implies that the system contains the arithmetic series
r(k; — ki) + (I = k,m) in r, and the set of square numbers contains
no arithmetic series. But if k; is not zero, then the system contains
arbitrarily large pairs of numbers just (k; — ki) apart—also impossible.
Hence all k’s must be equal. In that case
x=(x—-—m+m—k(x —m)+1

and each production generates a sequence of numbers that grow expo-
nentially. No finite set of such sequences can form the set of square
numbers. (Show that they get too far apart.)

Alphabet: 0,1

Auxiliary letter: 4

Axiom: A4

Productions: $4 — $04
$4 — $14
$4 — $%

It cannot be done without an auxiliary letter. A detailed proof is very
difficult, but to get an idea of what happens, consider any production

go$lgl...$k...$,,g,, S
Now consider any double string of the form
808182 - 8kSEks1.--En08 182 -&ikSEh+1---En

Forany S, such a string must be a theorem. When this string is given to

the corresponding production, one can set $; = Ounlessj = kso that -~

Sgk+t.--En80L1---&kS

12.8-1.
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replaces each occurrence of $; in the consequent. Because S is arbitrary
the result won’t be a double string, in general, unless $; occurs twice; an(i
because this is true for each k, one can show that the consequent itself must
be “repeated.” Then one can use subtle arguments about exponential
growth of the strings as in the solution to 12.6-5 (p 292).

The following canonical system is an extension for the regular expression
(b v c)abla v bex)*:

Axiom: XYZ
Productions: X$ — b$
X$ — c$
$Y$' — $abs’
$Z —~ %
$Z —> $WZ
SW$' — $a¥’
SW$' — $bV§'
$Vy — 88’
SV — $cV'§’

One can see in this that X is really (b v ¢), Yisab, Zis (a v bc *) «, W is
(a v bcx) and Vis cx. What is the general principle here? Describe the

construction inductively.

12.8-2.

12.8-3.

For example, let M be described by quadruples (g, s;, 9i5, 7i5), let q" be
the §et of states regarded as indicating that M, when started in g9, accepts
the input string, and consider a system like

- Alphabet: Qo, @1,..., @niS1y. s Sm
Axiom: Qg
Productions: Q;$ — Q;;$s;  (alliandj)
0$—5% (all g;ing™)

Prove that this system is a canonical extension of the set of strings recog-
nized by M, and admire its elegance as an alternative to the concept of
finite-state machine. Modify the system so that recognition depends on
the occurrence of certain output symbols rather than on the occurrence
of certain states.

This problem is quite complicated, although conceptually not very dif-
ficult. One has to keep, along with the axioms, a theorem list of all the
strings generated up to the present time. One must also have a procedure
for determining whenever any theorem on the theorem list can be matched
to the antecedent (left-hand part) of any production; in that case one must
then rearrange the discovered parts to form the consequent of that pro-
duction and add the result to the theorem list. One must make sure that
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each production is applied to every theorem (in fact, if multi-antecedent
productions are considered [see 13.2], to each subset of theorems). One
must also test to find every way in which each theorem matches each
antecedent— for there may be more than one correct analysis (see 13.1)—
and produce the corresponding theorems. Because of all this, the Turing
machine required will be very complicated. We do not go through this
construction here because, once we have proved the theorems in chapter
13, the kinds of productions we have to consider will become so much
simpler that the corresponding Turing-machine construction will be
quite trivial! For this reason, the reader is encouraged to analyze this
problem carefully to see what is involved in the complicated required
procedure, but he should not attempt to complete this effort by filling out
details of the Turing machine. The same effort will be much better spent
on trying to understand, and perhaps improve, the proofs in chapter 13.

Chapter 13

13.1-1. Rather than adapt the construction in 13.1, it is just as easy to prove the

more general theorem: Any normal canonical system has a normal exten-
sion whose production constant strings g; and #; have no more than two
letters, with not more than a total of three in any production. This prob-
lem is fairly hard. My proof uses many new symbols, in a hierarchy that
gives a sort of binary representation for the constant strings of the original
system.

13.3-1. Append $4to the right-hand end of the antecedent of 7 .

13.3-2. U uses only the upper-case letters A4, C, S, and T, and lower-case a and b.

The simulated alphabet of Q is ab, aab, aaab, ..., (a)"b. So bb never
occurs. Then there will be no ambiguity if we replace 4, C, S, and T by
AbA, AbbA, AbbbA, and AbbbA; and the test for falsely placed upper-case
letters still works.

13.3-5. Construct P with only three letters, L, a, and b. Let ab, aab, aaab, etc.

represent letters of Q and let Lb, Lbb, Lbbb, etc. serve as the auxiliary
letters of P. Finally, construct U using LLb, LLLb, LLLLb, etc., as its
auxiliary letters! Then one has only to construct a release procedure that
will not release any string containing L in its interior.

13.3-6. Take 4 and T to be new letters: let T$ assert that $ is a theorem in the

old system; then use
T$,08,118; — A$,4%3;4%$,0$,118,4
A$ 1 xA$,xA334 — A$ A$,A%34
AAA$,0%,11$34 — T9$,0%,

A
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Chapter 14

14.2-1.

14.2-2.

14.3-2.

If the number in the single register R is 2”3, then there is a correspondence
between the instruction sets

Addltor
Add1tos
Subtract 1 from r

Subtract 1 from S

Multiply R by 2
Multiply R by 3
Divide R by 2
Divide R by 3

PE o

with the usual conditions for subtract and divide. Then the proof of
thc.orem 14.1-1 shows that we can write programs, using the left-hand set
of instructions, that have the effect, if we set r to 2™3"5%7°11"%, of the in-
structions

Add 1 tom, Add 1 to n, etc.
Subtract 1 from n, etc.
But then the corresponding programs, using the right-hand instructions

will have the same effect, if one starts with R containing

m.n_a.z w
273
2 577711 .3

More details are given in Minsky [1961].
Define two new instructions that each operate on two registers, r and s.
A: Add1tor, exchangerands, goto/;

B: Ifr > 0,subtract | from ry, exchange r and s, go
to I;; otherwise exchange r and s and go to /.

Now consider the four programs:

A A A

B
A A B A‘D

A B BD B-— B
B A B-I, B

| | ! !

I I I; LI

If we begin with even numbers in both registers, then these programs are,
f:orrespondingly, exactly like 7', s', r~ and s~ except with double-sized
increments.

_ The same thing, essentially, can be done where the *“‘normal” sequence
is the next instruction for /;. Can you see the difficulty with the rightmost
program, and how to fix it by preceding every program by ““4, 4, B, B™?

(1) No, because both 16 and (4) have the same image.
(2) Yes;if anumber is even, it is not a list: if it is odd, it is a list.
(3) No, because both 8 and (1) have the same image.



SUGGESTIONS FOR FURTHER STUDIES
'l 6 AND DESCRIPTOR-INDEXED
BIBLIOGRAPHY

INTRODUCTION

It is impossible to give a full account of a mathematical theory—not
only because of the vast amount of knowledge accumulated in the past
(as in the case of computability)—but also because the process of assem-
bling an exposition, shaping and selecting different versions and images
leads to new variations and models. Some of these are inessential, others
are new families of structures that raise new problems in other areas of
mathematical knowledge or ignorance. To keep this book compact, it
was necessary to interrupt these lines firmly, and often arbitrarily. The
following remarks concern lines of thought that some readers may want
to pursue further. The initials at the right of each topic are used to
cross-reference the bibliography.

ALGEBRAIC THEORY OF MACHINES A

Beginning mainly with Kleene’s Regular Expression Alge-
bra, a new branch of abstract algebra has developed. It is
now often seen in the more mathematical of the computer
and linguistic journals. The few references we give here
show how the state-transition diagrams have been studied
by treating the input strings as elements of groups, semi-
groups, monoids, and other modern algebraic entities.
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THEORY OF COMPUTATION

There is very little theory today to help one prove that a
particular program computes a particular function, or that
two programs in the same or in different languages compute
the same function. The fact that the problem is recursively
unsolvable in its most general form should not be considered
a complete obstacle, and one ought to proceed to a classifi-
cation of important solvable cases, as does Ackermann
[1954] for the predicate calculus. .

DECISION PROBLEMS

Some readers will want to pursue further study of recursive
unsolvability and of the known solvable but still fairly large
problem classes. We have just enough references for them to
get started. Some of these point to fascinating variants of
the sort discussed in 14.7 (Wang and his students treated
these problems as infinite two-dimensional jig-saw puzzles).

FINITE AUTOMATA

This category includes just a few references to topics in finite
mathematics (e.g., switching theory) that bear on the main
subjects of part I.

FORMAL GRAMMARS

This field, emerging from early works by Chomsky on lin-
guistics, has become a significant branch of mathematics
bearing both on programming languages and theory of
Automata between Finite and General Recursive—the “In-
termediate Machines.”

COMPLEXITY HIERARCHIES

Within the computable functions, one can find interesting
definitions of hierarchies of complexity measures. Blum’s
[1964] theory, for example, classifies functions by the
amounts of time or tape used in their computation: his
theory is interesting in the way the same abstract structure
arises from these two apparently different cases.

READING SUGGESTIONS

ARTIFICIAL INTELLIGENCE

The author considers ““‘thinking” to be within the scope of
effective computation, and wishes to warn the reader against
subtly defective arguments that suggest that the difference
between minds and machines can solve the unsolvable. There
is no evidence for this. In fact, there couldn’t be—how
could you decide whether a given (physical) machine com-
putes a noncomputable number? Feigenbaum and Feldman
[1963] is a collection of source papers in the field of pro-
gramming computers that behave intelligently.

PROGRAMMING LANGUAGE

There are a great many programming languages born each

' year which can be met in any issue of the JACM, the Com-

puter Journal, the Comm. ACM, etc. We have referred here
only to those most closely descended from Post Canonical
Systems and List-Processing Systems.

INTERMEDIATE MACHINES

It is obviously very important to find theories that apply to
classes of computation lying between those of the simple
Finite Automata and the full class of computable functions.
A number of intermediate concepts are slowly taking form—
“push-down automata,” “linear bounded” and “‘real-time”
computations, ‘‘counting automata,” and others, many of
which relate to various intermediate formal grammar (G)
concepts. We also include here certain infinite “‘iterative
array” and “growing’’ machine concepts.

NEUROPHYSIOLOGY

We have included a few references to papers and books that
might stimulate further study of the idea of the brain as a
computer.

PROBABILISTIC MACHINES

A very important practical question is that of whether
“noise” or other physical realities of probabilistic nature
can be tolerated by the theory. We have referenced a few
papers that approach this question from different directions.
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RECURSIVE FUNCTIONS AND DEGREES OF RELATIVE UNSOLVABILITY

This theory, only introduced in Chapters 8, 10 and 11, is
already a substantial branch of mathematics. The most
comprehensive treatment is Rogers [1967], and one should
see also Davis [1958] and Kleene [1952], for other connec-
tions with Mathematical Logic. Davis [1965] contains a
splendid collection of reprints of important original source
papers.

The theory of Church [1936], for example, gives a presenta-
tion of effective computation very different (at first sight)
from any treated here.

TURING MACHINES

A number of references concern slightly different formula-
tions of Turing Machines. Fischer (1965b) sorts out many
of these.
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A variable string of letters, 228

207

208

208

The NIL atom, 195

List, 195

196

Inhibition, 33

Excitation, 33

OR, 71

Means repeated in Chapter 4, but used later
simply to distinguish between things, such as
machines M and M*, 71

201

193, 201

174

174

Denotes a Post production when not used to
represent 3.14159 ...; 229

The minimization operator, 184

178

A recursive function being defined, 178

Base function, 175

A state hexagon and a state transition arrow,21, 12

A McCulloch-Pitts cell and an output fiber, 33

A Turing machine reading its tape, 117

125
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INDEX AND GLOSSARY

A

a’,a',a” (n), 201

Accept, synonym for Recognize, 131

Ackermann, (function), 186, 214, 215, 226

Addition, (see also Binary), 22-3, 30, 44ff.,
57

Address, (in memory), 139

Algorithm, synonym for Effective procedure,
105

Alphabet, 222

Analog, 29

AND, 37

Antecedent, the left-hand part of a produc-
tion, 231

Argument, (of a function), often called
variable—but never in this text, 132

Arithmetic, 44ff.

Arithmetization, reducing problems in an-
other area to problems about arithmetic;
see Reducible, 169fT.

Arrow, 21

Associative memory, 128

Atom, used here to mean indecomposable
symbolic object, 196

Automaton, used in mathematical literature
on theory of machines to mean finite state
or infinite but discrete machine. Used in
nontechnical literature to suggest clock-
like precision or rigidity of behavior, 11

Auxiliary letter, 235fT,

Axiom, 166, 221, 222

Axiom schema, 224

Axiomatic system, 221

Balzer, Robert, 282

Base, (of induction), 74

Base, (of number system), synonym for
Radix, 43

Binary, (counter or scaler), see Scaler, 143

Binary, (Turing Machine), synonym for
Two-symbol machine, 129

Binary number, see Addition, Multiplica-
tion, 22, 30-31

Black box, 13

Blank tape, 150, 262
Bobrow, Daniel, 198, 239
Boolean algebra, 173
Brain, 32

Buchi, J. R., 156
Bullock, Theodore, 65
Burks, Arthur W., 35

C

C, construct function, 177, 180

Cap, 81

Canonical, mathematical term for describ-
ing a general method for solving a prob-
lem that does not take advantage of fea-
tures that may give simpler solutions in
particular cases; a standardized form, 53-
58

Canonical extension, 236ff.

Canonical system, Post’s abstract formal-
isms for describing logical and mathemat-
ical theories, 220, 232

Cantor, Georg, 149, 161, 190, 221

Carry, see Addition

Cauchy, 158

Cell, (McCulloch-Pitts), 12, 33

Channel, 13ff,

Church, Alonzo, 108, 111

Church’s Thesis, see Turing’s Thesis, 108

Cocke, John, 200, 270f.

Compiler, a computer program that trans-
lates from one programming language to
another; the second language is usually
the basic language of the computer, 206

Complete state, see Total state, 170

Component, technical meaning in theory of
diagrams: a part completely connected
within itself but disconnected from the
rest of the diagram, 24

Composition, combining functions so that
‘the value of one is an argument of an-
other, 173

Computability, short for Effective computa-
bility, 104

Computation, the sequence of events in
computing something, 119, 183
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Computer, usually refers to a real (as op-
posed to an abstract) digital computer,
24, 29, 46, 51, 64, 113fT., 153, 192, 1991,
219

Conditional, a point in a computer program
at which the next sequence of instructions
is chosen according to the outcome of
some test, 192ff., 201, 203

Consequent, the right-hand part of a pro-
duction, 231

Constant (input), see [solated machine

Constant (function), 174

Converter, device to convert from serial to
parallel (or vice-versa) pulse coding, 46ff.,
123

Copt, Irving, 35,97

Correspondence problem, 220, 274fF.

Countable, see Enumerable, 160

Counter, 41

Cycle, see Loop

D

D, the Turing-machine tape-head moving
function, 118

Dy, 136

dr(?), definedas 1 — D(1), 172

D(n, x), 181

Davis, Martin, 118, 222, 277

Decision, (procedure or machine), 78, 146ff.,
152ff., 225

Decoder, 46fT.

Dedekind, Richard, 157

Definition, 3ff., 132ff.

Delay, 20, 22, 30, 35, 36

Derivable, (immediately), 222, 223

Dertouzos, Michael, 66

Description, 104, 112, 162, 251

Diagonal, (method of Cantor), 149, 161,
190, 192

Digital, in machine theory means having
finite-state properties as contrasted with
continuous, infinitesimally adjustable
properties, 11,29

Discrete, separate, non-continuous. in our
context almost synonymous with Digital,
12

E, symbol for environment except when
used in Kleene algebra (p. 71), as in E, F,
14

E,, the even function, 181

Effective (procedure, computation}), ex-
plained at length in Chap. 5, 105, 137,
219,221,222

Effectively enumerable, like Enumerable—
with the added requirement that the one-
to-one matching can be described in an
effective (q.v.) manner, 160

Efficiency, 145

Elgot, Calvin C., 35,97

ELSE, Part of Conditional, 192

Encoder, 46ff.

Enumerable, a countable or enumerable in-
finite set is one whose members can be
matched, one-to-one, with the integers.
Some infinite sets, like the real numbers
or the points on a line, can’t be counted,
160

Enumeration, an actual counting of an
enumerable set, 149, 187ff.

Environment, 14,19, 119

Equivalence class, a class of things that are
equivalent to one another according to a
relation ‘“‘equiv’ that has the following
properties: (i) If @ equiv b AND b equiv ¢
then a equiv c; (ii) if a equiv b then b equiv
a; and (iii) every a is equiv to itself. Dis-
cussed in any modern text on sets or alge-
bra, 16, 67

Euclid, 221, 226

Excitation, excitatory, 33

Extension, short for canonical extension,
236f.

F

F, F(q,s), the function that describes state
changes, 15

F*(x,), the addition function, 13, 16, 19,
173,174

F™(x,y), the multiplication function, 173,
174

£, (x), the nth partial recursive function, 188

Facilitation, 38

Fan-out, 51, 59, 66

Farber, 239

Feedback, 39, 55

Feigenbaum, Edward, 7

Feinstein, 96

Fermat's Last Theorem, see p. 164 for defi-
nition, 116, 164

Fiber, 33 -

R

File, (of information), 126

Finite, (number), a number one can actually
count up to, given enough time, 13

Finite automaton, synonym for Finite-state
machine, 11

Finite-state, 11

Firing, 33

Fischer, Patrick C., 283

Flip-flop, 40

Function, 132ff., 193

G

G, G(q, s), the function that describes a ma-
chine’s output, 17, 18, 20

8, constant string of letters in production
antecedent, 230

G(n,x), 181

Gate, 37

General recursion, 169, 183, 184, 210-215

Geometry, (Euclidean), 221

Gilbert, E. N., 65

Go, 203, 282

Gdédel, Kurt, 166, 182, 222

Gddel number, 225, 259

Goto, E., 29

Grammar, 220

Guzman, Adolfo, 239

H

H, head function, 177, 180

H, symbol for history in Chap. 2, means
*“halt” when a tape-symbol, 15

h;, constant string of letters in production
consequent, 230

h(n), the half function, 171, 172, 180, 203

h(1), history of events up to moment ¢, 15

HALT, 119, 183

Halting problem, 146ff.

Haring, Donald, 96

Hebb, Donald O., 66

Hooper, Philip, 303

Hubel, David, 65

IF. .. THEN ... ELSE, see Conditional, 192
I-list, 195
Inconsistent, 166

INDEX 313

Index register, 208

Induction, (mathematical), 73-79, 173, 174,
179

Inductive step function, 175

Infinite, see Enumerable, 160

Infinite machine, 75, 114

Inhibition, inhibitory, 33, 35, 58

Input, (channet), 1311,

Instant-oRr, 86

Instruction, 105, 199, 202ff.

Instruction-number, 202

Intelligence, 2, 7, 55, 66, 192

Internal state, usually abbreviated to
“State,” 16

Interpreter, a computer program that obeys
rules expressed in a language different
from the computer’s own “machine lan-
guage,” 112, 137

Inverter, 61

IPL, a list-structure programming language,
198

Isolated machine, 23ff.

Iteration, 210, 212

J

J{(x), special function, 181
Jump, 199ff., 203

Juxtaposition, synonym for Concatenation,
71

Kahr, Andrew, 226
Kleene, Stephen C., 67, 79ff., 94, 97, 108
111,116, 118, 185, 187, 200

>

L

Language, (programming), 196ff., 199, 2011

Learning, see Intelligence, 66

Lee, Chester, 145

Left (-moving), see Move, (tape)

Lettvin, Jerome, 65

LISP, a list-structure programming language,
as well as a formulation of recursive func-
tions, 196fT., 198

List, list-structure, 195, 196

Log; (n), the (possibly fractional) number of
times 2 must be multiplied by itself to
yield n, 44
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Logic, 219fT., 221

Logistic system, 222

Loop, synonym for Cycle; a circular closed
ordered sequence of things. We are most
concerned with loops of states (p. 23ff.),
but we are also concerned with loops of
parts (p. 39ff.) and loops of program
(p. 203ff.) See also Memory and Recur-
sion, 24, 39, 55, 204

Lottka, Alfred, 7

Mc

McCarthy, John, 28, 66, 78, 192ff., 196

McCulloch, Warren S., 32, 35, 38, 66

McCulloch-Pitts, refers to the paper of
Warren McCulloch and Walter Pitts,
(1943), 33-67, 95,97

McNaughton, Robert, 97-99

M

m, the left-half tape number, 170

M, M*, Mr, etc., symbols for various ma-
chines

Machine, (concept of), Iff., 103, 220

Majority, 61

Markov, A. A, 65

Mason, Samuel, 96

Mathematics, 3

Memory, 15, 21, 24, 39, 66, 199.

Metamathematics, 166, 219, 222

Minimization, technical definition on p. 184,
see also pp. 185, 193, 210, 213

Minsky, Marvin, 7, 28, 61, 66, 276

Modus ponens, 248

Moment, means an instant of time; see
Event, 12

Monogenic, means generating just one
thing, 237, 2691T., 2741T.

Monotonic, a device whose output never in-
creases or never decreases when its input
increases, 62

Moore, Edward F., 28, 65, 66, 226

Move, (right or left on tape); for Turing ma-
chines, we always think of the tape as sta-
tionary and the machine as moving, 117,
118

Multiplication, 26fT., 46, 125

Myhill, John, 28

N
n, 170
N(x), the null function, 174
Names, 200
NAND, 61

Neural network, used here to mean a net-
work of interconnected McCulloch-Pitts
cells, 33

Neuron, used in biology to define the cells of
the nervous system which conduct electro-
chemical waves along their surfaces and
fibers. In this book, it sometimes means
“McCulloch-Pitts neuron”—described in
McCulloch (1943) and defined in Chap. 3.
We will principally use the word “cell”
in this latter meaning, however. See pp.
32, 39,62, 65

Newell, Allen, 198

NIL, the ““zero” list-structure, 195

Noise, technically describes any phenome-
non or influence that might disturb the
ideal operation of a system, 29, 51

Non-determinate, used in machine theory to
denote a machine whose behavior is not
entirely specified in the given description.
Must be distinguished from probabilistic.
Not discussed in this text, but see (for
example) Rabin, (1963).

Normal, (Post system), 240, 268fT., 274ff.

Normal production, 240fT.

Null function, 174

Null sequence, the trivial” abstract se-
quence of no symbols. It does not con-
sume a moment of time. We use it only
when it is mathematically more awkward
to do without it, 72, 92

Null signal, a moment at which no pulse
enters a McCulloch-Pitts net. It does
occupy a full moment of time, and is un-
like a null sequence—which has to do
with the expressions representing an event
rather than the event itself, 49

o

Operation, any of the basic computational
functions available in the **hardware” of a
computer, 201

OR, 38

Output, (channel), 13ff.

P

P,, the parity function, 171, 172, 203

P,(x), the nth primitive recursive function,
189

Palindrome, a reversible expression such as
“able was I ere I saw Elba,” 228, 236

Papert, Seymour, 66, 97-99

Paradox, 149, 156, 162, 166, 221, 222

Parallel, (converter), see Converter, 49

Parameter, an argument of a function that
does not change during the computation
being discussed, 175

Parentheses, 74ft., 130, 188, 230

Parity, means even(-ness) or odd(-ness) of a
number, 20

Part, refers to part of a machine considered
as a simpler sub-machine, 16, 18, 19, 32,
37

Partial (recursive function), 186

Periodic, technically means exactly repeat-
ing, 24

Péter, Rosza, 186

Pitts, Walter, see McCulloch-Pitts (1943), 33

Poinsot, 7

Post, Emil, see Canonical system, 111, 118,
219f1t., 231, 260, 267

Postulate, 221

PR, the primitive recursive schema, 175, 177

Predecessor, n — 1 if n > 1 (zero has no
predecessor), 193, 201

Prime number, 236, 256, 259fF.

Primitive recursion, 113, 169, 174ff., 183,
209f.

Printing, (unsolvable problem), 152

Probabilistic, a machine whose behavior is
not entirely determined by its state be-
cause it includes random variables not
considered to be part of its state, 15

Process, 220, 232, 269

Processor, 200

Production, (Post), 220, 227, 230, 232ff.

Program-computer, defined in 11.1; for digi-
tal computer, see Computer, 113ff., 199,
2011F., 211, 237, 255, 2591,

Program-machine, synonym for Program-
computer

Programming language, 103, 192, 196, 204,
239

Proof, 166, 222

Pulse, 33
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Q

q, Q, always denotes a state, 16, 119

q(2), Q(t), state of a machine at moment ¢,
There is no consistent distinction in our
use of upper and lower-case ¢’s.

qi, Q;, given some numbering of the possible
states of a machine, the ith one.

Qi(E), 76

q', q'yj, the new state replacing Q or g;, 122

Quadruple, 170

Quiet, 33

Quintuple, 119

r, R, usually denotes response or output
signal, 14

R(1), output (response) signal at moment ¢,

14

ri, R;, given a numbering of a machine’s
possible outputs, the ith one

R, 80

Ry, the universal real number, 159

Rabin, Michael, 123

Radix, the “base” of a positional number
system, e.g., ten for ordinary decimal
numbers; two for the binary system most
often used in this book, 43

Raphael, Bertram, 198

Rashevsky, Nicholas, 66

Rational number, 157, 158

Read, (tape), 107, 117

Real number, 157ff.

Recognize, technically means to identify a
sequence of symbols as belonging to a
certain set of sequences, 69, 131

Recursion theorem, 145

Recursive, (definition), 73-79, 186

Recursive function, 169ff., 184

Reducible, 154

Refractory, 61

Register, part of a computer that can
remember a number, 200

Regular expression, 72ff., 226

Regular set, (of sequences), 72ff., 226

Relay, 65

Release, (of string), 236, 238

Reliability, 66

Represent, 39

Restriction, 73
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Right (-moving), see Move, (tape), 122-3

Robinson, Abraham, 186

Rochester, Nathaniel, 123

Rogers, Hartley Jr., 111, 153, 155, 166, 226

Rosenblatt, Frank, 66

RPT, the use of this operation was sug-
gested by John Cocke, 212f.

Rule, 132ff.

Rule of inference, 221, 222, 226

Russell’s Paradox, 149, 156

S

s, S, denotes stimulus or input signal.
Upper-case symbol is occasionally used to
denote the input channel, 14

s(t), S(1), input stimulus at moment ¢. Rep-
resents successor function in Part III, 14

si» S, given some numbering of a machine’s
possible input signals, these represent the
ith one, 174, 201

Scaler, a device that counts up to a certain
number and then resets and starts over, 40

Scan, (tape), 117

Scott, Dana, 123

Semantics, 226

Serial, (converter), see Converter, 46

Set, 134, 220

Shannon, Claude E., 65, 66, 129, 276

Signal, 13

Simon, Herbert A., 198

Simulate, one device simulates another by
reproducing all the important steps in the
other’s operation, 137ff.

Smullyan, Raymond, 111, 260

Soldier problem, 28ff.

Solomonoff, Ray, 66

Square, (of tape), 107, 108, 117

Start, (fiber or pulse), in Chap. 4, plays
special role of fixing events relative to a
particular moment in time, 47, 68

State, synonym for Internal state, see also
Total state, 11, 16

State, (of mind), 109

State-transitién, means change of state, 20

State-transition diagram, 21

Stored-program, 201

String, (of symbols), 2191, 224, 225

Sub-process, 123

Subroutine, 204

Subset, 134

Successor, (function), has value n + 1 for
argument = n, 173, 201

Switch, 13, 39, 48

Symbol, 108

Symbolic, {(expression, function), 196

Syntax, 226

T

T, tail function, 177, 180

t, symbol for discrete moment of time,
(always has integer value), 12, 14

Ty Tp T, T, Turing transformations
functions, 176

Tag system, 267fT.

Tape, 107,117

Tarski, Alfred, 225

Teitelman, Warren, 239

THEN, part of Conditional, 192

Theorem, 221, 223

Theorem-proving machine, 226

Threshold, 33

Threshold logic, 46, 64

Total, (recursive function), 186

Transfer, synonym for Jump, 203

Transition, means change of state, 20

Translation, used here to mean conversion
from one to notation to another, 206

Tree, 180

Turing, Alan M., 104, 109, 118, 219, 231

Turing-computable, 135ff., 211

Turing machine, 107

Turing’s Thesis, 108, 136, 145, 146, 153, 169,
188, 226

Turing transformation, the effect on the (g,
s, m, n) description by a step of the
Turing machine, 172

Two-symbol, (Turing machine), 129

U

U, usually denotes a universal machine, 136

U(n, x), 188, 189

Unary, (number), the non-positional finger-
counting number system, 43

Uncountable, not enumerable (q.v.), 160ff.

Universal sets of computer operations, 112

Universal sets of elements, S8ff.

Undecidable, see Unsolvable, 113

Undefined, (function), 184, 186

Universal machine, see also Universal
Turing machine, 112, 251, 253

Universal Turing machine, 132ff., 189,
206fT., 276fF.

Unsolvable, synonym for Undecidable.
Both terms are technically short for
recursively unsolvable, 113, 146ff., 163,

v

V(n, x), 189, 190
Value, (of a function), 132
von Neumann, John, 61, 63, 66

INDEX

w
Wang, Hao, 35, 170, 200, 225, 262
Watanabe, Shigeru, 268, 276
Wright, Jesse, 25, 97
Write (on tape), 117

V' ’
Yngve, Victor, 238

YA

Zero function, 173
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